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Preface

Overview of Book

This book evolved over a period of years as the authors taught classes in varia-
tional calculus and applied functional analysis to graduate students in engineering
and mathematics. The book has likewise been influenced by the authors’ research
programs that have relied on the application of functional analytic principles to
problems in variational calculus, mechanics and control theory.

One of the most difficult tasks in preparing to utilize functional, convex, and
set-valued analysis in practical problems in engineering and physics is the intimi-
dating number of definitions, lemmas, theorems and propositions that constitute
the foundations of functional analysis. It cannot be overemphasized that functional
analysis can be a powerful tool for analyzing practical problems in mechanics and
physics. However, many academicians and researchers spend their lifetime study-
ing abstract mathematics. It is a demanding field that requires discipline and
devotion. It is a trite analogy that mathematics can be viewed as a pyramid of
knowledge, that builds layer upon layer as more mathematical structure is put in
place. The difficulty lies in the fact that an engineer or scientist typically would
like to start somewhere “above the base” of the pyramid. Engineers and scientists
are not as concerned, generally speaking, with the subtleties of deriving theorems
axiomatically. Rather, they are interested in gaining a working knowledge of the
applicability of the theory to their field of interest.

The content and structure of the book reflects the sometimes conflicting
requirements of researchers or students who have formal training in either engi-
neering or applied mathematics. Typically, before taking this course, those trained
within an engineering discipline might have a working knowledge of fundamental
topics in mechanics or control theory. Engineering students may be perfectly com-
fortable with the notion of the stress distribution in an elastic continuum, or the
velocity field in an incompressible flow. The formulation of the equations govern-
ing the static equilibrium of elastic bodies, or the structure of the Navier-Stokes
Equations for incompressible flow, are often familiar to them. This is usually not
the case for first year graduate students trained in applied mathematics. Rather,
these students will have some familiarity with real analysis or functional analy-
sis. The fundamental theorems of analysis including the Open Mapping Theorem,
the Hahn-Banach Theorem, and the Closed Graph Theorem will constitute the
foundations of their training in many cases.
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Coupled with this essential disparity in the training to which graduate stu-
dents in these two disciplines are exposed, it is a fact that formulations and so-
lutions of modern problems in control and mechanics are couched in functional
analytic terms. This trend is pervasive.

Thus, the goal of the present text is admittedly ambitious. This text seeks
to synthesize topics from abstract analysis with enough recent problems in control
theory and mechanics to provide students from both disciplines with a working
knowledge of functional analysis.

Organization

This work consists of two volumes. The primary thrust of this series is a discussion
of how convex analysis, as a specific subtopic in functional analysis, has served to
unify approaches in numerous problems in mechanics and control theory. Every
attempt has been made to make the series self-contained.

The first book in this series is dedicated to the fundamentals of convex func-
tional analysis. It presents those aspects of functional analysis that are used in
various applications to mechanics and control theory. The purpose of the first vol-
ume is essentially two-fold. On one hand, we wish to provide a bare minimum of the
theory required to understand the principles of functional, convex and set-valued
analysis. We want this presentation to be accessible to those with little advanced
graduate mathematics, which makes it a formidable task indeed. For this reason,
there are numerous examples and diagrams to provide as intuitive an explanation
of the principles as possible. The interested reader is, of course, referred to the
numerous excellent texts that present a complete treatment of the theory. On the
other hand, we would like to provide a concise summary of definitions and theo-
rems, even for those with a background in graduate mathematics, so that the text
is relatively self-contained.

The second book in the series discusses the application of functional analytic
principles to contact problems in mechanics, shape optimization problems, con-
trol of distributed parameter systems, identification problems in mechanics and
control of incompressible flow. While this list of applications is impressive, it is
hardly exhaustive. The second volume also overviews recent problems that can
be addressed with extensions of convex analysis. These applications include the
homogenization of steady state heat conduction equations, approximation theory
in identification problems and nonconvex variational problems in mechanics.

The first volume is organized as follows. Chapter 1 begins with a brief over-
view of topological spaces, and quickly focuses on metric topologies in particular.
Two of the most fundamental theorems included in this chapter are the Arzela-
Ascoli Theorem and Baire Category Theorem. Next, a brief discussion of normed
vector spaces follows. Section 1.4 presents the foundations of measure and integra-
tion theory, while Section 1.7 introduces Hilbert Spaces.
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Chapter 2 includes a tutorial on bounded linear operator and weak topologies.
The chapter presents the Hahn-Banach Theorem, Uniform Boundedness Theorem,
Closed Graph Theorem, Riesz’s Representation Theorem and common construc-
tions such as Gelfand Triples.

Chapter 3 is particularly important to applications: it includes descriptions
of common abstract spaces encountered in practice. A special emphasis is given to
a discussion of Sobolev Spaces.

Chapter 4 discusses the most common notions of differentiability for func-
tionals: Gateaux and Fréchet differentiability. It also presents classical examples
of differentiable functionals.

Chapter 5 introduces Lagrange multiplier techniques to characterize extrema
of optimization problems. The chapter includes a discussion of certain specialized
techniques for studying Fréchet differentiable functionals and equality constrained
problems.

Chapter 6 represents the fundamentals of classical convex analysis in func-
tional analysis. Convex functionals and sets are defined. The relationship between
continuity, convexity and differentiability is outlined. The chapter discusses formal,
“engineering techniques” for solving certain optimal control problems. Multiplier
methods are derived for convex functionals on ordered vector spaces.

Chapter 7 introduces the important notion of lower semicontinuity and intro-
duces the class of lower semicontinuous functionals. The crucial interplay of semi-
continuity and compactness in weak topologies is discussed. The chapter presents
several versions of the Generalized Weierstrass Theorem formulated for lower semi-
continuous functionals.
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Chapter 1

Classical Abstract Spaces

in Functional Analysis

1.1 Introduction and Notation

Set Theory Notation

Throughout this text, sets are typically denoted by capital letters

A, B, C

while elements of sets are denoted by lower case letters

a, b, c.

The membership of an element a in a set A is written as

a ∈ A

while we write
a /∈ A

if the element a is not in the set A. A set A is sometimes described explicitly by
listing its elements

A = {a1, a2, . . . , an}.
More frequently, set builder notation is employed wherein we write

A =
{
a ∈ X : D(a)

}
.

That is, A is comprised of all elements a in some well-defined, universal set X such
that the description, or property, D(a) is true. For example, if we want to define
the set consisting of the positive integers we can write

N = {i ∈ R : i is an integer and i > 0}.
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As usual, we define the union of sets A and B as all the elements that are a member
of A or B:

A ∪ B = {c : c ∈ A or c ∈ B}.
The intersection of A and B is the collection of elements that are members of both
A and B

A ∩ B = {c : c ∈ A and c ∈ B}.
A set B is a subset of A if every element of B is also an element of A

B ⊆ A ⇐⇒ (x ∈ B ⇒ x ∈ A) .

If B is a subset of A, the complement of B in A, denoted B̃, consists of all the
elements of A that are not elements of B. We write

B̃ = {x ∈ A : x /∈ B}.
Sometimes, when we want to emphasize that we refer to the complement of B in
the particular set A, we write

A\B = {x ∈ A : x /∈ B}.
Two sets are equal if they are comprised of the same elements. That is, A = B if
and only if

A ⊆ B and B ⊆ A.

A set B is a proper subset of A if and only if

B ⊆ A and B �= A.

On many occasions, we employ set theoretic operations on families of sets. Suppose
F is a collection of sets. Then we define⋃

F � {x : x ∈ F for some F ∈ F}⋂
F � {x : x ∈ F for all F ∈ F}.

Specific sets occur so frequently in this text that we have reserved designa-
tions for them.

N The set of positive integers

Z The set of integers

Q The set of rational numbers

R The set of real numbers

C The set of complex numbers

By a sequence in the set X , we mean a mapping either from N to X or from
Z to X . In this book, sequences will be denoted as

{xk}k∈N or {xm}m∈Z

depending on the desired index set.
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Real Variables

When considering sets consisting of real numbers, conventional notation is em-
ployed for the open, closed and half-open intervals

[a, b] = {x ∈ R : a ≤ x ≤ b}
(a, b) = {x ∈ R : a < x < b}
[a, b) = {x ∈ R : a ≤ x < b}.

Of particular importance throughout the text are the infimum, supremum, limit
superior and limit inferior of a set of real numbers. If a set of real numbers A ⊆ R

is bounded from above, there is a smallest real number ā ∈ R such that

x ≤ ā

for all x ∈ A. The number ā is the supremum of the set A ⊆ R. This relationship
is written

ā = sup{x : x ∈ A}
= sup

x∈A
x.

The supremum of a set A ⊆ R is also sometimes referred to as the least upper
bound, or l.u.b., of A. Likewise, if the set A is bounded below, there is a greatest
real number a ∈ R such that

a ≤ x

for all x ∈ A. The number a is the infimum of A

a = inf{x : x ∈ A}
= inf

x∈A
x.

The infimum of a set A ⊆ R is also sometimes referred to as the greatest lower
bound, or g.l.b., of A. Let {xn}n∈N ⊆ R be some sequence of real numbers. We
define the limit superior, or lim sup, of the sequence to be

lim sup
n→∞

xn = inf
k∈N

(
sup
n≥k

xn

)
.

The limit inferior, or lim inf, of the sequence is defined to be

lim inf
n→∞ xn = sup

k∈N

(
inf
n≥k

xn

)
.

The following example illustrates notions of lim sup
n→∞

xn and lim inf
n→∞ xn.
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Example 1.1.1. Let a sequence {xn}n∈N be defined as

xn =
(

1 +
1
n

)
cosπn.

This sequence is depicted in Figure 1.1. We have

sup
n≥k

xn = 1 + 1
k for k = 2j j ∈ N

inf
n≥k

xn = − (1 + 1
k

)
for k = 2j − 1 j ∈ N.

1 2 3 4 5 6
n

-4

-2

2

4

xn xn � �1�
1
����
n
�Cos�Πn�

lim sup
n � �

xn � 1

lim inf
n � �

xn � �1

Figure 1.1: Illustrations of notions of lim sup
n→∞

xn and lim inf
n→∞ xn

By definition of lim sup
n→∞

xn and lim inf
n→∞ xn, we obtain

lim sup
k→∞

= inf
j→∞

(
1 +

1
2j

)
= 1

lim inf
k→∞

= sup
j→∞

−
(

1 +
1

2j − 1

)
= −1.

This example also makes clear that the lim sup, or lim inf, of a sequence of real
numbers are simply the largest, or smallest, accumulation points of the sequence,
respectively. Note that if a sequence {xn}n∈N converges, then

lim sup
n→∞

xn = lim inf
n→∞ xn.
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For f : R → R the notation f(x) = O(x) means

lim sup
x→0

∣∣∣∣f(x)
x

∣∣∣∣ = c

for some constant c �= 0. We write f(x) = o(x) whenever

lim sup
x→0

∣∣∣∣f(x)
x

∣∣∣∣ = 0.

A sequence of real numbers {xk}k∈N is said to converge to its limit x∗ if for
any ε > 0 there exists nε such that for any k > nε, we have |xk − x∗| < ε, or in
terms of “δ − ε” notation

∀ ε > 0 ∃nε ∈ N : k > nε =⇒ |xk − x∗| < ε.

A function f(x) is said to be continuous at point x0 if for any ε > 0 there exists
δ > 0 such that for any x ∈ (x0 − δ, x0 + δ), we have |f(x) − f(x0)| < ε, i.e.,

∀ ε > 0 ∃ δ > 0 : x ∈ (x0 − δ, x0 + δ) =⇒ |f(x) − f(x0)| < ε.

1.2 Topological Spaces

The previous section discussed notions of infimum, supremum, convergence and
continuity for sequence of real numbers and functions of real variables. But can
we generalize these notions for other abstract mathematical objects? A large part
of mathematical analysis has been devoted to giving a precise definition to the
notion of “convergence.” In conventional language the word “convergence” has
many connotations. We say that a hurricane is “converging on the coast,” or that
“negotiators are converging” in discussions. When asked, most graduate students
would have little difficulty in defining a convergent sequence of numbers. Consid-
erable difficulty arises in defining the convergence of more abstract mathematical
objects, such as those, for instance, that represent the states of physical systems.
For example, when can we say that a sequence of functions converges “as a whole”
to another function? To answer to this question we should specify what we mean
by “convergence of a function as a whole.” This intuitive notion is hardly a rig-
orous mathematical definition. We should also know whether a considered set of
functions is “rich enough” to contain the limit of the sequence. All these matters
lead us to determining a structure of abstract spaces under consideration.

For instance, the set of real numbers when plotted may intuitively be per-
ceived as a continuous, infinitely long line. But this graphical description does not
determine R completely. In fact, if we also plot the set of rational numbers Q,
then it also “looks” like a continuous, infinitely long line. However, from classical
analysis, we know that not every point on the real line belongs to Q. Indeed,

√
2

is such an example, i.e.,
√

2 /∈ Q. Moreover, if we consider the sequence of rational
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numbers {qn}n∈N ∈ Q with qn = 10−n[10n
√

2], where [p] denotes the integer part
of number p, then obviously qn → q∗ =

√
2 and the limit q∗ /∈ Q. The conclusion

is that the space Q is not “rich enough” to contain limits of all convergent se-
quences of rational numbers. On the other hand, one of the remarkable properties
of the space R, taken for granted, is that the limit of any convergent sequence
{xn}n∈N ∈ R always belongs to R. This property is known as completeness, which
is one of the most important concepts in functional analysis. But abstract spaces
may also have many other properties, additionally characterizing their structures
and making them different one from another. Notions of completeness, openness,
boundedness, connectedness etc. constitute the foundation of the theory of ab-
stract spaces.

In the previous section, we noticed that notions of “convergence” and “con-
tinuity” were based on the idea of a neighborhood. In the examples of sequence
convergence and function continuity, a neighborhood was implicitly defined by the
distance between any two points. However, a general definition of a neighborhood
does not assume the existence of any measure of distance. Instead, a neighbor-
hood can axiomatically be defined through a structure of open sets, providing a
motivation for the introduction of topological spaces.

Simply put, a topological space is an abstract space of mathematical objects
and a set of axioms that define the structure of open sets. The collection of open
sets, in turn, determines the notions of a neighborhood and convergence in this
space.

To appreciate how general our definition of convergence of entities in abstract
spaces must be to be useful, consider the sequences of images in Figure 1.2. As we
examine this sequence of figures, it appears to the eye that the figures are “focusing
in” on an image that represents the limit. But what is the “limiting image,” and
how do we define the closeness of each of the images? The following examples
provide some insight on what may constitute a neighborhood and convergence for
various mathematical objects in abstract spaces.

Example 1.2.1. Suppose we picture a hierarchy of finer and finer rectilinear grids
{Mj}j∈N

over the unit square. Each grid Mj is comprised of constituent cubes
�j

m,n, as pictured in Figure 1.3 (a). We define

Mj =
{
�j

m,n : m = 0, . . . , 2j − 1; n = 0, . . . , 2j − 1
}

(1.1)

where

�j
m,n =

{
(x, y) ∈ [0, 1]× [0, 1] :

m

2j
< x <

m + 1
2j

,
n

2j
< y <

n + 1
2j

}
.

One sufficient condition for the convergence of a sequence of points {pk}k∈N =
{(xk, yk)}k∈N that lie in the unit square might be stated as follows:
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(c) N = 4000 (d) N = 6000

Figure 1.2: Blurred Sierpinski Gasket, Various N

A sequence of points {pk}k∈N = {(xk, yk)}k∈N converges to a point p∗ =
(x∗, y∗) if for any arbitrarily selected mesh Mj, there is an integer Kj

such that the “tail of the sequence” {pk}k≥Kj
lies in the grid box �j

m∗,n∗

that contains p∗.

A moment’s reflection will show that this sufficient condition for convergence
makes sense independent of the shape of the refined meshes. We could replace
the selection of the hierarchy of rectilinear meshes with the triangular meshes as
depicted in Figure 1.3 (b). Also note that since this statement embodies a suf-
ficient condition for convergence, there may still be convergent sequences that
do not satisfy this condition. Obviously if p∗ lies on a dyadic grid line, i.e.,
p∗ = (i12−j1 , i22−j2) for some integers i1, i2, j1 and j2, then this condition cannot
be applicable. Why?

Now, the geometrically intuitive description of convergence given above, and the
observation that it should not depend on the “shape” of the grids, leads us to
generalize the definition of convergence. If we refer to each of the cubes �j

m,n

comprising grid Mj as a neighborhood, the definition can be written more succinctly
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(a) Dyadic Refinements of Unit Square (b) Triangular Refinements

Figure 1.3: Refinements of a Topological Space

A sequence of points {pk}k∈N converges to a point p∗ if the sequence is
eventually in every neighborhood of the point p∗.

In this definition, we have used the phrase “eventually in” to replace “the tail of
the sequence is contained in.” Thus, defining convergence is inextricably connected
to the task of defining the points that neighbor a given point.

The following example is fundamental in introductory analysis texts, and
discusses the convergence of a classical Fourier series.

Example 1.2.2. Consider the characteristic function of the unit interval.

f(x) = I{0≤x≤1} =

{
1, x ∈ [0, 1]
0, x /∈ [0, 1].

It is well known that we can build approximations of this discontinuous function
from very smooth collections of functions. For example, consider the collection

{φk(x)}k∈N
= {sin(kπx)}k∈N.

Suppose we seek a sequence that approximates f on the closed interval [0, 1] having
the form

fn(x) =
n∑

k=1

fkφk(x), x ∈ [0, 1] (1.2)

where the collection of constants fk, k ∈ N, must be determined. To find coefficients
fk, we multiply Equation (1.2) by φm(x) and integrate with respect to x to obtain∫ 1

0

fn(x)φm(x)dx =
n∑

k=1

fk

∫ 1

0

φk(x)φm(x)dx. (1.3)

Using the relation

sin(kπx) sin(mπx) =
1
2

(cos((k − m)πx) − cos((k + m)πx))
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we obtain ∫ 1

0

sin(kπx) sin(mπx)dx =

{
1
2 k = m

0 k �= m

and consequently, the Equation (1.3) is reduced to

(
−cos(mπx)

mπ

) ∣∣∣∣∣
1

0

=
1
2
fm.

Finally,

fm =
2

mπ
(1 − cos(mπ)) =

{
0, m = 2k
4

πm , m = 2k + 1

and

fn(x) =
4
π

n∑
k=0

1
2k + 1

sin((2k + 1)πx).

However, it is well known from classical analysis that the value of the ap-
proximants fn(x) at the ends of the interval [0, 1] do not converge to the values of
the function f(x) at 0 or 1. Indeed, for any n, fn(0) = 0 and fn(1) = 0, while
f(0) = f(1) = 1. On the other hand, the Fourier approximants do appear to ap-
proach the function f(x) on [0, 1] as the number of kept terms in the series n gets
large, in some sense. In fact, the observation that the approximants do converge to
the function “in some sense” led to the definition of convergence “in the mean,”
that is, L2 convergence of functions. Consider the simple function as depicted in
Figure 1.4(a), and its sequence of Fourier approximants plotted in Figures 1.4(b)
through 1.4(d). Clearly, {fn}n∈N approaches the function f(x) “in the mean.” In
this case we say that a neighborhood of f(x) on [0, 1] is determined in the L2 space.

In these examples we noticed that a topological space is defined by stating precisely
which subsets of an underlying set constitute the neighborhoods, or open sets, of
the topological space. We now make this definition precise.

Definition 1.2.1. Let X be a set, and let τ be a family of subsets of X. The pair
(X, τ) is said to be a topological space if

(T1) The empty set is in τ , ∅ ∈ τ .

(T2) The whole set X is in τ , X ∈ τ .

(T3) If {Oα}α∈A is a subfamily (finite or infinite) of sets contained
in τ , then

⋃
α∈A

Oα ∈ τ .

(T4) If {Oβ}β∈A is a finite subfamily of sets contained in τ ,
then

⋂
β∈A

Oβ ∈ τ .



10 Chapter 1. Classical Abstract Spaces in Functional Analysis

���

�

� ��� 0 0 2 0 4 0 6 0 8 1
0 2

0

0 2

0 4

0 6

0 8

1

1 2

(a) Simple Function (b) Fourier Series, n = 2

0 0 2 0 4 0 6 0 8 1
0 2

0

0 2

0 4

0 6

0 8

1

1 2

0 0 2 0 4 0 6 0 8 1
0 2

0

0 2

0 4

0 6

0 8

1

1 2

(c) Fourier Series, n = 4 (d) Fourier Series, n = 49

Figure 1.4: Simple Function and Sequence of Fourier Approximations

The family of subsets τ of X are the open sets of the topology. A set in the
topological space (X, τ) is closed if and only if it is the complement of an open
set. That is, C is closed if there exists O ∈ τ such that C = X\O. Recall that the
purpose of introducing a topology on a set is to quantify which points are near
other points. A set N (x) is a neighborhood of the point x if there is an open set
O such that x ∈ O ⊆ N (x).

Definition 1.2.2. Let (X, τ) be a topological space and let A ⊆ X. The interior of
A is the union of all open sets contained in A. The closure of A is the intersection
of all closed sets containing A. We denote the interior of A

int(A) = Ao

and the closure of A by
A.

A subset B ⊆ A is said to be dense in A if

A ⊆ B.
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Of course, for an arbitrary subset A ⊆ X , it need not be the case that A ∈ τ or
A ∈ τ . In other words, A may not be an open set and A may not be a closed set. In
many applications we will be interested in the interior of A and the closure of A.

Definition 1.2.3. A topological space (X, τ) is separable if and only if it has a
countable dense subset.

Now, in actuality, it is only possible to explicitly list or enumerate all of the open
sets that define a topology in the most trivial of examples. One of the easiest ways
to define a topology on a set A ⊆ X arises when A inherits its topology from X .

Definition 1.2.4. Let (X, τX) be a topological space. If A ⊆ X, the relative topology
on A is defined in terms of the open sets

τA = {B ⊆ A : B = A ∩ O for some O ∈ τX}.
The topological space (A, τA) is the relativization of (X, τX) to the set A.

For topological spaces of interest to engineers and scientists, it is often the case
that we can describe sets that are building blocks for all of the open sets that
comprise the topology. One means of describing the topology is by describing a
base for the topology.

Definition 1.2.5. Let (X, τ) be a topological space, and let {Bα}α∈A be a family
of subsets of τ . The collection of sets {Bα}α∈A is said to form a base for the
topological space (X, τ) if any set in τ is the union of sets contained in {Bα}α∈A.

The following proposition provides an alternative definition for a base for a topo-
logical space.

Proposition 1.2.1. A collection of sets {Bα}α∈A forms a base for a topological
space (X, τ) if and only if it satisfies the following two properties
(1) any x ∈ X is contained at least in one Bα,
(2) if x ∈ Bα1 ∩ Bα2 then there exists Bα3 such that x ∈ Bα3 ⊂ Bα1 ∩ Bα2 .

A second useful means of describing the topology on a set gives a description of
the open sets that contain a given point. This description is in terms of the local
base for the topology.

Definition 1.2.6. Let (X, τ) be a topological space. A family of subsets B of X is a
local base for the topology at the point x ∈ X if
(1) every member of B is a neighborhood of x ∈ X, and
(2) for every neighborhood N (x) of x ∈ X there is a set B ∈ B such that B ⊆

N (x).

Of course, there is a fundamental relationship between a base and a local base for
a given topological space.
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Theorem 1.2.1. Let (X, τ) be a topological space. The collection of subsets {Bα}α∈A

of τ is a base for the topology if and only if {Bα}α∈A contains a local base at each
x ∈ X.

Finally, it is often useful to construct a topology from a collection of subsets that
cover X , but are not necessarily a base for X .

Definition 1.2.7. Let X be a set and let {Oα}α∈A be a collection of sets that cover X

X ⊂
⋃

α∈A

Oα.

The collection of all finite intersections of sets in {Oα}α∈A defines a base for a
unique topology on X, referred to as the topology generated by the {Oα}α∈A.

In general, the index set A for a base {Bα}α∈A is not restricted in any way. Of
particular interest in applications are the cases in which the index set of a base,
or local base, is in fact countable.

Definition 1.2.8. A topological space (X, τ) is first countable at x if it has a local
base at x that is countable. It is first countable if it is first countable at each x ∈ X.
The topological space (X, τ) is second countable if it has a countable base.

Theorem 1.2.1 (Lindelhof ’s Theorem). Let the topological space X have a countable
base. Every open covering of a set T ⊆ X has a countable subcovering.

Proof. Let {Bi}i∈N be a countable base for the topology on X and let {Oα}α∈A

be a covering of T , i.e., T ⊂ ⋃
α∈A

Oα. Each x ∈ T belongs to some Oα. Suppose

x ∈ Oα. Since {Bj}j∈N is a base for the topology on X , it contains a local base at
each x ∈ X . Consequently, for each x ∈ T there exists Bj such that x ∈ Bj ⊂ Oα.
If for each Bj we choose Sj = Oα, then since base {Bi}i∈N is countable, the
subcovering {Si}i∈N is also countable, and obviously T ⊂ ⋃

i∈N

Si. �

Example 1.2.3. Let us pause to re-consider the meshes Mj in equations (1.1). Pick
any x ∈ [0, 1]× [0, 1] and define a set B(x) such that

B(x) =
{
�j

m,n : x ∈ �j
m,n for some j, m, n ∈ N

}
.

For some choices of x, it is clear that B(x) is not a local base for the usual Eu-
clidean topology on [0, 1] × [0, 1]. If we simply consider any point that lies on one
of the mesh lines, say a number like x = 7

512 , B(x) contains a finite number of
subsets. On the other hand, if we choose a number x ∈ [0, 1] × [0, 1] such that
its base-two expansion is non-terminating, B(x) is a local base for the Euclidean
topology at x.
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1.2.1 Convergence in Topological Spaces

Up to this point, we have emphasized that endowing a set with a topology allows
us to describe convergence, and we have noted that convergence can be defined
only by introducing a notion of neighborhoods that define “nearness” of elements
in a topological space. It turns out that topological spaces often contain rather ab-
stract objects, and in general, it is impossible to index these objects by a sequence
of integers. For example, in scientific computation, we often deal with refinements
of meshes used in approximating partial differential equations. A prototypical col-
lection of “nested” mesh refinements is depicted in Figures 1.5. Figures 1.5(b) and
1.5(c) depict refinements of the mesh in Figure 1.5(a), but neither is a refinement
of the other. Clearly, if we want to number sequentially all such meshes from “the
coarsest” to the “finest,” such an ordering is not possible. Some meshes are refine-
ments of one another, and are simply incommensurable. Also, we should carefully
note that each of the two refinements under consideration do constitute an entry
in a separate path of refinements that ultimately lead to the most refined mesh
depicted in Figure 1.6. Thus, we see that our idea of convergence must also in-
corporate a more generalized concept of ordering elements in a topological space.
This is accomplished by first introducing a relation on a set.

(a) Nested Refinement α (b) Nested Refinement β

(c) Nested Refinement γ (d) Nested Refinement ε

Figure 1.5: Nested Refinements

Definition 1.2.9. Let X be a set. A relation on X is a mapping R : X×X → {0, 1}.
The interpretation of this definition is actually straightforward; we say that x

is related to y if R(x, y) = 1, otherwise x and y are not related. Another common,
frequently employed definition of a relation R defined on a set X simply associates
R with a subset of X ×X . That is, x and y are related if and only if (x, y) ∈ R ⊆
X×X . Depending upon the reference, a relation on a set can be denoted in several
ways. For example, it is common to employ xRy, x ≤ y or x ≥ y to indicate that x
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Figure 1.6: Path of Triangular Refinements

is related to y. The important point here is that a relation provides a fundamental
construction to order sets. In particular, we will find that a relation serves as the
mechanism for defining

• an ordering on a general set X , and
• the equivalence of elements in a general set X .

Thus, depending on the use of the relation, we will use the notation xRy, x ≤ y,
x ≥ y, or x = y depending on which is most appropriate for the task at hand.
We first begin by defining a partial ordering, that is, an ordering in which not all
elements of the set need be related.

Definition 1.2.10. Let ≥ be a relation on the set X. The set is said to be partially
ordered if the relation ≥ is

(PO1) x ≥ x ∀x ∈ X Reflexive
(PO2) x ≥ y, y ≥ z ⇒ x ≥ z Transitive
(PO3) x ≥ y, y ≥ x ⇒ x = y Antisymmetric

A total ordering is a partial ordering in which every pair of elements (x, y) ∈ X×X
are related. Now, the notation in Definition 1.2.10 makes sense. It is trivial to see
that the inequality binary operators “≤” and “≥” define total orderings on R.
As noted earlier, a relation can also be used to define notions of equivalence on a
set X .

Definition 1.2.11. A relation R defined on a set X induces an equivalence relation
on X if R is

(ER1) (x, x) ∈ R ⊆ X × X ∀x ∈ X Reflexive
(ER2) (x, y), (y, z) ∈ R ⇒ (x, z) ∈ R Transitive
(ER3) (x, y) ∈ R if and only if (y, x) ∈ R Symmetric
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As a last example of the use of a relation R, we define a directed set. Intuitively
speaking, defining a directed set provides a somewhat stronger notion of ordering
of a set into subsets that can be ordered by precedence.

Definition 1.2.12. The pair (X,≥) consisting of a set X and relation ≥ is a directed
set if for each x, y ∈ X, there exists a z ∈ X such that z ≥ x and z ≥ y.

Finally, we are prepared to define convergence on a general topological space.
We define a generalization of sequences that can be used to order abstract elements
of a topological space. These generalized sequences are known as nets. In some
references, they are also called directions.

Definition 1.2.13. A net is a function defined on a directed set. If A is the directed
set and the function maps A into X, the net of points in X is denoted {xα}α∈A.

The convergence of a net in a topological space is given by the following definition:

Definition 1.2.14. A net of points {xα}α∈A is said to converge to a point x ∈ X if
for any neighborhood N (x) of x, ∃α0 ∈ A such that if α ≥ α0, then xα ∈ N (x).

In other words, a net {xα}α∈A converges to some element x if and only if it
is eventually in every neighborhood of x. At this point, the reader is urged to
compare the abstract Definition 1.2.14 with the heuristic example shown in Figure
1.3. The analogy between the two should be clear. Our previous example is simply
a special case of Definition 1.2.14.

1.2.2 Continuity of Functions on Topological Spaces

One of the fundamental tasks is determining what mathematical properties are
intrinsic to particular abstract spaces. For topological spaces, concepts like con-
nectedness, continuity and convergence are intrinsic properties that arise from the
structure of the space itself. We have spent considerable time discussing conver-
gence in topological spaces because it is of fundamental importance in applications.
We will also find that continuity of functions on topological spaces is likewise of
central importance in applications in mechanics and control theory.

Definition 1.2.15. Let X and Y be topological spaces, a function f : X → Y is
continuous at point x ∈ X if for any neighborhood N (y) ⊂ Y of point y = f(x),
there exists a neighborhood N (x) ⊂ X of point x such that f(N (x)) ⊂ N (y).

This definition may be reformulated in terms of nets, which are widely used in
various engineering applications, including optimal control and mechanics. Indeed,
relying on our earlier definition of nets, if {xδ}δ∈D is a net in X , and if f maps
X into Y with yδ = f(xδ) then {yδ}δ∈D is a net in Y . Both nets are indexed
by the same directed set D. Continuity of a mapping in a topological space can
thus be stated quite simply: every convergent net in the domain is mapped into a
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convergent net in the range. This definition is easier to remember by recalling one
of the definitions of continuity of real-valued functions from calculus:

A function f : R → R is continuous at x0 ∈ R if
x → x0 =⇒ f(x) → f(x0).

This result for topological spaces is rigorously proved in the following theorem.

Theorem 1.2.2. Let X and Y be topological spaces, and let D be a directed set. A
function f : X → Y is continuous at x ∈ X if and only if

xδ → x =⇒ f(xδ) → f(x).

Proof. Sufficiency. If f is a continuous mapping at point x, then for any Qy ⊆
Y , containing f(x), there exists a neighborhood Qx ⊆ X of point x such that
f(Qx) ⊂ Qy. Based on xδ → x, there exists δ0 such that xδ ∈ Qx for all δ ≥ δ0.
But for the same δ ≥ δ0, we have f(xδ) ∈ Qy, which means that f(xδ) → f(x).

Necessity. Let xδ → x imply f(xδ) → f(x) for every net {xδ}δ∈D converging
to x ∈ X . Suppose to the contrary that there exists an open set Qy ⊆ Y with
f(x) ∈ Qy such that for all neighborhoods Qx of point x: f(Qx) �⊂ Qy. Let the
directed set D be comprised of all neighborhoods of x, and let Qx ≥ Px for any
Qx, Px ∈ D if Qx ⊆ Px. Define a net on D by choosing zQx ∈ Qx such that
f(zQx) ∈ f(Qx)\Qy. Then zQx → x but f(zQx) � f(x). �

There are many alternative characterizations of continuity of functions acting
on topological spaces. For the most part, we feel that these characterizations are
less intuitive than the definition above. For completeness, we summarize the most
common equivalent characterization in the following theorem. It can be very useful
in some applications.

Theorem 1.2.3. Suppose (X, τx) and (Y, τy) are topological spaces. The mapping
f : X → Y is continuous at x0 ∈ X if and only if the inverse image of every open
set Qy ⊆ Y with f(x0) ∈ Qy contains an open set Qx ⊆ X such that

x0 ∈ Qx ⊆ f−1(Qy).

Proof. Necessity. Let f be continuous mapping X �→ Y at x0 and let Qy be an
open set, containing point y0 = f(x0). But it means that Qy is a neighborhood
of y0. Consequently, according to Definition 1.2.15, there exists a neighborhood
Qx ∈ X of point x0 such that f(Qx) ⊂ Qy, that is, x0 ∈ Qx ⊂ f−1(Qy) and Qx

is open.

Sufficiency. On the other hand, the fact that for any open set Qy with f(x0) ∈ Qy

there is an open set Qx ⊂ f−1(Qy) with x0 ∈ Qx implies that f(Qx) ⊂ Qy, and
consequently f is continuous at x0. �
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1.2.3 Weak Topology

In applications, one frequently uses continuous functions on topological spaces to
define alternative topologies. That is, given two topological spaces X and Y , and
a continuous mapping f between them, we can induce a new and sometimes more
useful topology on X . This topology is called the weak topology from f .

Definition 1.2.16. Let X be a set, (Y, τ) a topological space, and f a mapping from
X into Y , i.e., f : X → Y . The weak topology induced by f on X is defined to be

(X, weak(f)) ≡ (X,
{
O ⊆ X : O = f−1(P ) for some P ∈ τ

}
).

The practical use of the weak topology, however, usually requires that we
induce a topology from some suitably large class of continuous functions defined
on X . Obviously, each individual function induces its own weak topology according
to Definition 1.2.16. To define a weak topology from a collection of functions, we
first consider the more fundamental question of how a topology can be constructed
from several auxiliary topologies.

Definition 1.2.17. Let X be a set and let {τα}α∈A be a collection of topologies
on X. ( (X, τα) is a topological space for each α ∈ A). The supremum topology,
denoted by ∨

α∈A

(X, τα)

is the topology generated by the collection of subsets {τα}α∈A of X.

Definition 1.2.18. Let X be a set and let F be a collection of functions such that
if f ∈ F ,

f : X → Yf .

The weak topology on X induced by F is defined as

(X, weak(F)) ≡
∨

f∈F
(X, weak(f)).

Now, this definition has many implications. First of all, the weak topology
is the smallest topology for which all of the functions f ∈ F are continuous. In
addition, it is quite easy to write down precisely which nets converge in X when
it is endowed with the weak topology.

Theorem 1.2.4. Let F be a collection of functions that induce a weak topology on
X, denoted

(
X, weak(F)

)
. A net {xα}α∈A converges in the weak topology on X,

xα → x in
(
X, weak(F)

)
if and only if

f(xα) → f(x) in Yf ∀ f ∈ F .
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Topological spaces, with no additionally imposed structure, are very abstract
indeed. One crucial property of topological spaces X , that is important to engineers
and scientists for applications, has to do with the extent to which we can “separate”
the points of X . While there are different notions of the degree to which points can
be separated in a topological space [34], we need consider only one in this book.

Definition 1.2.19. A topological space (X, τ) is said to be a Hausdorff topological
space if for each two distinct points x, y ∈ X, x �= y, we can find open subsets Qx

and Qy such that x ∈ Qx, y ∈ Qy and

Qx ∩Qy = ∅.

The following theorem shows why this property is essential in most applications:
it guarantees the uniqueness of limits.

Theorem 1.2.5. Let (X, τ) be a topological space. X is a Hausdorff topological space
if and only if every convergent net in X has a unique limit.

Proof. Suppose X is a Hausdorff topological space and {xδ}δ∈I is a convergent net.
Suppose to the contrary that this net converges to both x and y, where x �= y.
Since X is a Hausdorff topological space, there are two disjoint open sets Qx and
Qy such that

x ∈ Qx and y ∈ Qy.

Since {xδ}δ∈I is convergent to x, ∃ δx ∈ I such that

xδ ∈ Qx ∀ δ ≥ δx.

Likewise, since {xδ}δ∈I is convergent to y, ∃ δy ∈ I such that

xδ ∈ Qy ∀ δ ≥ δy.

By the definition of a directed set, there must be some δ0 ∈ I such that

δ0 ≥ δx and δ0 ≥ δy.

Hence,
xδ ∈ Qx ∩ Qy ∀ δ ≥ δ0

implies that Qx and Qy are not disjoint, which is a contradiction.
Now suppose that every convergent net in X has a unique limit. Suppose

that X is not a Hausdorff topological space. Define a directed set

D = {(Qx,Qy) : Qx is neighborhood of x, Qy is neighborhood of y}.

We define the relation � on D as follows. If

(Qx,Qy) ∈ D and (Px,Py) ∈ D
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then
(Qx,Qy) � (Px,Py)

if
Px ⊇ Qx and Py ⊇ Qy.

It is not difficult to show that (D, �) defines a directed set. Indeed, if (Qx,Qy) ∈ D
and (Px,Py) ∈ D, then

(Sx,Sy) = (Qx ∩ Px,Qy ∩ Py) ∈ D

and

(Sx,Sy) � (Qx,Qy)
(Sx,Sy) � (Px,Py).

Now, define a net on D by choosing

z(Qx,Qy) ∈ Qx ∩ Qy

for any (Qx,Qy) ∈ D. The intersection is nonempty by virtue of the fact that X
is not a Hausdorff topological space. But the net {z(Qx,Qy)}(Qx,Qy)∈D converges
to both x and y, which is a contradiction. �

1.2.4 Compactness of Sets in Topological Spaces

Finally, we consider what may be the most abstract mathematical property of sub-
sets of a topological space that is required in this volume. To non-mathematicians,
the applicability of this concept may not be immediately apparent. However, if the
frequency of use is any indication of the importance of a concept, the relevance to
application of the definition of a compact set cannot be overstated. Nearly every
application in this book series relies on a compactness argument, in one form or
another.

Definition 1.2.20. Let (X, τ) be a topological space. A subset S ⊆ X is compact if
and only if every covering of S by open sets contains a finite subcovering.

Theorem 1.2.6. Let C be a compact subset in the topological space (X, τ), and let
F ⊂ C be closed, then F is compact.

Proof. Let F ⊆ ⋃
α∈A

Qα be a covering of F by open sets. In this case,

C ⊆
(⋃

α∈A

Qα

)
∪ (X \ F )

defines a covering of C by open sets. Since C is compact, there is a finite collection
{Qαk

}N
k=1 such that

C ⊆
(

N⋃
k=1

Qαk

)
∪ (X \ F ).
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But this implies that

F ⊆
N⋃

k=1

Qαk

and F is consequently compact. �

The characterization of compactness in terms of a cover of open sets can be
intimidating to engineers and scientists. As usual in mathematics, an alternative
characterization of compactness is possible. Compactness in topological spaces can
be expressed in terms of certain convergent nets. This alternative characterization
is made precise by defining cofinal subsets of a directed set and subnets.

Definition 1.2.21. Let D be a directed set. A subset E ⊆ D is cofinal in D if for
each d ∈ D, there is an e ∈ E such that e ≥ d.

It is clear from the definition that a cofinal subset extends throughout a directed
set, at least as measured by the order defined on the directed set.

Definition 1.2.22. Let D, E be directed sets,
{
xd

}
d∈D

be a net and f : E → D.
Then the set {

xf(e)

}
e∈E

is a subnet of {xd}d∈D if
1. e1 ≥ e2 in E implies f(e1) > f(e2) in D, and
2. f(E) is cofinal in D.

A little reflection shows that a subnet of a given net is akin to a subsequence of
a given sequence. The analogy between subnets and subsequences is fundamental
and is made precise in the next section. For now, we simply note that compactness
is readily defined in terms of convergent subnets.

Theorem 1.2.7. A subset C of a topological space is compact if and only if every
net contained in C contains a subnet converging to an element in C.

Thus, we can anticipate an important role for compactness in applications. If a set
can be shown to be compact, any extracted net has a convergent subnet. Moreover,
it is possible to use the language of nets to show that a set is closed. In applications,
one need not produce an open set that is the complement of a given set to show
that the given set is a closed set.

Theorem 1.2.8. A subset C of a topological space is closed if and only if C contains
the limit of every convergent net whose elements are contained in C.
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1.3 Metric Spaces

Now that we have defined a topological space, and given some examples for illus-
tration, we will present some of the more common techniques for creating useful
topologies. Perhaps the most frequently used method for creating topologies that
are of interest to engineers and scientists makes use of metrics. In a metric space,
we define a distance function that precisely determines what are the open sets,
or equivalently the neighborhoods, that comprise the topology. The prototypical
metric space is just the real line R along with the function

d(x, y) ≡ |x − y| ∀x, y ∈ R.

An arbitrary metric space is defined axiomatically.

Definition 1.3.1. A metric space is a pair (X, d) where X is a set and d is a distance
function defined on the set. The distance function is defined such that

(M1) d : X → R+
0 (real-valued, finite and nonnegative)

(M2) d(x, y) = 0 ⇐⇒ x = y

(M3) d(x, y) = d(y, x) (symmetry)

(M4) d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality)

The above definition makes it clear that every metric space is a topological space.
The open sets of the topology induced by the metric are just the collection of
subsets that can be expressed as the union of open balls Br(x) where

Br(x) ≡ {y ∈ X : d(x, y) < r} .

In other words, the set B, consisting of all open balls Br(x), is a base for the metric
topology. The set B(x) defined as

B(x) = {Br(x) : r > 0}

is a local base at x for the metric topology on X .

1.3.1 Convergence and Continuity in Metric Spaces

With the added structure of a metric, we can specialize the general definition of
convergence of a net in a topological space to define convergence of a sequence in
a metric space. This definition should start to look quite familiar.

Definition 1.3.2. A sequence {xn} in a metric space X is said to converge if ∃x ∈ X
such that

lim
n→∞ d(xn, x) = 0.
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An intuitive interpretation of this definition is depicted in Figure 1.7. It is clear
that this definition is just a special case of convergence of a net in a topological
space. When we recall that a neighborhood of a point x contains an open ball
Br(x) = {y ∈ X : d(x, y) < r}, it is evident that

lim
n→∞ d(xn, x) = 0

if and only if the sequence of points {xn}n∈N
is eventually in every neighborhood

of x.

X

d(x ,x )k 0

x0

xk

Figure 1.7: Convergent Sequence, Schematic Representation

The definition of continuity of mappings can also be deduced from the defi-
nition of continuity of mappings between topological spaces.

Definition 1.3.3. Let X, Y be metric spaces and consider the mapping f : X → Y .
The mapping f is continuous at a point x0 ∈ X if for every ε > 0 there exists
δ > 0 such that for any x satisfying d(x, x0) < δ, we have d(f(x), f(x0)) < ε, or

∀ ε > 0 ∃ δ > 0 : d(x, x0) < δ =⇒ d(f(x), f(x0)) < ε.

Our statement of this definition is in terms of the familiar “δ− ε” notation, simply
because this notation seems to be used most frequently in beginning analysis texts.
It should be clear that this definition is equivalent to the statement that

x → x0 =⇒ f(x) → f(x0).

That is, the definition essentially says that points in the range of f approach one
another as points in the domain do. This observation is consistent with the general
definition of continuity in topological spaces.
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1.3.2 Closed and Dense Sets in Metric Spaces

We consider next some equivalent notions of closed sets in a metric space. Recall
that a set C is closed if and only if it is the complement of an open set in the
topology on X . It is seldom the case, however, that this axiomatic definition is
particularly useful in applications. A more convenient definition, when we have
the added structure of a metric space in place, makes use of the notion of an
accumulation, limit or cluster point.

Definition 1.3.4. A point x ∈ X is a limit (accumulation, cluster) point of A ⊆ X
if there is is a sequence of elements {xk}k∈N

⊆ A such that xk → x.

Carefully note that a limit point need not belong to the set A, and that every
point in A is trivially a limit point of A (consider the sequence {x, x, x, x, . . .}).
Definition 1.3.5. The closure of a subset A in the metric space X, denoted A, is
the set of all of the limit points of A in X. A set A is closed if and only if A = A.

Now that we have available a more useful definition of the closure of a set, we can
define when one set “can approximate” another set. The idea that one set is dense
in another lies at the heart of all problems in approximation theory.

Definition 1.3.6. The subset A is dense in the metric space X if A = X.

When we consider Definitions 1.3.4, 1.3.5, we can fully appreciate the centrality of
this definition in approximation. Suppose that a set A is dense in the metric space
X , and pick some random element of X . Even if x ∈ X cannot be “represented
explicitly,” we are guaranteed that there is a sequence {xk}k∈N

contained in A
such that xk → x. Approximation theory deals with finding sequences {xk}k∈N

defined in terms of “fundamental functions,” ones that are easy to compute and
are dense in abstract spaces.

1.3.3 Complete Metric Spaces

By adding a metric to a set, we obtain a metric space. It is important to remem-
ber that not all topological spaces are metrizable. In addition, another important
concept that is introduced with the structure of a metric, that does not arise in
a non-metrizable topological space, is the idea of “completeness.” Essentially, we
can think of a complete metric space as one which does not have any “holes in the
limit.” This description is not rigorous, of course, but it does convey the spirit of
what a complete metric space is. To define a complete metric space, we must first
define a Cauchy sequence.

Definition 1.3.7. A sequence {xn}n∈N
in a metric space X is said to be Cauchy if

for every ε > 0 there is an N(ε) such that

d(xm, xn) < ε, for every m, n > N(ε).
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A Cauchy sequence is one for which the elements “squeeze” closer together in the
tail of the sequence, as depicted in Figure 1.8. This figure should be compared to
Figure 1.7 depicting a convergent sequence. It is important to note that although
the elements of the sequence cluster together, they may not get closer to a single
particular point in the set X. This is what we meant earlier by suggesting that a
metric space can have a “hole” in the limit. Thus, we define a complete space as
one that has no “holes.”

Definition 1.3.8. The metric space X is said to be complete if every Cauchy se-
quence in X converges to a point in X.

X

d(x ,x )k n

x0

xk

xn

Figure 1.8: Cauchy Sequence, Schematic Representation

Not every metric space is complete. That is, for some metric space X , it is possible
to find a sequence {xk}k∈N

that is Cauchy

lim
k, l

d(xk, xl) → 0

but does not converge to an element in X .

Example 1.3.1. The space of all rational numbers Q is not complete. Indeed, if for
any p, q ∈ Q we introduce d(p, q) = |p − q| then, clearly, d(p, q) satisfies all the
axioms of a metric, but the Cauchy sequence of qn = 10−n[10n

√
2] converges to√

2, which is not in Q.

Incomplete metric spaces are, for many applications, flawed in the sense that
they do not contain all their points of accumulation. However, it is possible to
construct a completion X̂ of any metric space X . To define the completion of an
arbitrary metric space, we define an isometry i.
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Definition 1.3.9. Let (X, dX) and (Y, dY ) be metric spaces. An isometry i is a
mapping

i : X → Y

such that
dX(x1, x2) = dY (i(x1), i(x2)) ∀x1, x2 ∈ X.

Thus, the isometry “preserves the metric” of the space X . In effect, the metric
spaces X1 and X2 have the same topological structure. A sequence

{
xk

}
k∈N

con-
verges to x0 ∈ X in metric if and only if the image of

{
xk

}
k∈N

under the isometry{
i(xk)

}
k∈N

converges to i(x0) ∈ Y . We now can define the completion of a metric
space X .

Definition 1.3.10. Let (X, dX) be a metric space and let (Y, dY ) be a complete met-
ric space. The space Y is said to be a completion of X if there exists an isometry i

i : X → Y

such that the range of i(X) is dense in Y .

The relationship between X , Y and the isometry i is depicted graphically in Fig-
ure 1.9. Thus, every metric space can be completed by embedding it isometrically
and densely into a complete metric space. While this construction is not difficult,
it is lengthy. It is left as an exercise. The full details can be found in numerous
texts including [15, 21].

X
i

i X( )
Y

Figure 1.9: Embedding of Incomplete Metric Space X in Complete Metric Space
Y via Isometry i

1.3.4 The Baire Category Theorem

The Baire Category Theorem describes the structure of complete metric spaces.
Roughly speaking, the Baire Category Theorem asserts that a complete metric
space cannot be written as the (countable) union of sets that are too “sparse”
or “too thinly populated.” Specifically, this notion is made precise in terms of a
nowhere dense set.

Definition 1.3.11. A subset of a topological space X is nowhere dense in X if its
closure has empty interior.
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Recall that the interior of a set is the union of all open sets contained in the
set. This definition thus implies that if X is a metric space, the closure of a nowhere
dense set contains no open ball whatsoever. The Baire Category Theorem then says
that we cannot construct a complete metric space in terms of (a countable union)
of these meager sets.

Theorem 1.3.1 (The Baire Category Theorem). A nontrivial complete metric space
is not the countable union of nowhere dense sets.

Proof. Suppose, to the contrary, that X is a complete metric space and

X =
∞⋃

i=1

Ni

where each Ni is a nowhere dense set. By definition, N̄1 does not contain an open
ball. However X \ N̄1 is open and nonempty. There is consequently some open ball
B(x1, r1) ⊆ X\N̄1. Moreover, X\N̄2 is an open set. Since N2 is nowhere dense,
N̄2 does not contain an open set. In particular, N̄2 does not contain the open ball
B(x1,

1
2r1). The intersection B(x1,

1
2r1) ∩ (X\N̄2) is therefore a nonempty open

set. There is some

B(x2, r2) ⊆ B(x1,
1
2
r1) ∩ (X \ N̄2) ⊆ (X \ N̄2).

Subsequent iterations yield a nested sequence of open balls

B(xk+1, rk+1) ⊆ B(xk,
1
2
rk) ⊆ B(xk, rk)

B(xk, rk) ⊆ (X \ N̄k).

The sequence {xk}k∈N is Cauchy, and converges to some x ∈ X by the completeness
of X . In addition, for n > k we have

d(x, xk) ≤ d(xn, xk) + d(xn, x).

As n → ∞, we obtain

d(x, xk) ≤ 1
2
rk.

Thus,
x ∈ B(xk, rk) ∀ k

and
x /∈ Nk ∀ k.

Consequently, we conclude that

x /∈
∞⋃

k=1

Nk = X.

This is a contradiction and the theorem is proved. �
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1.3.5 Compactness of Sets in Metric Spaces

The next topic in our review of metric spaces is a discussion of compact sets. As we
will see later, compactness plays a crucial role in establishing uniform continuity
in many applications.

Definition 1.3.12. A subset A contained in a metric space X is sequentially compact
if any sequence extracted from A

{xk}k∈N
⊆ A

contains a subsequence that converges to some x0 ∈ A. That is, there exists
{nk}k∈N

such that
xnk

→ x0 ∈ A as k → ∞.

A cursory inspection of Definition 1.3.12 would suggest that there might be signifi-
cant differences between the notion of sequential compactness in a metric space and
the general definition of compactness in a topological space in Definition 1.2.20.
At best, there is a similarity between sequential compactness in Definition 1.3.12
and the characterization of compactness in terms of convergent subnets in Theo-
rem 1.2.7. However, the following theorem makes clear that all of these definitions
coincide on a space whose topology is defined via a metric.

Theorem 1.3.2. Suppose (X, d) is a metric space. A set A ⊆ X is compact if and
only if it is sequentially compact.

Compact sets play a fundamental role in a host of applications, and are
an indispensable tool for engineers and scientists. Indeed, a substantial number of
problems in the numerical methods for optimization of partial differential equations
are based on showing that a sequence of approximations is contained in a compact
set. We can then deduce that at least some subsequence of the approximations
converge. In most cases there are still a number of important considerations that
must be addressed to solve the problem: for example, is the limit we have obtained
actually the solution to the problem? In any event, the use of compactness to find
a candidate for the solution is paramount.

As we will see, with a considerable amount of effort, it can be shown that the
notion of sequential compactness defined above for metric spaces agrees with the
more general definition of compactness in Definition 1.2.20 whenever the topologi-
cal space is a metric space. We warn the reader, however, that the two definitions of
compactness are not equivalent for general topological spaces. Still, the concept of
a sequentially compact set plays an important role in many applications of interest
to scientists and engineers. To study the relationship of compactness, sequential
compactness and boundedness, we introduce two new concepts. We introduce a
finite ε-net and the definition of a totally bounded set.

Definition 1.3.13. A finite collection of points Yε � {y1, . . . , yn} is said to comprise
a finite ε-net for a subset A of a metric space (X, d) if for each x ∈ A there is an
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integer k ∈ {1, . . . , n} such that

d(x, yk) ≤ ε.

Clearly, if Yε is a finite ε-net for the set A ⊆ X , the set A is covered by the open
balls Bε(yi) having radius ε and center yi ∈ Yε

A ⊆
n⋃

i=1

Bε(yi).

Finite ε-nets are used to define sets that are totally bounded in a metric space.

Definition 1.3.14. A subset A contained in the metric space (X, d) is said to be
totally bounded if for every ε > 0 there is a finite ε-net for A.

The concept that a set is totally bounded is stronger than the notion that a set is
merely bounded.

Definition 1.3.15. A precompact set is a totally bounded set in a metric space
(X, d).

Theorem 1.3.1. Let A be a totally bounded set in a metric space (X, d). Then A is
bounded.

Proof. Pick some ε > 0, and let Yε = {y1, . . . , yn} be an ε-net for A. Define

C � max
i=1, ..., n
j=1, ..., n

d(yi, yj).

Choose any two points x, y ∈ A. By the definition of an ε-net there are two balls
Bε(ym) and Bε(yn) such that

x ∈ Bε(ym)
y ∈ Bε(yn)

where ym, yn ∈ Yε. By the triangle inequality, we can write

d(x, y) ≤ d(x, ym) + d(ym, yn) + d(yn, y)
≤ ε + C + ε

= C + 2ε.

Since x, y ∈ A are arbitrary, we have that diam (A) ≤ C+2ε and A is bounded. �

The above result was rather straightforward. Note that the following theorem
shows that total boundedness gives a rather concise characterization of sequentially
compact sets in metric spaces.
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Theorem 1.3.2. A metric space (X, d) is sequentially compact if and only if it is
complete and totally bounded.

Proof. Let {xk}k∈N be an infinite sequence in X . Suppose that X is complete and
totally bounded. Pick ε = 1. There is a finite ε-net Y1 = {y1,1, . . . , y1,n1} for
X , and at least one of the open balls B1(y1,j) having radius 1 and center at yj

contains an infinite number of points of the sequence. Choose some xk1 ∈ B1(y1,j).
The set X ∩ B1(y1,j) is totally bounded. Pick ε = 1

2 . There is a finite ε-net Y 1
2

=
{y2,1, . . . , y2,n2} for X ∩ B1(y1,j), and at least one of the open balls B 1

2
(y2,k)

contains an infinite number of points of the infinite sequence. Pick xk2 ∈ B 1
2
(y2,k).

Proceeding in this way, we construct a subsequence {xkj}j∈N ⊆ {xk}k∈N and a
sequence of nested balls

B1(y1,j) ⊃ B 1
2
(y2,k) ⊃ B 1

4
(y3,l) . . .

such that

xk1 ∈ B1(y1,j), xk2 ∈ B 1
2
(y2,k), xk3 ∈ B 1

4
(y3,l) . . . .

Clearly the subsequence {xkj}j∈N is a Cauchy sequence. Since the metric space
is complete, the sequence converges, which shows that X is sequentially compact.
Now suppose that (X, d) is sequentially compact and complete, but to the contrary
it is not totally bounded. This means that for some ε > 0 there is an infinite
sequence {xk}k∈N such that d(xk, xj) > ε for all k, j ∈ N. However, since the space
is sequentially compact there must be a subsequence {xkj}j∈N that is convergent.
But every convergent sequence is Cauchy. There is an M0 such that m, n > M0

implies d(xkm , xkn) < ε. But this is a contradiction. �

From this theorem we see that sequential compactness is equivalent to com-
pleteness and total boundedness in a metric space. Further, we will often use the
notions of precompact sets and relatively compact sets.

It often occurs that definitions provided by various authors in abstract anal-
ysis use identical terms that vary in a subtle ways from one text to another. One
example where subtle variations may arise is in the definition of precompact and
relatively compact sets. As noted earlier, a precompact set in a metric space is
defined to be a set that is totally bounded. This definition is consistent with that
in classical monographs such as [14] as well as with more modern treatments as
in [10]. On the other hand, a relatively compact set can be defined in a general
topological space as follows.

Definition 1.3.16. A set A in a topological space X is relatively compact if the
closure of A is a compact set in X.

There is another common definition of a relatively compact set, however. By a
relatively compact set some authors also mean a set A ⊆ X such that there is a
compact set K ⊆ X such that A ⊆ K. The next theorem shows that if the space
X is a Hausdorff topological space then these two definitions coincide.
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Theorem 1.3.3. Suppose X is a Hausdorff topological space. Then a set A ⊆ X is
a relatively compact if and only if there is a compact set K ⊆ X such that A ⊆ K.

Proof. Suppose A is relatively compact in the Hausdorff topological space X . Then
the set K � A is compact by definition. Hence we have constructed a compact set
K ⊆ X such that A ⊆ K. On the other hand, suppose that there is a compact set
K ⊆ X such that A ⊆ K. A compact subset of a Hausdorff space is necessarily
closed, so we have K = K. It follows that

A ⊆ K =⇒ A ⊆ K =⇒ A ⊆ K.

Since in a Hausdorff space a closed subset of a compact set is compact, we conclude
that A is compact and, consequently A is relatively compact. �

The next theorem characterizes relatively compact sets in metric spaces.

Theorem 1.3.4 (Hausdorff). A set A is relatively compact in a complete metric
space X if A is totally bounded.

We see that a set A is relatively compact in a metric space X if every sequence in A
contains a subsequence that converges in X . The point to which the subsequence
converges may not be an element of A, however. The following theorem describes
the relationship between precompact and relatively compact sets.

Theorem 1.3.5. Let X be a metric space. A relatively compact set in X is precom-
pact. If X is complete, a precompact set is relatively compact.

1.3.6 Equicontinuous Functions on Metric Spaces

In some applications, we will need to establish that a collection of real-valued
functions is compact in some suitable topology. A useful strategy for deriving
convergent sequences of real-valued functions, when endowed with the uniform
metric, can be based on the idea of equicontinuity of a family of functions. We
first define equicontinuity of a family F at a point x0 ∈ X .

Definition 1.3.17. Let F be a family of functions each of which maps the metric
space (X, dX) into the metric space (Y, dY ). The family F is said to be equicon-
tinuous at a point x0 ∈ X if for each ε > 0 there is a δ > 0 such that

∀ f ∈ F : dX(x0, x) < δ =⇒ dY (f(x0), f(x)) < ε.

If the above definition holds for all x0 ∈ X , we say that the family F is equicon-
tinuous on X. The following definition introduces uniform equicontinuity.

Definition 1.3.18. Let F be a family of continuous functions each of which maps
the metric space (X, dX) into the metric space (Y, dY ). The family F is said to be
uniformly equicontinuous if for each ε > 0 there is a δ > 0 such that

∀ f ∈ F , ∀x1, x2 ∈ X : dX(x1, x2) < δ =⇒ dY

(
f(x1), f(x2)

)
< ε.
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We first note that if X is compact, equicontinuity and uniform equicontinuity are
equivalent.

Theorem 1.3.6. Let F be a family of equicontinuous functions each of which maps
the metric space (X, dX) into the metric space (Y, dY ). Suppose A ⊂ X is a com-
pact set, then family F is uniformly equicontinuous on A.

Proof. Suppose F is equicontinuous. Fix ε > 0. For each x ∈ A there is a δx > 0
such that

dX(x, y) < δx =⇒ dY (f(x), f(y)) <
ε

2
for all f ∈ F . The collection of open sets B δx

2
(x) of radius δx

2 and center x is a
covering of A by open sets

A ⊆
⋃
x

B δx
2

(x).

Since X is compact, there is a finite subcovering

A ⊆
n⋃

i=1

B δxi
2

(xi).

Set δ = min
i

δxi

2 . Suppose y1, y2 are any two points in X such that dX(y1, y2) < δ.

There is some k such that y1 ∈ B δxk
2

(xk). In fact, by the triangle inequality

y2 ∈ Bδxk
(xk):

dX(xk, y2) ≤ dX(xk, y1)︸ ︷︷ ︸
≤ δxk

2

+ dX(y1, y2)︸ ︷︷ ︸
<δ≤ δxk

2

.

Hence, we have

dY (f(y1), f(y2)) ≤dY (f(y1), f(xk))︸ ︷︷ ︸
≤ ε

2

+ dY (f(xk), f(y2))︸ ︷︷ ︸
≤ ε

2

≤ ε

for all f ∈ dX , y1, y2 ∈ X , and F is uniformly equicontinuous. �

Examples 1.3.2 through 1.3.7 present some of the most common rudimentary
metric spaces. A distinguished role is played in applications, however, by the space
of continuous real-valued functions defined on a compact metric space X . We
denote this set

C(X) = {f : X → R, sup
x∈X

|f(x)| < ∞}.

We leave it to the reader to verify that C(X) is a metric space with metric

d : C(X) × C(X) → R

d(f, g) � sup
x∈X

|f(x) − g(x)|.
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Theorem 1.3.7. Let X be a compact metric space, let {fk}k∈N ⊆ C(X) be an
equicontinuous sequence, and let Q ⊆ X be a dense set. If the sequence of real
numbers {

fk(x)
}

k∈N

is convergent for every x ∈ Q, then the sequence of functions {fk}k∈N converges
uniformly to an element f0 ∈ C(X).

Proof. Fix ε > 0. Since the sequence {fk}k∈N is equicontinuous and defined on the
compact set X , it is uniformly equicontinuous. This implies that for any ε > 0 and
k ∈ N, there is a δ > 0 such that for all x and y satisfying d(x, y) < δ, we have∣∣fk(x) − fk(y)

∣∣ < ε. (1.4)

Since X is a compact metric space, there is a finite covering of X by open balls

X =
n⋃

k=1

Bδ(xk)

having radius δ and centers {x1, . . . , xn}. The set Q is dense in X and therefore
there is at least one element ξk ∈ Q such that

ξk ∈ Bδ(xk) k = 1, . . . , n.

By hypothesis, each of the n sequences, 1 ≤ k ≤ n,{
fm(ξk)

}
m∈N

is a convergent sequence of real numbers. Let x be an arbitrary point in X . There
is some ball Bδ(xk) such that x ∈ Bδ(xk). Consider two functions fm and fn. We
have ∣∣fm(x) − fn(x)

∣∣ ≤ ∣∣fm(x) − fm(xk)
∣∣︸ ︷︷ ︸

term 1

+
∣∣fm(xk) − fm(ξk)

∣∣︸ ︷︷ ︸
term 2

+
∣∣fm(ξk) − fn(ξk)

∣∣︸ ︷︷ ︸
term 5

+
∣∣fn(ξk) − fn(xk)

∣∣︸ ︷︷ ︸
term 3

+
∣∣fn(xk) − fn(x)

∣∣︸ ︷︷ ︸
term 4

≤ 5ε.

By construction, x, xk and ξk are elements of Bδ(xk), and by the equicontinuity
condition (1.4) yield terms 1, 2, 3, and 4 that are bounded by ε. By hypothesis,
the sequence {

fm(ξk)
}

m∈N
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is a convergent Cauchy sequence of real numbers. For m, n large enough, term 5
is bounded by ε. In all, we have

sup
x∈X

∣∣fm(x) − fn(x)
∣∣ ≤ 5ε

for m, n large enough. Hence the sequence {fk}k∈N is Cauchy, and since C(X) is
complete, it converges to some f0 ∈ C(X). �

1.3.7 The Arzela-Ascoli Theorem

Compactness in general topological spaces is discussed in terms of coverings of sets
by open sets in the topology. With the introduction of the metric space structure,
considerable simplification is achieved. We are able to connect compactness with
the behavior of sequences. We characterize compact sets in terms of more intuitive
notions like total boundedness. All of these ingredients allow us to state a pow-
erful theorem that characterizes compactness of sets in the space of continuous
functions.

Theorem 1.3.8 (The Arzela-Ascoli Theorem). Let X be a compact metric space.
A subset F ⊆ C(X) of functions is relatively compact in C(X) if and only if F is
bounded and equicontinuous.

Proof. Suppose F is relatively compact in C(X). We want to show that F is
bounded and equicontinuous. Suppose to the contrary that F is not bounded.
Then there is a sequence {gk}k∈N ⊆ F such that

d(gk, 0) > k

for k ∈ N. In this case, there is no subsequence of {gk}k∈N that converges in
C(X). This is a contradiction and F is consequently bounded. Fix ε > 0. Since F
is relatively compact, there is a finite collection of n open balls of radius ε

3 that
cover F :

F ⊆
n⋃

i=1

B ε
3
(fk).

The finite collection {f1, . . . , fn} is uniformly equicontinuous. There is a δ > 0
such that

d(x, y) < δ =⇒ ∣∣fj(x) − fj(y)
∣∣ < ε

3

for all j = 1, . . . , n. Therefore, for any f ∈ F we have∣∣f(x) − f(y)
∣∣ ≤ ∣∣f(x) − fk(x)

∣∣+ ∣∣fk(x) − fk(y)
∣∣+ ∣∣fk(y) − f(y)

∣∣ ≤ ε

whenever d(x, y) < δ. Thus, F is equicontinuous.
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Suppose now that F is bounded and equicontinuous. Since X is compact and
metric, it is separable. Let Q = {xk}k∈N be a countable set dense in X . Since F
is bounded, the set of real numbers∥∥fn(xk)

∥∥ < C

is bounded for any fn ∈ F and xk ∈ Q. Since R is a compact metric space, for
each k ∈ N the sequence {

fn(xk)
}

n∈N

contains a convergent subsequence
{
fnj (xk)

}
nj∈N

. By Theorem 1.3.7 the subse-
quence {fnj}nj∈N converges in C(X) and F is precompact. �

As noted earlier, many of the most common topological spaces employed by
engineers and scientists in applications are in fact metric spaces. The utility of
these spaces provides evidence of the power of abstract methods to unify diverse
concepts in applications. We now consider a collection of examples that illustrate
the generality of these ideas. The first two examples are quite elementary.

Example 1.3.2. The simplest useful metric space is, perhaps, the set of real numbers
R endowed with the usual distance function

d : R × R −→ [0,∞)

d(x, y) � |x − y|.

Clearly, this choice of d defines a real-valued, finite and nonnegative function on
R × R. The function d is symmetric (M3), satisfies the triangle inequality (M4)
and vanishes if and only if x = y (M2).

Example 1.3.3. It is likewise fundamental that the collection of all complex num-
bers C, endowed with the distance function that evaluates the magnitude of the
difference

d : C × C −→ [0,∞)

d(z1, z2) � |z1 − z2|

is a metric space. Properties (M1), (M2), (M3) and (M4) are all easy to verify.

Passing to more general examples can make it increasingly difficult to verify the
hypotheses (M1)–(M4). The following example, which is a simple extension of the
previous cases in Examples 1.3.2 and 1.3.3, illustrates this fact.
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Example 1.3.4. Let either RN , or CN , denote the set of N -tuples {x1, x2, x3, . . .,
xN} each of whose entries xi are extracted either from R, or C, respectively. It
turns out that there are many interesting and useful metrics that can be defined
on RN , or CN . The most common of these metrics are given by

dp(x, y) �
( N∑

i=1

|xi − yi|p
) 1

p

.

We claim that each function dp is a metric for 1 ≤ p < ∞. It is trivial to establish
(M1), (M2) and (M3). However, the verification of (M4), the triangle inequality,
entails considerably more work. To establish this fact, we will need to derive two
well-known inequalities. These inequalities are the subject of the next section.

1.3.8 Hölder’s and Minkowski’s Inequalities

In this section we will derive two of the most commonly employed inequalities in
analysis: Hölder’s and Minkowski’s inequalities. Their derivation is not difficult,
it is simply lengthy. However, the derivation does illustrate the details that must
be considered in proving that functions are indeed metrics. The proof of Hölder’s
and Minkowski’s inequalities rely on still another, more fundamental inequality:
Young’s inequality.

t

b

a s

G(b)

F(a)

f(s)

a s

t

b
G(b) f(s)

F(a)

Figure 1.10: Young’s Inequality

Proposition 1.3.1. Let f be a real-valued, continuous, strictly increasing function
defined on [0,∞) such that

lim
x→∞ f(x) = ∞, f(0) = 0.

Let g � f−1. Define the integrals

F (x) =
∫ x

0

f(s)ds, G(x) =
∫ x

0

g(t)dt.

Then if a and b are nonnegative and finite, we have

ab ≤ F (a) + G(b).
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Proof. This proof is immediate when we consider the Figure 1.10. In either case,
we see that the area ab is less than or equal to the area of the sum of the shaded
regions F (a) and G(b). �

Corollary 1.3.1. For p > 1, 1
p + 1

q = 1 and a, b nonnegative and finite, we have

ab ≤ ap

p
+

bq

q
.

Proof. Suppose we choose f(s) = sp−1 so that

g(t) = t
1

p−1 .

Then
F (a) =

∫ a

0

sp−1ds =
1
p
ap

and

G(b) =
∫ b

0

t
1

p−1 dt =
(

1
p − 1

+ 1
)−1

b
1

p−1+1 =
p − 1

p
b

p
p−1 =

1
q
bq.

Then Young’s inequality guarantees that

ab ≤ 1
p
ap +

1
q
bq

and the corollary is proved. �

Theorem 1.3.9 (Hölder’s Inequality). Let p, q be two integers such that 1 < p < ∞,
1
p + 1

q = 1. Then Hölder’s inequality holds

N∑
i=1

|xiyi| ≤
( N∑

i=1

|xi|p
) 1

p
( N∑

i=1

|yi|q
) 1

q

.

Proof. We have shown that

ab ≤ 1
p
ap +

1
q
bq

choose

ak =
|xk|(∑N

k=1 |xk|p
) 1

p

, bk =
|yk|(∑N

k=1 |yk|q
) 1

q

.

Then we have
N∑

i=1

|xiyi|(∑N
i=1 |xk|p

) 1
p
(∑N

i=1 |yk|q
) 1

q

≤
N∑

i=1

{
1
p

|xi|p∑N
k=1 |xk|p

+
1
q

|yi|q∑N
k=1 |yk|q

}

=
1
p

∑N
i=1 |xi|p∑N
k=1 |xk|p

+
1
q

∑N
i=1 |yi|q∑N
k=1 |yk|q

=
1
p

+
1
q

= 1.

The theorem is proved. �
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Theorem 1.3.10 (Minkowski’s Inequality). Let p be an integer such that 1 ≤ p < ∞.
Then Minkowski’s inequality holds

( N∑
i=1

|xi ± yi|p
) 1

p

≤
( N∑

i=1

|xi|p
) 1

p

+
( N∑

i=1

|yi|p
) 1

p

.

Proof. Consider

N∑
i=1

|xi + yi|p ≤
N∑

i=1

(|xi| + |yi|
)p

=
N∑

i=1

(|xi| + |yi|
)p−1|xi| +

N∑
i=1

(|xi| + |yi|
)p−1|yi|.

We can now apply Hölder’s inequality to each term on the right-hand side of the
above inequality

N∑
i=1

(|xi| + |yi|
)p−1|xi| ≤

( N∑
i=1

(|xi| + |yi|
)(p−1)q

) 1
q
( N∑

i=1

|xi|p
) 1

p

N∑
i=1

(|xi| + |yi|
)p−1|yi| ≤

( N∑
i=1

(|xi| + |yi|
)(p−1)q

) 1
q
( N∑

i=1

|yi|p
) 1

p

and obtain

N∑
i=1

(|xi| + |yi|
)p ≤

( N∑
i=1

(|xi| + |yi|
)(p−1)q

) 1
q

{( N∑
i=1

|xi|p
) 1

p

+
( N∑

i=1

|yi|p
) 1

p

}

=
( N∑

i=1

(|xi| + |yi|
)p) 1

q

{( N∑
i=1

|xi|p
) 1

p

+
( N∑

i=1

|yi|p
) 1

p

}
.

Dividing right- and left-hand sides of this inequality by
(∑N

i=1

(|xi| + |yi|
)p) 1

q

,

we obtain ( N∑
i=1

(|xi| + |yi|
)p)1− 1

q

≤
( N∑

i=1

|xi|p
) 1

p

+
( N∑

i=1

|yi|p
) 1

p

so that ( N∑
i=1

|xi + yi|p
) 1

p

≤
( N∑

i=1

|xi|p
) 1

p

+
( N∑

i=1

|yi|p
) 1

p

. �
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Corollary 1.3.2. Let {xi}i∈N and {yi}i∈N be such that( ∞∑
i=1

|xi|p
) 1

p

< ∞,

( ∞∑
i=1

|yi|q
) 1

q

< ∞

for 1 ≤ q < ∞, 1 ≤ p < ∞, and 1
p + 1

q = 1. Then, Hölder’s and Minkowski’s
inequalities hold, respectively

∞∑
i=1

|xiyi| ≤
( ∞∑

i=1

|xi|p
) 1

p
( ∞∑

i=1

|yi|q
) 1

q

( ∞∑
i=1

|xi ± yi|p
) 1

p

≤
( ∞∑

i=1

|xi|p
) 1

p

+
( ∞∑

i=1

|yi|p
) 1

p

.

Proof. As in the proof of the finite-dimensional Hölder’s inequality, we know that

ab ≤ 1
p
ap +

1
q
bq.

We can choose

ak � |xk|(∑∞
k=1 |xk|p

) 1
p

, bk � |yk|(∑∞
k=1 |yk|q

) 1
q

.

In this case, the denominator in each expression makes sense by hypothesis. Fol-
lowing the same line of reasoning as in the derivation of Theorem 1.3.9, we have

N∑
i=1

|xiyi|(∑∞
k=1 |xk|p

) 1
p
(∑∞

k=1 |yk|q
) 1

q

≤ 1
p

+
1
q

= 1

or
N∑

i=1

|xiyi| ≤
( ∞∑

k=1

|xk|p
) 1

p
( ∞∑

k=1

|yk|q
) 1

q

.

Again, the right-hand side makes sense by hypothesis. We can take the limit on
the left-hand side to obtain Hölder’s inequality

∞∑
i=1

|xiyi| ≤
( ∞∑

k=1

|xk|p
) 1

p
( ∞∑

k=1

|yk|q
) 1

q

.

By similar reasoning, we can follow the proof in Theorem 1.3.10 to obtain Min-
kowski’s inequality for infinite sequences. �

We can now return to Example 1.3.4 and show that the function dp does
satisfy a triangle inequality.
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Example 1.3.5. Now, with Hölder’s and Minkowski’s inequalities, it is simple to
show that RN or CN is a metric space when equipped with the metric

dp(x, y) �
( N∑

i=1

|xi − yi|p
) 1

p

.

Clearly the function dp(·, ·) is symmetric, real-valued, finite and nonnegative. The
only property remaining to be shown is that dp(·, ·) satisfies the triangle inequality.
Suppose x, y, z ∈ RN . We can calculate

dp(x, z) =
( N∑

i=1

|xi − zi|p
) 1

p

=
( N∑

i=1

∣∣(xi − yi) + (yi − zi)
∣∣p) 1

p

≤
( N∑

i=1

|xi − yi|p
) 1

p

+
( N∑

i=1

|yi − zi|p
) 1

p

= dp(x, y) + dp(y, z).

The function dp(·, ·) is a metric.

Thus far, all of our examples have dealt with collections, or sequences, of real or
complex numbers. However, the strength of abstraction is that we can treat diverse
mathematical entities. The next example shows that many collections of functions
can be cast as metric spaces with the definition of an appropriate metric function.

Example 1.3.6. One common metric space studied in this book is constructed as
follows. We take the collection of all real-valued functions that are continuous on
the closed interval [a, b]. We define a candidate for a metric on this set by the
function

d(f, g) � max
x∈[a,b]

∣∣f(x) − g(x)
∣∣.

This collection of sets, equipped with the above distance function defines a metric
space C[a, b]. Since f , g are continuous on [a, b], their sum is continuous on [a, b].
Since every continuous function defined over a closed and bounded set attains
its maximum (the Weierstrass Theorem), the function d is well defined for any
pair of continuous functions. Moreover, it is clear that d is real-valued, finite and
nonnegative. Symmetry of the function d is obvious

d(f, g) = d(g, f)

as is the property
d(f, g) = 0 ⇐⇒ f = g.
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To show that a triangle inequality holds for the function d, let f , g and h be
continuous functions on [a, b]. For each x ∈ [a, b] we can write∣∣f(x) − h(x)

∣∣ ≤ ∣∣f(x) − g(x)
∣∣+ ∣∣g(x) − h(x)

∣∣
by the triangle inequality for the real numbers f(x), g(x) and h(x). We can take
the maximum over both sides of the above inequality to obtain

max
x∈[a,b]

∣∣f(x) − h(x)
∣∣ ≤ max

x∈[a,b]

{∣∣f(x) − g(x)
∣∣+ ∣∣g(x) − h(x)

∣∣}
≤ max

x∈[a,b]

∣∣f(x) − g(x)
∣∣+ max

x∈[a,b]

∣∣g(x) − h(x)
∣∣.

But this means that
d(f, h) ≤ d(f, g) + d(g, h)

and the function d(f, g) is a metric.

In Example 1.3.4 we showed that N -tuples of real or complex functions can be
made a metric space with the choice of many different metrics. In the following
example, we see that the same is true of infinite sequences of real or complex
numbers. Again, the crucial step is establishing the triangle inequality via Hölder’s
and Minkowski’s inequalities.

Example 1.3.7. The Space lp. The metric spaces (RN , dp) and (CN , dp) are defined
in terms of finite sequences. Extensions to metric spaces defined in terms of infinite
sequences can be constructed in an analogous fashion. We define the space lp on
R or C to be the collection of all (infinite) sequences in R or C such that( ∞∑

i=1

|xi|p
) 1

p

< ∞.

In other words,

lp =

{
{xi}i∈N ⊂ R :

( ∞∑
i=1

|xi|p
) 1

p

< ∞
}

or

lp =

{
{xi}i∈N ⊂ C :

( ∞∑
i=1

|xi|p
) 1

p

< ∞
}

.

To show that these spaces are metric spaces, we use Corollary 1.3.2 establishing
infinite-dimensional versions of Hölder’s and Minkowski’s inequalities. With these
two inequalities it is now straightforward to show that lp for 1 ≤ p ≤ ∞ is a metric
space when equipped with the distance function.

dp(x, y) =
( ∞∑

i=1

|xi − yi|p
) 1

p

.
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First it is clear that dp(x, y) is real-valued and finite for all {xk}k∈N ∈ lp and
{yk}k∈N ∈ lp. Minkowski’s inequality guarantees that the metric is finite.

dp(x, y) =
( ∞∑

i=1

|xi − yi|p
) 1

p

≤
( ∞∑

i=1

|xi|p
) 1

p

+
( ∞∑

i=1

|yi|p
) 1

2

< ∞.

Finally, we also see that the function dp(·, ·) satisfies the triangle inequality. Sup-
pose x, y, z ∈ lp. We have

dp(x, z) =
( ∞∑

i=1

|xi − yi + yi − zi|p
) 1

p

≤
( ∞∑

i=1

|xi − yi|p
) 1

p

+
( ∞∑

i=1

|yi − zi|p
) 1

p

by Minkowski’s inequality. But this simply says that

dp(x, y) ≤ d(x, y) + d(y, z)

for any x, y, z ∈ lp.

1.4 Vector Spaces

Until now, we have not introduced any algebraic structure in our considerations of
abstract spaces. Of course, there are many interesting fields of study that comprise
modern abstract algebra. In fact, group theory and the study of rings are two
such fields that have had a profound impact in areas related to mechanics just
over the past few years. For example [22] studies group theoretic methods for the
identification of invariants of dynamical systems that govern physical systems. The
study of rings and fields plays an important role in control theory [36].

We will deal with only one class of algebraic structure in this book: the
linear, or vector, space. As usual, when viewed axiomatically, a linear space can
be rigorously defined in terms of an Abelian group (the vectors) and a field (the
scalars), and a collection of allowable rules for combining these two species of
mathematical entities. See for examples, [21, 17]. For our purposes, much less
detail will suffice.

Definition 1.4.1. A set that is closed under the two algebraic operations of vector
addition and multiplication by scalars is called a vector space.

Again, we emphasize that while this definition is not “axiomatic”, it does convey
the essential ingredients of a vector space. The nature of this definition is made
clear if we consider a few simple examples.



42 Chapter 1. Classical Abstract Spaces in Functional Analysis

Example 1.4.1. In Example (1.3.4), we saw that the set of N -tuples {x1, . . . , xN} ⊆
RN or CN comprised a metric space. Define the addition of vectors x, y ∈ RN or
CN in the obvious way

x + y = z ⇐⇒
{x1

...
xN

}
+

{ y1

...
yN

}
=

{ x1 + y1

...
xN + yN

}
=

{ z1

...
zN

}
.

Likewise, define the multiplication of a vector x ∈ RN or CN as

αx = y ⇐⇒ α

{x1

...
xN

}
=

{αx1

...
αxN

}
=

{y1

...
yN

}
.

In this case it is clear that RN or CN constitute a vector space: they are closed un-
der addition of vectors and multiplication of vectors by scalars. The reader should
note that the considerations above are purely algebraic. It does not matter, in this
example, what metric dp from Example 1.3.4 is defined on RN or CN .

Perhaps it is no surprise to the reader that our common notion of vectors or
N -tuples define a vector space. Again, we emphasize that the general definition
of a vector space encompasses many mathematical objects, as the next example
illustrates.

Example 1.4.2. In Example 1.3.6, we showed that the set of all continuous, real-
valued functions C[a, b] defined on the closed interval [a, b] is a metric space when
endowed with the uniform metric

d(f, g) � max
x∈[a,b]

∣∣f(x) − g(x)
∣∣.

It is also not difficult to see that C[a, b] is a vector space. We define the addition
of two vectors f, g ∈ C[a, b] in the expected way

h = f + g ⇐⇒ h(x) = f(x) + g(x) ∀x ∈ [a, b]. (1.5)

The definition of multiplication of a vector by a scalar is also intuitive:

g = αf ⇐⇒ g(x) = αf(x) ∀x ∈ [a, b]. (1.6)

Again, it is clear that the addition of two continuous, real-valued functions f, g ∈
C[a, b] generate a function h ∈ C[a, b] according to the definition in Equation (1.5).
The multiplication of a function f ∈ C[a, b] by a real number α ∈ R in Equation
(1.6) generates a continuous function g ∈ C[a, b]. Hence, C[a, b] is closed under
the defined operators of vector addition and scalar multiplication. It is a vector
space.
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In fact, most of the examples considered in our discussion of metric spaces are
also examples of vector spaces. The next example shows that the metric space lp
can also be construed as a vector space, with the appropriate definitions of vector
addition and scalar multiplication.

Example 1.4.3. Consider the sequence spaces lp defined on R or C discussed in
Example 1.3.7. Addition of two vectors f, g ∈ lp and multiplication of a vector by
a scalar are defined as

h = f + g ⇐⇒ {hi}i∈N = {fi + gi}i∈N

g = αf ⇐⇒ {gi}i∈N = {αfi}i∈N.
(1.7)

Clearly, the algebraic manipulations make sense on a component-wise basis. To
show that the set lp is closed under vector addition and multiplication of vectors by
scalars, we must show that h ∈ lp and g ∈ lp in (1.7). From Minkowski’s Inequality
we can write (∑

i∈N

|hi|p
) 1

p ≤
(∑

i∈N

|fi|p
) 1

p

+
(∑

i∈N

|gi|p
) 1

p

.

Since f, g ∈ lp by hypothesis, the terms on the right of this inequality are finite.
Hence, the summation on the left of the inequality is finite, and h ∈ lp. Finally,
we can directly compute

(∑
i∈N

|αfi|p
) 1

p

= |α|
(∑

i∈N

|fi|p
) 1

p

< ∞

and g ∈ lp.

In our discussions of topological spaces, we learned that the characterization of
the topology is often carried out by defining the building blocks, or bases and local
bases, of the topology. For vector spaces, it is again essential to identify building
blocks for the vector spaces under consideration. The bases for vector spaces are
defined in terms of algebraic notions of linear independence of elements of a vector
space.

Definition 1.4.2. Let X be a vector space. A linear combination of a finite collection
of n vectors x1, . . . , xn contained in X is any vector y that can be written as

y =
n∑

i=1

αixi

for some constants αi ∈ R or C, i = 1, . . . , n.

Definition 1.4.3. Let X be a vector space. A finite set of n vectors x1, . . . , xn

contained in X is said to be linearly independent if none of the vectors can be
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written as a linear combination of the remaining vectors. Alternatively, the set
{x1, . . . , xn} ⊆ X is linearly independent if the sum

α1x1 + α2x2 + . . . + αnxn = 0

holds only for the choice of constants

α1 = α2 = . . . = αn = 0.

With the definition of a linearly independent set of vectors, we can define a basis
for a vector space.

Definition 1.4.4. Let X be a vector space and suppose S is a set of linearly inde-
pendent vectors contained in X. The set S is a basis for X if every element of
X can be written uniquely as a finite linear combination of elements in S. The
number of elements in S is the dimension of the vector space X.

For some simple cases, the basis for a vector space is self-evident. For example, if
X is a set and {x1, . . . , xn} is a finite collection of linearly independent elements
in X , we define the span {x1, . . . , xn} to be

span {xi}n
i=1 =

{
x ∈ X : x =

n∑
i=1

αixi, αi ∈ R

}
.

By construction, the span of a set of linearly independent vectors is a vector
space and the generating set {xi}n

i=1 is a basis for this space. In other cases, it is
not nearly so evident that we can construct a basis for a given vector space. To
show that every vector space has a basis, we require an abstract theorem. One of
the foundations of functional analysis is Zorn’s lemma, which can be employed to
prove many other fundamental theorems, including, for example, the Hahn-Banach
theorem.

Lemma 1.4.1 (Zorn’s Lemma). Let X be a nonempty partially ordered set. Suppose
every totally ordered subset of X has an upper bound. Then X has a maximal
element.

Like many of the essential, fundamental results of functional analysis, the impact of
this lemma is probably not clear at first glance. We briefly present an application
of Zorn’s lemma. We will see in many applications in this book that there is a
similarity in the structure of the proofs based on Zorn’s lemma. That is, there is
a common framework for application of the lemma.

Proposition 1.4.1. Let X be a nontrivial vector space. Then X has a basis.

Proof. We construct our partially ordered set Y as the collection of all subsets of
linearly independent elements extracted from X . That is,

Y ∈ Y ⇐⇒ Y = {y1, . . . , yn}
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for some n ∈ N, where yi ∈ X, i = 1, . . . , n, are linearly independent. The set Y
is partially ordered by set inclusion

Y ≤ Z ⇐⇒ Y = {y1, . . . , yn} ⊆ Z = {z1, . . . , zm}
for some m ≥ n. If {Yα}α∈A is a totally ordered subset of Y , then {Yα}α∈A has an
upper bound. The upper bound is just the union of all Yα in the totally ordered
subset {Yα}α∈A

Yu =
⋃
α

Yα.

According to Zorn’s lemma, there is a maximal element Ym in Y . We claim that Ym

is a basis for X . Suppose to the contrary that these exists some x0 ∈ X that cannot
be expressed as a linear combination of elements in Ym. Then the set Ym ∪ {x0}
is linearly independent and contains Ym. This contradicts the maximality of Ym

and the proposition is proven. �

1.5 Normed Vector Spaces

Once a vector space is defined, it is possible to endow it with a topology. The most
common method for defining a topology on a vector space is to specify a length
for each vector. The function that associates a length to each vector is called the
norm on a vector space.

Definition 1.5.1. A normed vector space X is a vector space with a real-valued
function ‖ · ‖ with the properties that for all x, y ∈ X and α ∈ R (or C)

(N1) ‖x‖ ≥ 0
(N2) ‖x‖ = 0 ⇐⇒ x = 0
(N3) ‖αx‖ = |α|‖x‖
(N4) ‖x + y‖ ≤ ‖x‖ + ‖y‖.

Every normed vector space is a metric space, and consequently, a topological space.
We can always define a metric d(·, ·) on a normed vector space in terms of its norm

d(x, y) ≡ ‖x − y‖ ∀x, y ∈ X.

1.5.1 Basic Definitions

By recalling the notion of convergence in a topological space, and interpreting this
definition with the additional structure of the normed vector space, we can define
convergence in a normed vector space.

Definition 1.5.2. A sequence {x}n∈N in a normed vector space X is said to be
convergent if ∃x ∈ X such that

lim
n→∞ ‖xn − x‖ = 0.
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Likewise, we can define a Cauchy sequence via the definition introduced for general
metric spaces.

Definition 1.5.3. A sequence {xn}n∈N in a normed vector space X is Cauchy if for
every ε > 0 there is an N(ε) such that

‖xm − xn‖ < ε ∀m, n > N(ε).

Hence, a normed vector space X is complete if the norm defined on X induces a
metric for which X is a complete metric space. A complete normed vector space is
the foundation on which we define most abstract spaces that are of practical use
to engineers and scientists.

Definition 1.5.4. A complete normed space is called a Banach space.

Again, as we noted for the metric space, there are useful alternative characteriza-
tions of a continuous function, a closed set and a compact set in a normed vector
space.

Definition 1.5.5. Let (X, Y ) be normed vector spaces and let f : X → Y . The
function f is continuous at x0 ∈ X if for each ε > 0, ∃ δ(ε) > 0 such that

‖x − x0‖X ≤ δ(ε) =⇒ ‖f(x) − f(x0)‖Y < ε.

Definition 1.5.6. Let X be a normed vector space. A subset M ⊆ X is closed if
and only if it contains all of its accumulation points.

Definition 1.5.7. Let X be a normed vector space. A subset M ⊆ X is compact if
and only if every sequence extracted from M contains a subsequence that converges
to an element of M.

We leave to the reader the exercise of demonstrating that these definitions
of a closed set and a compact set agree with the definition for closed and compact
sets in a topological space.

1.5.2 Examples of Normed Vector Spaces

As in previous sections, we begin our discussion of examples by studying the most
elementary cases.

Example 1.5.1. Again, a prototypical example of a normed vector space is simply
the vector space of real numbers R where we endow R with the norm

‖x‖ � |x|.
Properties (N1) through (N3) follow simply from the definition of the absolute
value function, while (N4) is the celebrated triangle inequality for real numbers.

The vector spaces of N -tuples of real or complex numbers are examples of normed
vector spaces also. The norm is obvious and can be deduced from our discussion
of metrics on the set of real numbers.
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Example 1.5.2. We can endow the vector spaces of N -tuples of real numbers, Rn,
or N -tuples of complex numbers Cn, with many different norms. We define the
p-norm

‖x‖p =
( n∑

i=1

|xi|p
) 1

p

(1.8)

for x ∈ Rn or Cn. These normed vector spaces are denoted by
(
Rn, ‖ · ‖p

)
and(

Cn, ‖ ·‖p

)
, respectively. That these functions are in fact norms over Rn and Cn is

not difficult to establish. Clearly, properties (N1) through (N3) are an immediate
consequence of Definition 1.8. The triangle inequality expressed in property (N4)
follows from Minkowski’s inequality in Theorem 1.3.10.

And, once again, normed vector spaces can be constructed from rather abstract
objects, ones that might not immediately come to mind. The following discussion
presents one such example.

Example 1.5.3. Example 1.4.2 showed that the collection of all continuous functions
C[a, b] is a vector space. The vector space C[a, b] is frequently endowed with a norm

‖f‖∞ = max
x∈[a,b]

∣∣f(x)
∣∣. (1.9)

As in all of our previous cases, properties (N1), (N2), and (N3) follow directly
from the definition of the norm in Equation (1.9). Property (N4), the triangle
inequality follows from the proof of the triangle inequality for the metric on C[a, b]
in Example 1.3.6.

We saw in Example 1.5.2 that N -tuples of real or complex numbers constitute a
normed vector space, as our intuition would suggest. Likewise, the next example
shows that infinite sequences of real or complex numbers can be construed as
normed vector spaces. Again, the definition of the norm is critical and is related
to the metric discussed in Example 1.4.3.

Example 1.5.4. Consider the collection of all sequences {xk}k∈N ⊆ R or {xk}k∈N ⊆
C such that the expression

‖x‖p �
{ ∞∑

k=1

|xk|p
} 1

p

is finite. The sets
lp �

{{xk}k∈N ⊆ R : ‖x‖p < ∞}
and

lp �
{{xk}k∈N ⊆ C : ‖x‖p < ∞}
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are normed vector spaces. As in all of our previous examples, it is clear that
(N1) ‖x‖p ≥ 0
(N2) ‖x‖p = 0 ⇐⇒ x = 0
(N3) ‖αx‖p = |α| ‖xp‖.

By Minkowski’s inequality for infinite sums, we also can conclude that

‖x + y‖p ≤ ‖x‖p + ‖y‖p (1.10)

whenever x, y ∈ lp. Finally, it is clear in view of the above considerations that the
set lp is in fact a vector space. Suppose x ∈ lp. Then

αx = {αxi}i∈N

and

‖αx‖p =
( ∞∑

i=1

|αxi|p
) 1

p

=
∞∑

i=1

(|α|p|xi|p
) 1

p

= |α|‖x‖p < ∞.

Hence αx ∈ lp and lp is closed with respect to multiplication by scalars α ∈ R.
Similarly, suppose x, y ∈ lp. Then by the triangle inequality in Equation (1.10)
the norm ‖x + y‖p is finite, and the set lp is closed with respect to addition of
vectors.

In the next example, we consider a norm that has not appeared previously in this
text. While it is somewhat less frequently encountered than the previous examples,
it plays a crucial role in some applications.

Example 1.5.5. Let f be a real-valued function on an interval [a, b] ⊂ R. A partition
P on [a, b] is a finite set {xk}n

k=0 such that

a = x0 < x1 < x2 < · · · < xn = b.

The variation of the function f over a partition P is defined to be

V (f ; P ) �
n−1∑
i=0

∣∣f(xi+1) − f(xi)
∣∣.

The total variation of a function is defined to be the supremum of the variation
over all possible partitions. Suppose P is the collection of all partitions defined on
the interval [a, b]. Then the total variation of f is given by

V (f) � sup
P∈P

n−1∑
i=0

∣∣f(xi+1) − f(xi)
∣∣.
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A function is defined to be a function of bounded variations provided V (f) < ∞.
The set of all functions of bounded variation defined on the interval [a, b] is denoted
BV [a, b]. The variation of a function V (f) is equal to zero if and only if the
function f is identically equal to a constant on [a, b]. Thus, V (·) is not a norm
on BV [a, b]. It is simple to modify it, however, to define a norm on BV [a, b]. For
example, the expression

‖f‖ � V (f) +
∣∣f(a)

∣∣
defines a norm on BV [a, b]. To show that ‖·‖ defines a norm on BV [a, b], we have

‖αf‖ = V (αf) + |αf(a)|
= |α|V (f) + |α| |f(a)|
= |α| ‖f‖

and must also show that ‖ · ‖ satisfies a triangle inequality

‖f + g‖ = V (f + g) +
∣∣f(a) + g(a)

∣∣.
By definition,

V (f + g) = sup
P∈P

n−1∑
i=0

∣∣f(xi+1) + g(xi+1) − f(xi) − g(xi)
∣∣

≤ sup
P∈P

n−1∑
i=0

{∣∣f(xi+1) − f(xi)
∣∣+ ∣∣g(xi+1) − g(xi)

∣∣}

≤ sup
P∈P

n−1∑
i=0

∣∣f(xi+1) − f(xi)
∣∣+ sup

P∈P

n−1∑
i=0

∣∣g(xi+1) − g(xi)
∣∣

= V (f) + V (g).

Hence,
‖f + g‖ ≤ ‖f‖ + ‖g‖.

We have only left to show that

‖f‖ = 0 ⇐⇒ f(x) = 0 for all x ∈ [a, b].

Clearly, if f(x) = 0 then ‖f‖ = 0. This follows since

‖f‖ = sup
P∈P

n−1∑
i=0

∣∣f(xi+1) − f(xi)
∣∣+ ∣∣f(a)

∣∣ = 0

for any choice of P ∈ P. On the other hand, suppose that ‖f‖ = 0 but f(x̃) = C�=0
for some x̃ ∈ [a, b]. Since ‖f‖ = 0, it must be that f(a) = 0. Choose P ∈ P to be

a = x0 < x̃ < x2 = b.
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That is, x̃ = xi. Without loss of generality we assume that x̃ �= b. We know that

‖f‖ ≥ ∣∣f(x1) − f(x0)
∣∣+ ∣∣f(x2) − f(x1)

∣∣
=
∣∣f(x̃) − f(a)

∣∣+ ∣∣f(b) − f(x̃)
∣∣.

Consequently,

‖f‖ ≥ ∣∣f(x1)
∣∣ = ∣∣f(x̃)

∣∣ = C�=0.

But this is a contradiction and therefore f(x) ≡ 0.

All of Examples 1.5.1, 1.5.2, 1.5.3, 1.5.4, and 1.5.5 provide elementary examples
of complete normed vector spaces. The following examples provide increasingly
complex generalizations of the Banach space C[a, b] first encountered in Example
1.5.3. First, we will show that it is straightforward to extend the definition of
C[a, b] to accommodate more general domains.

Example 1.5.6. In Example 1.5.3, we saw that C[a, b] is a normed vector space
when the norm is defined as

‖f‖C[a,b] = sup
x∈[a,b]

|f(x)| = max
x∈[a,b]

|f(x)|.

There is a clear generalization of this normed vector space that is used frequently in
applications. Let Ω be an open set in Rn. We define the set of continuous functions
from Ω to R to be

C(Ω)
�
= {f : Ω → R, f is continuous}.

Sometimes we will denote this set as C0(Ω). The set C(Ω) is a normed vector
space with the norm defined as

‖f‖C(Ω)
�
= sup

x∈Ω
|f(x)|.

With this norm C(Ω) is a Banach space.

Thus, continuous functions, when endowed with an appropriate norm define not
only a normed vector space, but also a Banach space. In the next example, we will
see that collections of continuously differentiable functions likewise can be given a
Banach space structure.
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Example 1.5.7. Let Ω be an open set in Rn and suppose f : Ω → R. We define a
multi-index m of length n to be an ordered n-tuple of integers

m = {m1, . . . , mn} ⊆ Nn.

The length |m| of the multi-index is simply the sum of the components of m,

|m| =
n∑

i=1

mi.

Multi-indices are useful as a compact notation for defining derivatives. Let

Dmf
�
=

∂|m|f
∂xm

�
=

∂m1+m2+···+mnf

∂xm1
1 ∂xm2

2 · · · ∂xmn
n

.

The set of k-times continuously differentiable functions is defined by

Ck(Ω)
�
= {f ∈ Ck−1(Ω) : Dmf ∈ C(Ω) ∀m : |m| = k}.

The set of functions Ck(Ω) is a Banach space with norm

‖f‖Ck(Ω)
�
=
∑

|m|≤k

‖Dmf‖C(Ω) .

Finally, we consider our most refined Banach space of classically continuously
differentiable functions. These Banach spaces will be useful in characterizing im-
portant classes of domains.

Example 1.5.8. Further refinements on the spaces of continuous functions can be
made. Let Ω ⊆ Rn be open and bounded and suppose f : Ω → R. The function f
is said to be Hölder continuous in Ω if there is a constant c > 0 such that

|f(y) − f(x)| ≤ c |x − y|α

for all x, y ∈ Ω and some α ∈ (0, 1]. The coefficient α is the Hölder exponent. If
α ≡ 1 the function is Lipschitz continuous. A function f ∈ Cm(Ω) is (m, α)-Hölder
continuous in Ω if there is a constant c > 0 and α ∈ (0, 1] such that∣∣Djf(y) − Djf(x)

∣∣ ≤ c |y − x|α

for all multi-indices |j| ≤ m and for all x, y ∈ Ω. The set of (m, α)-Hölder contin-
uous functions in Ω is a Banach space when endowed with the norm

‖f‖Cm,α(Ω)
�
= ‖f‖Cm(Ω) + max

0≤|j|≤m
sup

x,y∈Ω
x �=y

∣∣Djf(y) − Djf(x)
∣∣

|y − x|α .
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Example 1.5.9. Let X and Y be Banach spaces. The Banach space C(X, Y ) of
continuous functions acting from X to Y is defined as

C(X, Y ) =
{

f : X → Y, ‖f‖C(X,Y )
�
= sup

x∈X
‖f(x)‖Y < ∞

}
.

Similarly, the Banach space C(ΩX , ΩY ) of continuous functions acting from a
compact set ΩX ⊆ X to ΩY ⊆ Y is defined as

C(ΩX , ΩY ) =
{

f : ΩX → ΩY , ‖f‖C(ΩX,ΩY )
�
= sup

x∈ΩX

‖f(x)‖Y < ∞
}

.

For example, C([a, b], Rm) is a Banach space of continuous vector-valued functions
with ‖f‖C([a,b],Rm) = sup

a≤x≤b
‖f(x)‖Rm < ∞.

1.6 Space of Lebesgue Measurable Functions

This section discusses the functional principles and constructions employed in
defining integrals on abstract spaces. These principles and constructions are widely
used in various optimization applications. The reader is advised that entire mono-
graphs [8] and [5] are dedicated to this topic, and the details in the derivations
are available in these texts. For at least two reasons, however, some discussion of
these concepts is warranted in this book

Most modern treatments of partial differential equations in engineering and
physics make use of the notion of generalized derivatives, and especially those
functions whose generalized derivatives are integrable in certain classes of abstract
spaces. In particular, nearly all graduate texts presenting continuum mechanics
now require a working knowledge of Sobolev spaces.

The integration of Banach space valued functions is more readily understood
by drawing close analogies with the derivation of integrals of real-variable functions
on abstract spaces. The integration of Banach space valued functions is central to
the definition of evolution equations, of both parabolic and hyperbolic type, in
applications. The governing equations of an enormous class of problems in engi-
neering and physics are expressed in terms of this class of integral.

1.6.1 Introduction to Measure Theory

With this motivation understood, we now discuss the “bare minimum” of mea-
sure and integration theory required for applications. The theory of integration in
abstract spaces requires that we identify precisely which sets are “measurable.”
Roughly speaking, we can visualize measurable sets in R2, or R, as those for which
we can assign a measure of area, or of length, respectively.
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Definition 1.6.1. A collection of subsets S of a set X is a σ-algebra over X if

1. X ∈ S
2. S is closed under taking the complement of sets in S
3. S is closed under taking countable unions of elements of S

Definition 1.6.2. The Borel σ-algebra of X is the σ-algebra B generated by the open
sets of X. An element of B is called a Borel set of X.

Once we have a particular σ-algebra of subsets over a set X , we are able to define
a measure space.

Definition 1.6.3. A measure space is a triple (X,S, µ) where X is a set, S is a
σ-algebra of subsets over X, and µ is a set function that satisfies two conditions:

1. The empty set is measurable, and has measure zero,

µ(∅) = 0.

2. For every sequence {Ai}∞i=1 of pairwise disjoint sets contained in S, we have

µ

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

µ(Ai).

This last property is known as the countable additivity of the measure. Note that
triple (X,S, µ) is called a measure space, while the pair (X,S) is referred as to
measurable space.

Definition 1.6.4. Let (X,S, µ) be a measure space. A set A is measurable with
respect to µ if A is an element of S.

Definition 1.6.5. Let (X,SX , µX) and (X,SY , µY ) be measure spaces. A function
f : SX → SY is said to be (SX ,SY )-measurable on X if for any set A ⊂ SY

f−1(A) ∈ SX .

Unless stated otherwise, a real-valued function is said to be measurable if it
is measurable with respect to the Borel sets.

Definition 1.6.6. Let (X,S, µ) be a measure space. Real-valued function f : X → R

is said to be µ-measurable on X if for any Borel set A ⊂ R

f−1(A) ∈ S.

Theorem 1.6.1. Let (X,S, µ) be a measure space. Real-valued function f : X → R

is µ-measurable on X if for any c ∈ R set {x : f(x) > c} is measurable, that is,

f−1((c, +∞)) ∈ S.
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Proof. The proof is obvious due to the fact that the σ-algebra, generated by the
system of all intervals (c, +∞), coincides with the σ-algebra of all Borel sets on R.

�

The next theorem provides insight to conditions of measurability for a real-valued
function defined on a closed interval [a, b] ⊂ R.

Theorem 1.6.2. A real-valued function f : [a, b] → R is measurable if and only if
for any ε > 0 there exists a continuous function φ ∈ C[a, b] such that

µ{x : f(x) �= φ(x)} < ε.

In the literature, there are two basic notions of convergence associated with a given
measure space (X,S, µ).

Definition 1.6.7. Let (X,S, µ) be a measure space. A sequence of measurable func-
tions {fn}n∈N converges to f almost everywhere (written as a.e.) if

µ{x : lim
n→∞ fn(x) �= f(x)} = 0.

Definition 1.6.8. A sequence of measurable functions {fn}n∈N converges to f with
respect to (w.r.t.) measure µ if for any ε > 0

lim
n→∞µ{x : |fn(x) − f(x)| ≥ ε} = 0.

The following two theorems establish a link between convergence a.e. and conver-
gence w.r.t. measure µ.

Theorem 1.6.3. Let (X,S, µ) be a measure space. If a sequence of measurable
functions {fn}n∈N converges to f a.e. then it converges to f w.r.t. measure µ.

Theorem 1.6.4. Let (X,S, µ) be a measure space. If a sequence of measurable
functions {fn}n∈N converges to f w.r.t. measure µ then there is a subsequence
{fnk

}nk∈N ⊂ {fn}n∈N that converges to f a.e.

1.6.2 Lebesgue Integral

The strategy in defining the integral of functions defined on a measure space
(X,S, µ) consists of two steps. First, we define the integral of finitely-valued, step
functions. We subsequently define the integral of limits of finitely-valued step func-
tions. A finitely-valued, step function is employed so frequently in this section that
we refer to it as a simple function.

Definition 1.6.9. A simple function is a finite linear combination of characteristic
functions of measurable sets. That is, if f is a simple function, then it can be
expressed as

f =
N∑

i=1

αiχAi(x)



1.6. Space of Lebesgue Measurable Functions 55

where the functions χAi(x) are the characteristic functions of the measurable sets
Ai, i = 1, . . . , N :

χAi(x) =

{
1 x ∈ Ai,

0 x /∈ Ai.

The integral of a nonnegative, simple function is defined in an intuitive fashion:

Definition 1.6.10. Let (X,S, µ) be a measure space, and let f be a nonnegative
simple function having the representation

f =
N∑

i=1

αiχAi(x)

where each Ai ∈ S for i = 1, . . . , N . The integral of f is defined to be∫
X

fdµ =
N∑

i=1

αiµ(Ai).

A moments reflection shows that this definition is indeed intuitively appeal-
ing. If the measure µ corresponds to our usual notion of “area of subsets in R2,”
the integral of a nonnegative simple function is the volume under the function.
In this case, it agrees with the Riemann integral defined in elementary calculus.
We generalize this notion and define integrals of nonnegative functions f to be
supremum over the integrals of all simple functions majorized by f . That is, we
define the integral of a nonnegative function as follows:

Definition 1.6.11. Let (X,S, µ) be a measure space and let f : X → R
+

0 be a
nonnegative measurable function. We define the integral of f as∫

X

fdµ = sup
{∫

X

φdµ : φ is a simple function, and φ ≤ f a.e. in X

}
.

Now that, the Lebesgue integral of a nonnegative function is understood, the
general definition of a Lebesgue integral is obtained by defining the absolute values
of the positive and negative parts of a function f

|f+|(x) = max{f(x), 0}
|f−|(x) = −min{f(x), 0}.

Since each of the functions |f+|(x) and |f−|(x) are nonnegative, we define the
Lebesgue integral of f to be∫

X

f(x)dµ =
∫

X

|f+|(x)dµ −
∫

X

|f−|(x)dµ

whenever the integrals on the right exist (are finite). Alternatively, some authors
use the following concise definition of the Lebesgue integral that does not require
the separation of the positive and negative parts of a function f .
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Definition 1.6.12 (Lebesgue Integral). Let (X,S, µ) be a measure space. A function
f : S → R is said to have Lebesgue integral on a measurable set A ⊂ S with respect
to measure µ

I =
∫

A

f(x) dµ

if there exists a sequence of simple functions {fn}n∈N converging a.e. x ∈ A to f
such that the sequence

{∫
A

fn(x) dµ
}

converges to I uniformly.

We will have the occasion to use the following two theorems frequently in the text.
The reader is referred to [27] for the proofs.

Theorem 1.6.1 (Fatou’s Lemma). Let (X,S, µ) be a measure space and suppose
that fn is a nonnegative, measurable function

fn : X → R
+

0

for each n ∈ N. If
fn → f a.e. in X

then we have ∫
X

fdµ ≤ lim inf
n→∞

∫
X

fndµ

It should be noted that the conclusion of Fatou’s Lemma may also be written as∫
X

(lim inf
n→∞ fn)dµ ≤ lim inf

n→∞

∫
X

fndµ

which may be easier to remember.

Theorem 1.6.2 (Lebesgue’s Dominated Convergence Theorem). Let (X,S, µ) be a
measure space, and suppose that {fn}∞n=1 is a sequence of measurable functions

fn : X → R

such that ∣∣fn(x)
∣∣ < g(x) ∀x ∈ X

for some integrable function g. If

fn → f a.e. in X

then ∫
X

fndµ →
∫

X

fdµ.
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1.6.3 Measurable Functions

This section presents two theorems on measurability conditions for various func-
tions, which are often encountered in mathematical modelling of various applica-
tions in mechanics and optimal control.

Theorem 1.6.5. Let (T,S, µ) be a measure space, X be a separable topological space
and let f : T × X → R be such that for each x ∈ X

f(·, x) : T → R is µ-measurable

and for each t ∈ T
f(t, ·) : X → R

is continuous and bounded. Then the function

g : T → R

g(t) � sup
x∈X

f(t, x)

is µ-measurable.

Proof. Since X is a separable topological space, there is a countable set {x1,x2, ...}
that is dense in X . We claim that

g(t) � sup
x∈X

f(t, x) = sup
i∈N

f(t, xi).

It is clear that
s � sup

x∈X
f(t, x) ≥ sup

i∈N

f(t, xi)

simply because the supremum over a set must be greater than the supremum over
any of its subsets. By the definition of the supremum, there must be a sequence
{ξk}k∈N ⊆ X such that

f(t, ξk) → s

as k → ∞. Since {xi}i∈N is dense in X , for each k there is a sequence {xkj}j∈N ⊆
{xi}i∈N such that

xkj → ξk as j → ∞.

We can write ∣∣s − f(t, xkj )
∣∣ ≤ ∣∣s − f(t, ξk)

∣∣+ ∣∣f(t, ξk) − f(t, xkj )
∣∣.

By the continuity of f(t, ·) on X , we have

f(t, xkj ) → f(t, ξk)

as kj → ∞. Thus,
g(t) = sup

x∈X
f(t, x) = sup

i∈N

f(t, xi).
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For any given constant c ∈ R,

g(t) ≤ c if and only if f(t, xi) ≤ c for all i ∈ N.

We can write

g−1
(
(−∞, c]

)
=
{
t ∈ T : g(t) ≤ c

}
=
⋂
i∈N

{
t ∈ T : f(t, xi) ≤ c

}
.

By hypothesis, each set on the right in µ-measurable. The set g−1
(
(−∞, c]

) ∈ S
for each c ∈ R and we conclude that g is measurable. �

Theorem 1.6.6. Let (X, d) be a separable metric space, (T,S, µ) a measure space
and f : T → X. Then the following are equivalent

• f is µ-measurable
• g ◦ f is µ-measurable for every continuous g : X → R

• The function t → d
(
f(t), x

)
is µ-measurable ∀x ∈ X.

Proof. See [33, p. 71]. �

1.7 Hilbert Spaces

As a final example of a general class of an abstract space, we consider inner product
spaces. This class of spaces has more mathematical structure than any of the
previously discussed spaces. In summary, every inner product space is

• a topological space,
• a metric space, and
• a normed vector space.

In addition, an inner product space defines an attribute of its elements that does
not arise in the definitions of general topological, metric or normed vector spaces.
The notion of “orthogonality” of the elements is defined in an inner product space.

Definition 1.7.1. Let X be a vector space. An inner product is a mapping (·, ·) :
X × X → C. The inner product must satisfy

(IP1) (x + y, z) = (x, z) + (y, z) ∀x, y, z ∈ X
(IP2) (αx, y) = α(x, y) ∀x, y ∈ X ∀α ∈ C

(IP3) (x, y) = (y, x) ∀x, y ∈ X
(IP4) (x, x) ≥ 0 ∀x ∈ X

and (x, x) = 0 ⇐⇒ x = 0.

Several obvious properties of an inner product can easily be deduced from these
axioms

(x, α y) = α(x, y)
(x, y + z) = (x, y) + (x, z).
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A vector space equipped with an inner product is an inner product space. An
inner product space has as much structure as a normed vector space, and hence a
topological and metric space, because we can always define a norm from the inner
product.

Definition 1.7.2. The inner product generates a norm on X given by ‖x‖=
√

(x,x).
Hence, all inner product spaces are normed vector spaces, but the converse is not
generally true.

Among the more common attributes of a Hilbert space we will frequently use the
Cauchy-Schwarz Inequality, and the continuity of the inner product.

Theorem 1.7.1 (Cauchy-Schwarz Inequality). Let X be an inner product space and
suppose that x, y ∈ X. For any x, y ∈ X, we have

|(x, y)| ≤ ‖x‖ ‖y‖.
Theorem 1.7.2. The inner product is continuous. That is, if xn → x ∈ H and
yn → y ∈ H, the inner product (xn, yn) → (x, y) ∈ R or C.

And, as in the case of a general normed vector space, the metric induced via the
inner product may, or may not, induce a complete metric space structure. That is,
an inner product space is complete if the metric induced from its inner product is
complete over the set H .

Definition 1.7.3. A Hilbert Space is a complete inner product space.

The introduction of the inner product allows us to introduce the concept of or-
thogonality of elements in an inner product space. The following theorem shows
that this idea can lead to very intuitive constructions in inner product spaces. We
define the orthogonal complement A⊥ of a set A ⊆ H to be

A⊥ =
{
x ∈ H : (x, a) = 0 ∀ a ∈ A

}
.

The orthogonal complement appears in many important theorems that are stated
within the Hilbert space framework. For example, a set is dense in a Hilbert space
if and only if the only element that is orthogonal to the dense set is the zero
vector. The concepts of linear subspace along with orthogonal complement induce
an additional structure in a Hilbert space.

Definition 1.7.4. A set A ⊆ H is a linear subspace of a Hilbert space H if α1x1 +
α2x2 ∈ A for any x1, x2 ∈ A and α1, α2 ∈ R.

The following two propositions establish a connection between notions of linear
subspace and orthogonal complement

Proposition 1.7.1. If A is an arbitrary set of a Hilbert space H then its orthogonal
complement A⊥ is a closed linear subspace of H.
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Proof. A⊥ is a linear subspace if for any x1, x2 ∈ A⊥ and α1, α2 ∈ R we show that
α1x1 + α2x2 ∈ A⊥. Indeed, based on inner product axioms (IP1) and (IP2), for
any a ∈ A we have

(α1x1 + α2x2, a) = α1(x1, a) + α2(x2, a) = 0.

To show that A⊥ is closed, consider a sequence {xn}n∈N ∈ A⊥ such that xn → x
and (xn, a) = 0 for all a ∈ A and n ∈ N. According to Theorem 1.7.2, the inner
product is continuous, and consequently, we obtain

lim
n→∞(xn, a) = (x, a) = 0.

But this means that x ∈ A⊥, and thus, closedness of A⊥ is shown. �

The next theorem plays an important role in the theory of Hilbert spaces.

Theorem 1.7.3. Let A ⊆ H be a closed linear subspace of a Hilbert space H and A⊥

be its orthogonal complement. Then any element x ∈ H can uniquely be represented
as x = a + a′, where a ∈ A and a′ ∈ A⊥. We write H = A ⊕ A⊥.

Proof. First we establish the existence of the representation x = a+ a′ for any x ∈
H , where a ∈ A and a′ ∈ A⊥. Let d = ρ(x, A), and let the sequence {an}n∈N ∈ A
be defined such that ||x − an|| < d2 + 1

n2 . This sequence is convergent. Indeed,

||an − am||2 = 2
(||x − an||2 + ||x − am||2)− ||(x − an) + (x − am)||2

= 2
(||x − an||2 + ||x − am||2)− 4

∥∥∥∥x − an + am

2

∥∥∥∥2
< 2
(

d2 +
1
n2

+ d2 +
1

m2

)
− 4d2

=
1
n2

+
1

m2
.

Since H is a complete space, there exists a such that lim
n→∞ an = a. Moreover, since

A is closed, we have a ∈ A. Based on the continuity of the inner product, we also
have lim

n→∞ ||x − an|| = ||x − a|| = d. Now let us show that a′ = x − a ∈ A⊥. Let
b ∈ A. Since A is a linear subspace, a + λb ∈ A for any λ ∈ R. By definition of d,
we obtain a chain of equivalent inequalities

||x − (a + λb)||2 ≥ d2

||(x − a) − λb||2 ≥ ||x − a||2
||a′ − λb||2 ≥ ||a′||2

(a′, a′) − 2λ(a′, b) + λ2(b, b) ≥ (a′, a′)

λ2(b, b) ≥ 2λ(a′, b)
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which should hold for all λ ∈ R. Substituting λ = (a′,b)
(b,b) into the last inequality,

we obtain |(a′,b)|2
(b,b) ≥ 2 |(a′,b)|2

(b,b) . But it follows that |(a′, b)|2 ≤ 0, which can be true
only if (a′, b) = 0. Since b was chosen arbitrarily, (a′, b) = 0 for any b ∈ A. Thus
we proved that a′ ∈ A⊥ and the existence of x = a+a′, where a ∈ A and a′ ∈ A⊥.

To prove uniqueness of this representation, suppose that x can also be repre-
sented as x = b + b′, where b ∈ A and b′ ∈ A⊥. Consequently, x = a + a′ = b + b′,
which can be reduced to a − b = b′ − a′. Because A and A⊥ are linear subspaces,
we have a− b ∈ A and b′ − a′ ∈ A⊥, and hence (a− b, b′ − a′) = 0. However, since
a− b = b′− a′, we obtain (a− b, a− b) = 0 and (b′ − a′, b′− a′) = 0. It follows that
a = b and a′ = b′, and the theorem is proved. �

Proposition 1.7.2. If A is a linear subspace of a Hilbert space H then (A⊥)⊥ = A.

Proof. Let B = A⊥. By definition of the subspace B, any element a ∈ A is or-
thogonal to B, i.e., a ⊥ B. This means that a ∈ B⊥, and consequently A ⊆ B⊥.
According to Proposition 1.7.1, the space B⊥ is closed. Hence, A ⊆ B⊥. On the
other hand, (A)⊥ ⊆ B. Indeed, suppose a′ ∈ (A)⊥, i.e. a′ ⊥ A. Consequently,
a′ ⊥ A ⊆ A. But this means that a′ ∈ A⊥, and thus (A)⊥ ⊆ A⊥ = B. Now
consider an arbitrary element x ∈ B⊥. By Theorem 1.7.3, the Hilbert space H can
be represented as H = A ⊕ (A)⊥ and the element x is represented as x = a + a′,
where a ∈ A and a′ ∈ (A)⊥. Since a ∈ A ⊆ B⊥, x ∈ B⊥ and B⊥ is a linear
subspace, we have a′ = x − a ∈ B⊥. However a′ ∈ (A)⊥ ⊆ B. But a′ ∈ B and
a′ ∈ B⊥ can hold only for a′ = 0. Consequently, x = a ∈ A and B⊥ ⊆ A. From
A ⊆ B⊥ and B⊥ ⊆ A we conclude that A = B⊥ = (A⊥)⊥, and the proposition is
proved. �

Theorem 1.7.4. Let H be a Hilbert space. A set V is dense in H if and only if
V ⊥ = {0}.
Proof. We will show that if V is dense in H , then V ⊥ = {0}. Suppose V is dense
in H and let v0 ∈ V ⊥. Since v0 ∈ H there is a sequence {vk}k∈N ⊆ V such that

vk → v0 in H.

Using the Cauchy-Schwarz inequality and the fact that (vk, v0) = 0, we can directly
compute

‖v0‖2 = (v0, v0) − (vk, v0)
= (v0 − vk, v0)
≤ ‖v0 − vk‖ ‖v0‖.

Consequently, we have

‖v0‖ ≤ ‖v0 − vk‖ → 0 as k → ∞.

Hence, v0 ≡ 0 and V ⊥ = {0}. �

To show that if V ⊥ = {0} then V is dense is left as an exercise.
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This theorem has immediate applicability. It is used in the next theorem to show
that every Hilbert Space has a dense orthonormal set.

Proposition 1.7.3. Let H be a nontrivial Hilbert space. Then H possesses a dense
orthonormal collection of vectors.

Proof. In this case we construct a partially ordered set by taking Y to be the
subsets of H comprised of mutually orthonormal elements. Specifically,

Y ∈ Y ⇐⇒ Y = {yγ ∈ H : γ ∈ Γ, yγ1 ⊥ yγ2 ∀ γ1, γ2 ∈ Γ}
for some (perhaps uncountable) index set Γ. If H is nontrivial, then Y is nonempty
since

x �= 0, x ∈ H =⇒
{ x

‖x‖
}
∈ Y.

Again, set inclusion defines a partial ordering on Y

Y ≤ Z ⇐⇒ Y ⊆ Z.

Moreover, if {Yα}α∈A is a totally ordered set, then the set

Yu =
⋃

α∈A

Yα

is an upper bound for the chain. By Zorn’s lemma, there is a maximal element
Ym ∈ Y . We now claim that Ym is dense in H . Recall that a set F is dense in the
Hilbert space H if and only if

F⊥ = {0}.
Suppose that ∃ y0 ∈ Y⊥

m and y0 �= 0. Then the set Ym ∪ {y0} is related to Ym

Ym ⊆ Ym ∪ {y0}.
But this contradicts the maximality of Ym and the proposition is proved. �

The last theorem becomes more constructive for separable Hilbert spaces.

Definition 1.7.5. A Hilbert space H is separable if there is a countable, everywhere
dense set in H.

Theorem 1.7.5. Let H be a separable Hilbert space. Then H possesses a countable
orthonormal collection of vectors.

In the case of infinite-dimensional separable Hilbert spaces, a countable orthonor-
mal collection is also complete.

Theorem 1.7.6. Let H be an infinite-dimensional separable Hilbert space. Then H
possesses a complete countable orthonormal collection of vectors.

The most remarkable property of separable Hilbert spaces is that all separable
Hilbert spaces are isomorphic.

Theorem 1.7.7. Any two separable Hilbert spaces are isomorphic to each other.
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Linear Functionals and

Linear Operators

The introduction of the algebraic operations that define a vector space enable us
to introduce an important class of functions on normed linear spaces: the class of
linear operators. We denote the domain dom(T ) of the operator T : X → Y to be
the set of x ∈ X such that T (x) ∈ Y . That is,

dom(T ) = {x ∈ X : T (x) ∈ Y }.
Likewise, the range of the operator T : X → Y is

range(T ) = {y ∈ Y : ∃x ∈ X such that Tx = y}.
Definition 2.0.6. An operator T mapping elements of the vector space X to the
vector space Y is a linear operator if ∀x, y ∈ dom(T ) and scalars α

T (x + y) = Tx + Ty

T (αx) = αTx.

It is an elementary exercise to show that the set of all linear operators that act
between two vector spaces X and Y form a vector space themselves. This vector
space is denoted by L(X, Y ), where the operations of “vector addition” (addition
of linear operators) and scalar multiplication are defined in the obvious way:

(T1 + T2)x ≡ T1(x) + T2(x)
(αT1)x ≡ T1(αx).

Definition 2.0.7. Let X and Y be vector spaces with dimension nx and ny, respec-
tively. Then the set of all linear mappings from X into Y , denoted L(X, Y ), is a
vector space of dimension nx × ny.

Not only can we define a new vector space L(X, Y ) from the two vector spaces
X and Y , we can endow a subset L(X, Y ) ⊆ L(X, Y ) with a norm; the operator
norm. We define the operator norm by first defining the important class of linear
operators that map bounded sets of vectors in the domain into bounded sets of
vectors in the range.
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Definition 2.0.8. Let X and Y be normed vector spaces and T : dom(T ) ⊂ X → Y
a linear operator. We say that T is a bounded linear operator if there is a real
number c such that

‖Tx‖ ≤ c ‖x‖, ∀x ∈ dom(T ) .

For each bounded, linear operator we define a norm.

Definition 2.0.9. The operator norm of the bounded linear operator T is defined by

‖T ‖ = sup
x 
=0

‖Tx‖
‖x‖ ∀x ∈ dom(T ) .

The set of all bounded linear operators from X into Y is denoted by L(X, Y ). To
emphasize a point, recall that the following definition characterizes continuity of
a mapping T acting between normed vector spaces.

Definition 2.0.10. Let T : dom(T ) ⊆ X −→ Y be an operator, not necessarily
linear, where dom(T ) ⊂ X and X and Y are normed vector spaces. Then T is
continuous at a point x0 ∈ dom(T ) if for every ε > 0 there is a δ > 0 such that

‖x − x0‖ < δ =⇒ ‖Tx − Tx0‖ < ε .

If T is continuous at every x ∈ dom(T ), then T is a continuous operator.

Because normed vector spaces are indeed examples of topological spaces, this def-
inition is but one special case of our general definition. Interestingly enough, for
linear operators acting between normed vector spaces, the notion of continuity
coincides with that of boundedness.

Theorem 2.0.8. Let T : dom(T ) ⊆ X → Y be a linear operator, where X, Y are
normed spaces. Then T is continuous if and only if T is bounded.

In our definition of a linear operator, we have allowed that the operator need not
be defined on the entire underlying vector space. That is, dom(T ) ⊆ X , and we
have not insisted that T exhausts X . If we are given an operator T defined on
some subspace of X , it is often necessary to define an extension of the operator T .

Definition 2.0.11. Let T : dom(T ) ⊆ X → Y , where X and Y are normed vector
spaces. The extension of T to all of X is an operator

T̃ : X → Y, such that T̃ |dom(T ) = T .

The notation T̃ |dom(T ) denotes the restriction of T̃ to dom(T ).

The following theorem embodies a fundamental tool from mathematical anal-
ysis that we will have frequent occasion to use in the chapters that follow. This
theorem states that a bounded, linear operator defined on a dense subset of a
normed vector space has a “canonical” extension.
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Theorem 2.0.9. Consider the bounded linear operator T : dom(T ) ⊆ X → Y , where
Y is a Banach space and X is a normed vector space. Then T has a bounded linear
extension T̃ such that

T̃ : dom(T ) ⊆ X → Y

‖T̃‖ = ‖T ‖.
Note that if dom(T ) is dense in X the operator is extended to all of X.

2.1 Fundamental Theorems of Analysis

If X is a linear vector space, the set of all operators that map X into R are denoted
the functionals on the space X .

Definition 2.1.1. A linear functional f on a vector space X is an element of
L(X, R).

2.1.1 Hahn-Banach Theorem

Of all the foundational theorems of functional analysis, the Hahn-Banach theorem
can be the most mystifying to beginning students. In principle, the Hahn-Banach
theorem is simple to describe: it provides a means of constructing extensions to lin-
ear functionals defined on subspaces of Banach spaces. Apparently, many students
would question why we want to do this in the first place. In many applications, this
is a common requirement and crucial to the solution of many practical problems in
science, engineering and control theory. There are many forms of the Hahn-Banach
theorem, and we first summarize what may be the most general form considered
in this book. Its proof relies on Zorn’s lemma.

Theorem 2.1.1 (Hahn-Banach Theorem). Let X be a real vector space and let
f : X → R be positively homogeneous,

f(αx) = αf(x)

for all α ≥ 0 and all x ∈ X, and subadditive,

f(x + y) ≤ f(x) + f(y)

for all x, y ∈ X. Let L0 be a linear functional defined on a subspace Y ⊆ X that
is majorized by f over Y :

L0(x) ≤ f(x) ∀ x ∈ Y.

Then there is a linear extension L of L0

L : X → R

L(x) = L0(x) ∀ x ∈ Y
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and L is majorized by f over X

L(x) ≤ f(x) ∀ x ∈ X.

Proof. Let S be the set of all linear extensions of L0 that are majorized by f .
That is,

S =
{
g ∈ L

(
dom(g), R

)
: dom(L0) ⊆ dom(g), L0(x) = g(x) ∀ x ∈ dom(L0),

g(x) ≤ f(x) ∀ x ∈ dom(g)
}

.

S is a nonempty set since L0 ∈ S. Moreover, we can define a partial ordering �
on the set S. If a, b ∈ S, then we say

a � b

if

dom(a) ⊇ dom(b)
a(x) = b(x) ∀ x ∈ dom(b).

It is straightforward to show that (S, �) is a partially ordered set. We want to apply
Zorn’s lemma to conclude that the set S contains a maximal element. Suppose C
is any totally ordered subset in S. For the chain C, define the function lc such that

dom(lc) ∈
⋃
g∈C

dom(g)

and
lc(x) = g(x) x ∈ dom (g). (2.1)

Clearly, the definition in Equation (2.1) makes sense since x ∈ dom(lc) implies
that there is some g ∈ C with x ∈ dom(g). If there are g1, g2 ∈ C, x ∈ dom(lc), and

x ∈ dom g1 ∩ dom g2

the definition in (2.1) remains clear. Since C is a chain either g1 � g2 or g2 � g1.
Thus,

lc(x) = g1(x) = g2(x).

We claim that lc is an upper bound for C. That is, we must show that

lc � g ∀ g ∈ C.

But this is certainly true since for any g ∈ C, we have

dom(lc) =
⋃
h∈C

dom(h) ⊇ dom(g)

and
lc(x) = g(x) for x ∈ dom(g).
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Consequently we have shown that any arbitrary chain C in S has an upper bound.
By Zorn’s lemma S has a maximal element. Denote the maximal element of S as
L. By the definition S, the element L is linear, it is an extension of L0 and it is
majorized by f . That is

L(x) = L0(x) ∀ x ∈ Y

L(x) ≤ f(x) ∀ x ∈ dom(L) ⊆ X.

If we can show that dom(L) = X , the proof will be complete. As conventional
in constructions via Zorn’s lemma, we will argue by contradiction. Suppose that
there is some x0 ∈ X such that x0 /∈ dom(L). Since dom(L) is a vector space, we
construct a linear functional on the vector space Z

Z � dom(L) ⊕ span{x0}.
Fix a constant a ∈ R. For any x ∈ dom(L), define the functional L̃ such that

L̃(x + cx0) = L(x) + ac.

The functional L̃ is linear on Z. Any two elements z1, z2 ∈ Z have the unique
representation

z1 = x1 + c1x0

z2 = x2 + c2x0

for x1, x2 ∈ dom(L) and c1, c2 ∈ R. By definition, we have

L̃(z1 + γz2) = L(x1 + γx2) + a(c1 + γc2)

= L(x1) + ac1 + γ
(
L(x2) + ac2

)
= L̃(z1) + γL̃(z2).

Moreover, L̃ is an extension of L since

dom(L) ⊆ dom(L̃) = z.

In fact, we would have
L̃ ∈ S and L̃ � L

if we could show that L̃ is majorized by f

L̃(x) ≤ f(x) ∀ x ∈ dom(L̃).

Consider any x and y in dom (L). We can compute

L(x) − L(y) = L(x − y)
≤ f(x − y)
≤ f(x + x0 − x0 − y)
≤ f(x + x0) + f(−x0 − y).
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In this sequence of equations, we have used the linearity of L, the majorization
of L by f , and the subadditivity of f . We can rearrange the above inequality to
make

−L(y) − f(−x0 − y) ≤ −L(x) + f(x + x0).

We note that this equation holds for all x ∈ dom (L) and for all y ∈ dom (L).
Recall that our definition of the functional L̃ is

L̃(x + cx0) = L(x) + ac

but we have not yet selected the constant a ∈ R. We always have

sup
y∈dom (L)

(− L(y) − f(−x0 − y)
) ≤ inf

x∈dom(L)

(− L(x) + f(x + x0)
)
.

Choose the constant a such that

sup
y∈dom (L)

(− L(y) − f(−x0 − y)
) ≤ a ≤ inf

x∈dom (L)

(− L(x) + f(x + x0)
)
. (2.2)

Now the value of the functional L̃ on an element

x + cx0 ∈ Z (2.3)

can be studied for the case when c > 0, c = 0, and c < 0. Suppose c = 0. Then
x ∈ dom (L) and

L̃(x) = L(x) ≤ f(x)

and L̃ is majorized by f in this case. On the other hand suppose c > 0. From
Equation (2.2). We know that

a ≤ −L(ξ) + f(ξ + x0)

for any choice of ξ ∈ dom (L). Choose ξ = 1
cx where c and x are given in Equation

(2.3). We know that

a ≤ −L

(
1
c
x

)
+ f

(
1
c
x + x0

)
.

If we multiply by the positive number c, and rearrange the terms, we obtain

L(x) + ca ≤ f(x + cx0)

or
L̃(z) ≤ f(z) ∀ z ∈ dom (L̃).

But this means L̃ ∈ S and
L̃ � L

which is a contradiction to the maximality of L. Now suppose c < 0. From Equation
(2.2), we can write

−L(ξ) − f(−x0 − ξ) ≤ a (2.4)
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for any choice of ξ ∈ dom (L). Again, with the choice of

z = x + cx0.

Choose ξ = 1
cx in Equation (2.4):

−L

(
1
c
x

)
− f

(
− x0 − 1

c
x

)
≤ a.

If we multiply the above equation by the positive number (−c) we get

L(x) − f(x + cx0) ≤ −ca

L(x) + ca ≤ f(x + cx0)

L̃(z) ≤ f(z).

Again, we get L̃ ∈ S and L̃ ≥ L, which is a contradiction of the maximality of L.
Hence, our assumption that dom (L) �= X is false. We have

dom (L) = X

and the theorem is proved. �

2.1.2 Uniform Boundedness Theorem

In terms of application, the Uniform Boundedness Theorem may find more direct
application for engineers and scientists than the Baire category theorem in Section
1.3.4 or the Hahn-Banach theorem in Section 2.1. Its proof, at least the form
presented here, employs the Baire Category Theorem. Philosophically, the Uniform
Boundedness Theorem enables us to utilize “pointwise bounds” on families of
bounded linear operators to conclude that we actually have “uniform bounds” on
the same family.

Theorem 2.1.2 (Uniform Boundedness Theorem). Let {Lk}k∈N be a sequence of
bounded linear operators on the Banach space X. Suppose that for each x ∈ X,
there exists a constant cx (depending on x) such that

‖Lkx‖ ≤ cx ∀ k ∈ N. (2.5)

Then the family {Lk}k∈N is uniformly bounded in the sense that there is a fixed
constant C such that

‖Lk‖ ≤ C ∀ k ∈ N.

Proof. For each integer k ∈ N, define the set Ck

Ck = {x ∈ X : ‖Lnx‖ ≤ k ∀n ∈ N}.
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Each Ck is closed. Perhaps the simplest way to see this is to note that the map f

f : x �→ ‖Lnx‖

is a continuous map from X to R. Suppose {xj}j∈N ⊆ Ck and xj → x. Then

‖Lnxj‖ → ‖Lnx‖ ≤ k

and x ∈ Ck. In addition

X =
∞⋃

k=1

Ck

by the pointwise bound in Equation (2.5). By the Baire category theorem, there
must be some k0 ∈ N such that Ck0 contains an open ball

B(x0, r0) ⊆ Ck0 .

If x is any element of X , we can define

y = x0 +
1
2
r0

x

‖x‖ .

Note that
‖y − x0‖ ≤ 1

2
r0 =⇒ y ∈ B(x0, r0) ⊆ Ck0

and that x0, y ∈ Ck0 implies that

‖Lnx0‖ ≤ k0

‖Lny‖ ≤ k0

for all n ∈ N. By construction, we have

x = 2
‖x‖
r0

(y − x0)

and

‖Lnx‖ = 2
‖x‖
r0

‖Ln(y − x0)‖

≤ 2
‖x‖
r0

(‖Lny‖ + ‖Lnx0‖)

≤ 4k0

r0
‖x‖.

This implies that 4k0/r0 is an upper bound for ‖Ln‖ and the theorem is proved. �
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2.1.3 The Open Mapping Theorem

We studied several alternative characterizations of continuity of functions in the
previous chapter. Perhaps the most abstract definition is cast in terms of inverse
images of open sets. A function f : X → Y is continuous according to this defi-
nition if and only if for every open set Θ ⊆ Y the inverse image f−1(Θ) ⊆ X is
an open set. The reader should carefully note that there is no guarantee that a
continuous function will map open sets in X into open sets in Y . Functions having
this particular property are referred to as open mappings.

Definition 2.1.2. Let f : dom(f) ⊆ X → Y where X and Y are topological spaces.
The function f is called an open mapping if the image under f of every open set
in the domain of f is an open set in Y .

One of the most important applications of open mappings is that they can some-
times provide a convenient method for establishing the boundedness of certain
invertible operators. This fact is summarized in the celebrated Open Mapping
Theorem, which is also known as Banach-Schauder Theorem.

Theorem 2.1.3 (Open Mapping Theorem). Let L be a bounded linear operator from
a Banach space X onto a Banach space Y . Then L is an open mapping.

This theorem is extremely powerful. In fact, it is an immediate consequence of the
theorem that if the bounded linear operator is invertible, the inverse is necessarily
continuous. Moreover, since the inverse of a linear operator is itself linear, the
Open Mapping Theorem guarantees that if the inverse exists, it is bounded.

The proof of the Open Mapping Theorem is lengthy. We will first derive an
intermediate result that will facilitate the proof of the theorem. Similar approaches
can be found in [3, 15, 30].

Proposition 2.1.1. Suppose L is a bounded linear operator mapping the Banach
space X onto the Banach space Y . Let B1(0) be the open ball of radius 1 centered
at 0 ∈ X

B1(0) = {x ∈ X : ‖x‖ < 1} .

The image L
(
B1(0)

)
contains an open ball θ containing the origin in Y

0 ∈ θ ⊆ L
(
B1(0)

)
.

Proof. The proof is conducted in three steps.

a) For any x ∈ X there is an integer n ∈ N such that

x ∈ Bn
2
(0) = nB 1

2
(0).

Clearly, for any integer n > 2‖x‖, x ∈ nB 1
2
(0). It is therefore possible to cover X

by such sets
X =

⋃
n∈N

nB 1
2
(0).
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Since L maps X onto Y we can write

Y = L(X) = L

(⋃
n∈N

nB 1
2
(0)

)

=
⋃
n∈N

L
(
nB 1

2
(0)
)
.

In fact, since the union above is equal to all of Y , we can take the closure of each
set and obtain

Y =
⋃
n∈N

L
(
nB 1

2
(0)
)
. (2.6)

But Equation (2.6) expresses the complete space Y as the countable union of
closed sets. By the Baire Category Theorem, Y cannot be the countable union of
nowhere dense sets. Thus, there must be at least one integer m ∈ N such that

L
(
mB 1

2
(0)
)

contains an open ball. But it is a simple matter to show that

L
(
mB 1

2
(0)
) ≡ mL

(
B 1

2
(0)
)
.

Figure 2.1: Schematic Diagram of Dilation of Open Ball

As depicted schematically in Figure 2.1 , if L
(
mB 1

2
(0)
)

contains an open ball,

so does L
(
B 1

2
(0)
)
.

b) Denote by Br(y0) the open ball centered at y0 with radius r > 0 that is contained
in L
(
B 1

2
(0)
)

Br(y0) ⊂ L
(
B 1

2
(0)
)
. (2.7)
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Of course, we can also write

Br(0) ⊂ L
(
B 1

2
(0)
)− y0.

We want to show that

Br(0) ⊆ L
(
B 1

2
(0)
)− y0 ⊂ L

(
B1(0)

)
. (2.8)

Let ξ be some arbitrary element

ξ ∈ L
(
B 1

2
(0)
)− y0.

In this case we have
ξ + y0 ∈ L

(
B 1

2
(0)
)

and in view of equation
y0 ∈ L

(
B 1

2
(0)
)

we can find two sequences {ηk}k∈N and {γk}k∈N, both contained in L
(
B 1

2
(0)
)
,

such that

ηk → ξ + y0

γk → y0

as k → ∞. Since both sequences are contained in L
(
B 1

2
(0)
)
, we know that there

are pre-images {vk}k∈N and {wk}k∈N contained in B 1
2
(0) such that

ηk = Lvk

γk = Lwk

for each k ∈ N. But the difference {vk −wk}k∈N is a sequence that is contained in
B1(0)

‖vk − wk‖ ≤ ‖vk‖ + ‖wk‖ <
1
2

+
1
2

= 1.

Moreover, the sequence {L(vk − wk)}k∈N converges to ξ.

‖ξ − L(vk − wk)‖ = ‖ξ − Lvk + Lwk‖
= ‖ξ − ηk + γk‖
→ ‖ξ − (ξ + y0) + y0‖
= 0

as k → ∞. We have consequently shown that the inclusions shown in Equation
(2.8) hold, since the point ξ was chosen arbitrarily in L

(
B 1

2
(0)
)− y0.

c) Now, we will use the inclusion

Br(0) ⊂ L
(
B1(0)

)
(2.9)
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from Equation (2.8) to show that

B r
2
(0) ⊂ L

(
B1(0)

)
and the proof will be complete. First we observe from Equation (2.9) that

2−kBr(0) = Br2−k(0), k ∈ N

and
2−kL

(
B1(0)

)
= L
(
B2−k(0)

)
, k ∈ N.

That is, we can write
Br2−k(0) ⊂ L

(
B2−k(0)

)
(2.10)

for any integer k ∈ N. Choose some arbitrary

z ∈ B r
2
(0).

But this means that the inclusion (2.10) holds for k = 1

z ∈ L
(
B2−1(0)

)
.

There must be some element z1 = Lη1 ∈ L
(
B2−1(0)

)
such that

‖z − z1‖ = ‖z − Lη1‖ <
r

4
= r2−2 (2.11)

where η1 ∈ B2−1(0). When we compare Equation (2.11) with the inclusion Equa-
tion (2.10), we see that Equation (2.10) holds for k = 2. That is

(z − Lη1) ∈ Br2−2(0) ⊂ L
(
B2−2(0)

)
.

There must be a z2 = Lη2 ∈ L
(
B2−2(0)

)
such that

‖z − Lη1 − Lη2‖ <
r

8
= r2−3

where η2 ∈ B2−2(0). It is clear that we can proceed iteratively in this fashion. For
each k ∈ N,

ηk ∈ B2−k(0)

and the sequence {∑n
k=1 ηk}n∈N

is a Cauchy sequence in a complete space. We
must have

lim
n→∞

n∑
k=1

ηk = η∗ ∈ X.

Furthermore, η∗ ∈ B1(0). This is true since∥∥∥∥∥
∞∑

k=1

ηk

∥∥∥∥∥ ≤
∞∑

k=1

‖ηk‖ <

∞∑
k=1

(
1
2

)k

= 1.
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Finally, we can also write ∥∥∥∥∥ z −
n∑

k=1

Lηk

∥∥∥∥∥ <
1
2
r2−n.

We conclude that Lη∗ = z, and therefore

B r
2
(0) ⊂ L

(
B1(0)

)
. �

Proof. Open Mapping Theorem
With the use of the last proposition, the proof of the Open Mapping Theorem
now follows directly. Suppose that Q is an open set in X , and choose an arbitrary
point y = Lx ∈ LQ. Since Q is open, there is an open ball BR(x) contained in Q
where R > 0, centered at x. It follows immediately that

B1(0) =
1
R

(
BR(x) − x

) ⊂ 1
R

(Q − x).

By the previous proposition, the image of B1(0) contains an open ball θ about the
origin 0 ∈ Y .

We have

0 ∈ θ ⊆ L

(
1
R

(Q − x)
)

0 ∈ θ ⊆ 1
R

(LQ− Lx).

But this last inclusion implies that there is an open ball contained in LQ containing
y = Lx. Since y ∈ LQ was chosen arbitrarily, we conclude that LQ is open and
the theorem is proved. �

2.2 Dual Spaces

In the last few sections, we discussed how the set of all linear operators L(X, Y )
acting between any two normed vector spaces X and Y can be used to create the
normed vector space of bounded linear operators , denoted by L(X, Y ). Perhaps the
most frequent use of the normed vector spaces L(X, Y ) arises when Y is selected
to be the real line R, endowed with the usual topology. When we consider the
space of all linear mappings from X into R, we call this vector space the algebraic
dual X† of X . Each mapping f ∈ X† is called a linear functional.

Definition 2.2.1. A linear functional is a linear operator with domain in the vector
space X and range in the scalar field of X. That is, if X is a real vector space,
then

f : dom(f) ≡ X → R or C.

Definition 2.2.2. A bounded linear functional f is a bounded linear operator with
range in the scalar field of X, where dom(f) ≡ X.
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Definition 2.2.3. The algebraic dual space X†of a vector space X is defined to be

X† = L(X, R).

When we further endow L(X, R) with the operator topology defined in Definition
2.0.9, we obtain the topological dual space X∗ � L(X, R) of X .

Definition 2.2.4. Let X be a normed vector space. The set of all bounded linear
functionals on X is a normed vector space with norm given by

‖f‖ = sup
x 
=0

|f(x)|
‖x‖ ∀x ∈ X.

This space is called the topological dual space of X and is denoted by X∗.

We will only have occasion to use the topological dual in the remainder of this
text; we consequently do not distinguish between the algebraic and topological
dual space in our notation.

Each f ∈ X∗ is a bounded linear functional on X . We can write f(x) to
denote the action of f on a particular x ∈ X . Alternatively we use the notation

〈f, x〉X∗×X = f(x)

to denote the action of f on x. The expression 〈·, ·〉X∗,X is referred to as the duality
pairing notation. This notation can be advantageous in applications with different
dual spaces.

Important classes of linear operators can be defined in terms of the notion of
duality. For example, the transpose or dual operators associated with a bounded
linear operator will be used in numerous applications in this text.

Definition 2.2.5. Let U and V be normed vector spaces and let A ∈ L(U, V ). The
transpose A′ ∈ L(V ∗, U∗) is the unique operator defined via the relationship

〈A′v′, u〉U∗×U = 〈v′, Au〉V ∗×V

for all v′ ∈ V ∗ and u ∈ U .

The following theorem illustrates interesting and useful relationships between
the nullspace and range of certain dual operators. These relationships are likewise
used frequently in this book and make use of the annihilator of a given set.

Definition 2.2.6. Let X be a normed vector space and A be a linear operator.
Nullspace or kernel of operator A is a subspace ker(A) of X defined to be

ker(A) =
{
x ∈ X : Ax = 0}.

Definition 2.2.7. Let S be a subset of a normed vector space X. The annihilator
S⊥ is defined to be the set of bounded linear functionals that evaluate to zero on
every element of S

S⊥ =
{
A ∈ X∗ : 〈A, x〉 = 0 ∀x ∈ S ⊆ X

}
.
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Now we can illustrate the usefulness of duality in characterizing how the range
and nullspace of certain operators are related via the annihilator.

Theorem 2.2.1. Let X and Y be normed vector spaces and suppose A ∈ L(X, Y ).
Then (

range(A)
)⊥ = ker(A′).

Moreover, if the range(A′) is closed, we have

range(A′) =
(
ker(A)

)⊥
.

Proof. Suppose B ∈ (range(A)
)⊥. Then we have 〈B, Ax〉Y ∗×Y = 0 for all x ∈ X .

But this means 〈A′B, x〉X∗×X = 0 for all x ∈ X , which can be true only if A′B ≡ 0.
Consequently B ∈ ker(A′), and(

range(A)
)⊥ ⊆ ker(A′).

Suppose on the other hand, z ∈ ker(A′). This means that A′z = 0. It follows that

〈A′z, x〉X∗×X = 〈z, Ax〉Y ∗×Y = 0 for all x ∈ X

which simply implies that z ∈ (range(A)
)⊥. But this means that

ker(A) ⊆ (range(A)
)⊥

.

Altogether we have (
range(A)

)⊥ = ker(A′). �

In the last theorem, we found that duality and the definition of the annihilator
enabled a succinct relationship between the nullspace and range of certain dual
operators. In the following theorem, we find that duality and the definition of the
annihilator enables a characterization of the solution of an important minimum
norm problem. This theorem will find use in various applications in this book.

Theorem 2.2.2. Let U be a subspace of the real, normed vector space V . For some
v ∈ V , define the distance

d = inf
u∈U

‖u − v‖

from v to U . Then there is an element A0 ∈ U⊥ ⊆ V ∗ such that

d = max
‖A‖≤1

A∈U⊥

〈A, v〉V ∗×V = 〈A0, v〉V ∗×V .

Proof. By the definition of the infimum, there is a sequence {uk}k∈N ⊆ U such
that

‖uk − v‖ < d +
1
k

.
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Choose any arbitrary Ã ∈ U⊥ with ‖Ã‖ = 1. We can directly compute

〈Ã, v〉 = 〈Ã, v − uk〉 ≤ ‖Ã‖ ‖v − uk‖ < d +
1
k
.

Since k is arbitrarily large, we must have that

〈Ã, v〉 ≤ d.

Consider the subspace X ⊆ V that is defined as

X =
{
u + tv |u ∈ U, t ∈ R

}
and define the functional f : X → R such that

f(x) = td, x = u + tv, u ∈ U.

The functional f is linear on X . Suppose x1, x2 ∈ X and

x1 = u1 + t1v, u1 ∈ U

x2 = u2 + t2v, u2 ∈ U

then
f(x1 + x2) = (t1 + t2)d = f(x1) + f(x2)

f(λx) = (λt)d = λ(td) = λf(x).

Let us show that the functional f has norm 1 over the subspace X . Let x = tv+u,
where u ∈ U and t ∈ R. By definition, we have

‖f‖ = sup
x∈X

∣∣f(x)
∣∣

‖x‖ = sup
u∈U

|td|
‖tv + u‖ = sup

u∈U

|t| |d|
|t| ∥∥v + u

t

∥∥ = sup
u∈U

d∥∥v + u
t

∥∥
=

d

inf
u∈U

∥∥v + u
t

∥∥ =
d

inf
z∈U

‖v − z‖ ≡ 1.

By the Hahn-Banach theorem there is an extension of f to all of V having norm
1. Denote the extension by A0. We have

‖A0‖ = 1

A0

∣∣
X

= f.

We claim that the extension A0 ∈ U⊥. Suppose u ∈ U ⊆ X then it is easy to
compute

〈A0, u〉 = f(u) = 0 · d = 0.

Moreover, v ∈ X , so that
〈A0, v〉 = 1 · d.

However, we have shown that 〈Ã, v〉 ≤ d for any Ã ∈ U⊥, and we have constructed
A0 ∈ U⊥ such that 〈A0, v〉 = d. The theorem is proved. �
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There is simply an enormous literature that describes the structure of normed
vector spaces, and their dual spaces. We cannot do justice to this theory in a short
introduction. We would be remiss, however, if we did not address the role of dual
spaces in the introduction of weak topologies on normed vector spaces. This topic
plays an important role in numerous applications to mechanics.

2.3 The Weak Topology

Recall from Section 1.2 that it is possible, and often indispensable, that we are able
to define different topologies on a given set X . Indeed, some of the most difficult
questions in applied mathematics, control theory and mechanics arise in deciding
which topology is appropriate for a given application. If a suitable topology can
be found for a specific set X arising in an application, an enormous set of tools
from functional analysis are then available for analyzing the intrinsic properties of
that problem. Now, every normed vector space has an “intrinsic” topology derived
from the norm. This topology is called the strong topology on X , and every open
set in this topology is just the union of open balls Br(x) having the form

Br(x) = {y ∈ X : ‖x − y‖ < r} .

If we unravel the notion of convergence of a net in this topology, we find that a
sequence {xn}n∈N converges to x ∈ X in the strong topology on X if for every
ε > 0, there is an N(ε) ∈ N such that

k ≥ N(ε) =⇒ xk ∈ Bε(x).

Now, this can be a stringent requirement. If it is too difficult, or even impossible, to
show that xk → x strongly in X , it may be the case that we can define a topology
with fewer neighborhoods, or open sets. Proving convergence can be considerably
simpler in this coarser topology.

Simply stated, one of the most frequently employed, alternative topologies
that we can consider is the weak topology from X∗. Recall from the definition of
weak topology that any collection of continuous functions from one topological
space (X, τX) to another (Y, τY ) can be used to define a new topology on X . By
convention, if we choose the space (Y, τY ) to be (R, Euclidean) and consider all
of the continuous linear functionals from (X, τX) into (R, Euclidean) the resulting
weak topology is called “the” weak topology on X . It is a simple exercise to show
that convergence in the weak topology is characterized by the following theorem:

Theorem 2.3.1. Let X be a normed vector space. A sequence {xk}k∈N
in X is

convergent in the weak topology on X if

f(xk) → f(x) in R ∀ f ∈ X∗.

As noted in the construction of general weak topologies in Section 1.2, the weak
topology on X is generated by the set of finite intersections of inverse images of
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open sets in R under continuous functionals in X∗. A local base at x0 ∈ X for the
weak topology is then given by

Br(x0; f1, . . . , fn) �
⋂

f∈Fn

{
x ∈ X :

∣∣〈f, x − x0〉
∣∣ < r

}

where Fn = {f1, . . . , fn} is any collection of n functionals contained in X∗ and
r > 0.

2.4 The Weak∗ Topology

So we have seen that given a normed vector space X , there is a useful, direct
construction of a topology on X that is weaker than the norm topology. We take
the set of all bounded, linear functionals, endow this set with the “usual” algebraic
structure, further endow it with the operator norm, and we get the topological dual
X∗. “The weak topology” on X is the weak topology in the sense of Definition
1.2.16. But we do not need to stop at this point. We can carry out the same
construction starting with X∗. This process gives rise to the bidual, or second
dual space, X∗∗.

Definition 2.4.1. Let X be a normed vector space. The second dual space, or bidual,
of the space X is X∗∗.

Now at first this might seem like a sterile mathematical exercise. If we are
truly interested in X , as being descriptive of a physical system, it is relatively
clear that the construction of X∗ is interesting in that it describes alternate char-
acterizations of convergence of states in our physical system. What is the use in
constructing X∗∗ that is, strictly speaking, a way of defining a topology on a space
that is “one space away” from our physical space X?

The answer is that there is an interesting and useful relationship between X
and X∗∗: we can view each element of x ∈ X “as an element” of X∗∗. Now to see
how we can make this identification, pick an arbitrary pair of elements x, y ∈ X .
By the definition of X∗, if f ∈ X∗, we know that

f(x + y) = f(x) + f(y)
f(λx) = λf(x).

We can define two mappings g and h that act on X∗

g(f) = f(x)
h(f) = f(y).

Clearly, g and h are determined by the fixed elements x and y from X . If we define
addition of g and h to be

(g + h)(f) = g(f) + h(f) ∀ f ∈ X∗
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then a moment’s reflection shows that the set of all functions defined via this
construction on X∗ is a vector space. That is,

S = {g ∈ L(X∗, R) | ∃x ∈ X : g(f) = f(x) ∀ f ∈ X∗}
is a vector space, and each of its elements is uniquely determined by an element
of X . In fact, much more is true. We can show that the above construction defines
a mapping I : X → S ⊆ X∗∗. This mapping is called the canonical injection of X
into X∗∗.

Theorem 2.4.1. Let X be a normed vector space. There exists a canonical injection
I of X into its bidual X∗∗

I : X → X∗∗

such that
I : X → range(I) ⊆ X∗∗

is a linear isometry.

Thus, Theorem 2.4.1 has shown that a normed vector space can be “identified”
with a subset of X∗∗. In the case when the range of the canonical injection I is
all of X∗∗, that is I is onto, X is said to be a reflexive normed vector space.

Definition 2.4.2. A normed vector space X is reflexive if the canonical injection
I : X → X∗∗ is onto. That is,

range(I) ≡ X∗∗.

Having defined the canonical injection

I : X �→ X∗∗

it is possible to define yet another weak topology in the sense introduced in Defi-
nitions 1.2.17 and 1.2.18 for general topological spaces. The collection of functions

range (I) ⊆ X∗∗

defines a collection of bounded linear functionals in X∗∗. We can use this collection
of functions to define a weak topology on X∗. This topology is denoted the weak∗

topology on X∗

(X∗, weak∗) =
(
X∗, weak(range I)

)
.

As in Theorem 2.3.1, there is direct characterization of convergent sequences in
X∗ in the (X∗, weak∗) topology.

Theorem 2.4.2. Let X be a normed vector space. A sequence of functionals {fn}n∈N

⊆ X∗ converges to f ∈ X∗ in the weak∗ topology if

fn(x) → f(x) ∀x ∈ X.
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Proof. The proof is based on the general definition of weak∗ convergence in a
topological space. From Theorem 1.2.4, we know that

fn → f

in (X∗, weak∗) if and only if
g(fn) → g(f)

for all g ∈ range(I) ⊆ X∗∗. If we unravel the definition of the canonical embedding
I, we obtain the conclusion of the theorem. �

Alternatively, a local base at η ∈ X∗ for the weak∗ topology is given by the
open sets

Br(η; x1, . . . , xn) =
⋂

x∈Xn

{
f ∈ X∗ :

∣∣〈f − η, x〉∣∣ < r
}

where Xn = {x1, . . . , xn} is any collection of n elements in X and r > 0.
The usefulness of the weak∗ topology in applications is immediately apparent.

One of the most pragmatic properties of the weak∗ topology is that it contains a
large collection of compact sets. As the following theorem shows, the closed unit
ball of the dual space of a Banach space is weak∗ compact. While the proof of the
following theorem is beyond the scope of this text (see for example [3]), it is used
frequently in computational methods and mechanics.

Theorem 2.4.3 (Alaoglu’s Theorem). The closed unit ball of the dual space X∗ of
a normed space X is compact in the weak∗ topology.

Theorem 2.4.3 is of a very general nature. Various approaches exist for its proof, as
typified in [20, p. 229] or [30, p. 174]. More specialized results, that assert the rela-
tive compactness of sequences under certain separability or reflexivity assumptions
may find more direct application for engineers and scientists.

Theorem 2.4.4. Suppose X is a separable normed linear space. Every bounded
sequence in X∗ contains a subsequence that is weak∗ convergent.

Proof. Suppose that {fk}k∈N is a bounded sequence in X∗ and that {xk}k∈N

is a dense collection of vectors in X . We construct a convergent subsequence
{fk,k}k∈N ⊆ {fk}k∈N via a diagonalization argument. First consider the sequence
of real numbers ∣∣〈fk, x1〉

∣∣ ≤ ‖fk‖ ‖x1‖ < C1

that is bounded in R. We can extract a subsequence

{fk,1}k∈N ⊆ {fk}k∈N

such that the sequence of real numbers{〈fk,1, x1〉
}

k∈N
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converges in R. Subsequently, we note that the sequence of real numbers∣∣〈fk,1, x2〉
∣∣ ≤ ‖fk,1‖ ‖x2‖ < C2

is bounded. We can extract a further subsequence

{fk,2}k∈N ⊆ {fk,1}k∈N ⊆ {fk}k∈N

such that the sequence of real numbers{〈fk,2, x1〉
}

k∈N{〈fk,2, x2〉
}

k∈N

converge to real numbers. Proceeding in this fashion, we obtain a diagonal sequence

{fk,k}k∈N ⊆ {fk}k∈N

such that the sequence of real numbers{〈fk,k, xj〉
}

k∈N

converges for any fixed j ∈ N. Fix x ∈ X . By the triangle inequality we have∣∣〈fj,j , x〉 − 〈fk,k, x〉∣∣ ≤ ∣∣〈fj,j , x〉 − 〈fj,j , xm〉∣∣+ ∣∣〈fj,j , xm〉 − 〈fk,k, xm〉∣∣
+
∣∣〈fk,k, xm〉 − 〈fk,k, x〉∣∣

≤ 2C‖x − xm‖ +
∣∣〈fj,j − fk,k, xm〉∣∣.

Fix ε > 0. Since {xm}m∈N is dense in X , we can choose m large enough so that

‖x − xm‖ <
1

3C
ε.

Furthermore, for m so selected, there is an N such that j, k > N implies

∣∣〈fj,j − fk,k, xm〉∣∣ < 1
3
ε.

But this means that j, k > N implies∣∣〈fj,j , x〉 − 〈fk,k, x〉∣∣ < ε

and the sequence {〈fj,j , x〉
}

j∈N

is consequently a Cauchy sequence of real numbers, and therefore converges to a
real number we denote by 〈f, x〉. The assignment so defined is linear and bounded,
hence f ∈ X∗. �
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This theorem can, in fact, lead to another characterization of compact se-
quences, in this case for bounded sequences in reflexive normed spaces.

Theorem 2.4.5. Let X be a normed vector space. X is reflexive if and only if every
bounded sequence in X contains a weakly convergent subsequence.

Proof. For this text, we will only use the implication that if a normed space is
reflexive then a bounded sequence in this space contains a convergent subsequence.
The reverse implication is proven in [20, p. 119]. Suppose {xk}k∈N is a bounded
sequence in the reflexive normed vector space X . Then the subspace

V � span{xk}k∈N ⊆ X

is separable and reflexive. V is reflexive since any closed subspace of a reflexive
Banach space is reflexive. Moreover, the construction of the canonical isometry of
V onto V ∗∗ guarantees that V ∗∗ is separable. If Y ∗ is separable, then Y is also
separable for any normed vector space Y and its dual Y ∗. Hence, V ∗ is separable.
We know that

{I(xk)
}

k∈N
⊆ V ∗∗ is bounded since I is an isometric mapping of

V onto V ∗∗. By Theorem 2.4.4, there is a subsequence
{I(xkj )

}
kj∈N

that is weak∗

convergent to some I(x) ∈ V ∗∗. Since I is a linear isometry that is onto V ∗∗,
the sequence {xkj

}
kj∈N

is weakly convergent to x in V . In general, we have the
inclusions

V ⊆ X and X∗ ⊆ V ∗.

We conclude that the sequence
{
xkj

}
kj∈N

is in fact convergent to x in the weak
topology of X . �

We close this section by considering a very specific interpretation of the weak∗

topology restricted to the closed unit ball of the dual space X∗ of a separable
normed vector space. In fact, we can show that the relative weak∗ topology that
the closed unit ball of dual space inherits as a subset of X∗ is metrizable. This
metric in induced by a norm called the weak norm on X∗.

Theorem 2.4.1. Let X be a separable normed vector space and let SX∗ be the closed
unit ball of the dual space X∗

SX∗ =
{
f ∈ X∗ : ‖f‖X∗ ≤ 1}.

(1) If {xk}k∈N is dense in X, the expression

‖f‖w �
∞∑

k=1

2−k

∣∣f(xk)
∣∣(

1 + ‖xk‖
)

defines a norm on X∗. This norm is referred to as the weak norm on X∗.
(2) The relativization of the weak norm topology on X∗ induced by ‖ · ‖w and the

relativization of the weak∗ topology on X∗ coincide on SX∗.
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Proof (1). By inspection, we see that

‖αf‖w =
∞∑

k=1

2−k

∣∣αf(xk)
∣∣(

1 + ‖xk‖
)

= |α|
∞∑

k=1

2−k

∣∣f(xk)
∣∣(

1 + ‖xk‖
) = |α| ‖f‖w.

Likewise, the function ‖ · ‖w satisfies a triangle inequality

‖f + g‖w =
∞∑

k=1

2−k

∣∣f(xk) + g(xk)
∣∣(

1 + ‖xk‖
)

≤
∞∑

k=1

2−k

{∣∣f(xk)
∣∣+ ∣∣g(xk)

∣∣}(
1 + ‖xk‖

)
= ‖f‖w + ‖g‖w.

We would like to show that

‖f‖w = 0 =⇒ f = 0 in X∗.

From the definition of the weak norm, we see that

‖f‖w =
∞∑

k=1

2−k

∣∣f(xk)
∣∣

1 + ‖xk‖ = 0 =⇒ ∣∣f(xk)
∣∣ = 0 ∀ k ∈ N.

Let x ∈ X be arbitrary. For any such x there is a subsequence {xkj}kj∈N ⊆ {xk}k∈N

such that
xkj → x.

By the continuity of f , we must have

f(xkj ) → f(x).

Since each f(xkj ) = 0, we have

f(x) = 0 ∀x ∈ X.

That is,
‖f‖w = 0 =⇒ f = 0 in X∗.

Hence ‖ · ‖w is a norm on X∗. �

Proof (2). Recall that in this theorem we consider two topologies on X∗. Denote by
(X∗, τ‖·‖w

) the topology on X∗ induced by the weak norm ‖ ·‖w, and by (X∗, τw∗)
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the weak∗ topology on X∗. A base for (X∗, τ‖·‖w
) is given by the collection of

τ‖·‖w
-open sets

Br(f) =
{
g ∈ X∗ : ‖g − f‖w < r

}
f ∈ X∗, r > 0

indexed by the center f of the ball and radius r. A base for the space (X∗, τw∗) is
the collection of τw∗ -open sets

Br(f ; ξ1, ξ2, . . . , ξn) =
{
g ∈ X∗ : max

i=1, ..., n

∣∣g(ξi) − f(ξi)
∣∣ < r

}
indexed by the center f , the finite integer n, points ξ1, . . . , ξn ∈ X , and radius r.
Now, suppose that θw∗ is an open set in the relativization of the weak* topology
(X∗, τw∗) to SX∗ . What does this mean? Pick any point f ∈ θw∗ . By the definition
of the base for the weak* topology, there is a finite number n, a set of points
ξ1, . . . , ξn, and a real number r > 0 such that

SX∗ ∩ Br(f ; ξ1, ξ2, . . . , ξn) ⊆ θw∗ . (2.12)

That is, we can find one of the sets in the base for (X∗, τw∗) relativized to SX∗

that contains f and is “small enough” to be contained in θw∗ . We first note that
the sequence {xk}k∈N is dense in X by definition. Thus, it is always possible to
find candidates

{xk1 , xk2 , . . . , xkn} ⊆ {xk}k∈N (2.13)

that approximate the fixed points {ξ1, ξ2, . . . , ξn} in Equation (2.12) to any desired
degree of accuracy. For example, we can choose the candidates in Equation (2.13)
such that

‖xkj − ξj‖ ≤ εr j = 1, . . . , n (2.14)

where ε < 1
3 . The choice of approximation in equation (2.14) determines a set of

integers {k1, k2, . . . , kn} that picks out certain terms in the sequence {xk}k∈N.
Define the constant

C
�
= inf

j=1, ..., n

{
2−kj

1 + ‖xkj‖
}

.

Now, suppose that
g ∈ SX∗ ∩ Br̃(f)

where

r̃
�
= εC · r.

In this case, we can write
‖f − g‖w ≤ εC · r. (2.15)
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But the left-hand side of inequality (2.15) can be bounded below as follows

‖f − g‖w = lim
n→∞

n∑
j=1

2−j |(f − g)xj |
1 + ‖xj‖

≥
n∑

j=1

2−kj
|(f − g)xkj |
1 + ‖xkj‖

≥ inf
j=1, ..., n

{
2−kj

1 + ‖xkj‖
} n∑

j=1

|(f − g)xkj |

= C

n∑
j=1

|(f − g)xkj |. (2.16)

Combining inequalities (2.15) and (2.16), we see that

|(f − g)xkj | ≤ εr.

Finally, we can write

|f(ξj) − g(ξj)| = |(f − g)(ξj)|
≤ |(f − g)(xkj ) − (f − g)(xkj − ξj)|
≤ εr + (‖f‖X∗ + ‖g‖X∗)‖xkj − ξj‖
≤ εr + 2 · εr = 3εr < r. (2.17)

In this last inequality we have used the fact that

f, g ∈ SX∗ .

But Equation (2.17) implies that(
SX∗ ∩ Br̃(f)

) ⊆ (SX∗ ∩ Br(f ; ξ1, . . . , ξn)
) ⊆ θw∗ .

This process can be repeated for any choice of f ∈ θw∗ . Hence, θw∗ is the union
of sets extracted from a basis for the relativization of the weak norm topology
to SX∗ . We can conclude that θw∗ is an open set in the relativized weak norm
topology.

Now suppose that θw is an open set in the relativization of the weak norm
topology (X∗, τw) to SX∗ . Choose any f ∈ θw. By the definition of a basis for this
topology, there is an r > 0 such that

SX∗ ∩ Br(f) ⊆ θw. (2.18)

Recall that the inclusion (2.18) implies that for any g ∈ Br(f), we have

lim
n→∞

n∑
j=1

2−j |(f − g)xj |
1 + ‖xj‖ ≤ r.
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Of course, the summation above, being convergent, implies that the tail of the
series converges to zero. There is an index K ∈ N, consequently, such that

lim
n→∞

n∑
j=K+1

2−j |(f − g)xj |
1 + ‖xj‖ ≤ εr.

Define the constant

C
�
= sup

j=1, ..., K

2−j

1 + ‖xj‖ .

Now, suppose that g ∈ SX∗ and

|f(xj) − g(xj)| ≤ ε
r

C · K , j = 1, . . . , K (2.19)

under these conditions, we can bound |f − g|w via a direct computation.

|f − g|w = lim
n→∞

n∑
k=1

2−k |(f − g)xk|
1 + ‖xk‖

≤
K∑

k=1

2−k |(f − g)xk|
1 + ‖xk‖︸ ︷︷ ︸

≤C
∑

K
k=1 |(f−g)xk|

+ lim
n→∞

n∑
k=K+1

2−k |(f − g)xk|
1 + ‖xk‖︸ ︷︷ ︸

≤εr

.

But from inequality (2.19), we conclude that

|f − g|w ≤ C

K∑
k=1

ε
r

C · K + εr = 2εr < r.

Thus, we have shown that

SX∗ ∩ Br(f ; x1, . . . , xK) ⊆ SX∗ ∩ Br(f) ⊆ θw.

This argument can be repeated for every f ∈ θw. Consequently, θw is the union
of basis sets for the relativization of the weak* topology to SX∗ . The set θw is
thereby open in this topology. �

2.5 Signed Measures and Topology

In the previous chapter, we discussed the rudiments of measure theory, and its role
in the development of integration theory. In several of the examples that follow
in this book, it is important that some classes of measures can be interpreted as
a subspace of the dual space of a Banach space. We have defined a measure as an
extended, real-valued set function

µ : A −→ [0, +∞] ⊂ R, A ∈ B
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where B is a σ-algebra of subsets of the underlying set X . By definition, a measure
is countably additive on the σ-algebra B of X , and the measure of the empty set
is always zero. The pair consisting of the set X and a σ-algebra of subsets of X
is called a measurable space. Perhaps the most direct method for introducing a
topology on measures is to define the set of signed measures associated with a
given measurable space (X,B).

Definition 2.5.1. A signed measure µ defined on the measurable space (X,B) is an
extended real-valued set function such that

(i) The set function µ assumes at most one of the values +∞,−∞,
(ii) the measure of the empty set is zero, µ(∅) = 0, and
(iii) the set function µ is countably additive for any sequence of pairwise disjoint

sets extracted from B.

Some care must be taken in the interpretation of property (iii) above. If µ

(⋃
i

Ai

)
is finite, then

µ

(⋃
i

Ai

)
=
∑

i

µ(Ai) (2.20)

implies that the series in Equation (2.20) converges absolutely.
It is essential in many applications that every signed measure can be decom-

posed in a “canonical fashion” into measures. While the axiomatic development of
the “canonical decomposition” of signed measures is somewhat lengthy, the idea is
straightforward. The reader is referred to [6, 9, 27] for the details; we simply out-
line the procedure here for completeness. Roughly speaking, we restrict the signed
measure to a particular collection of subsets of B having a positive signed mea-
sure, and subsequently define a new measure. Note that we cannot choose just any
collection of sets having positive signed measure in this construction, as some sets
might contain subsets that have negative signed measure. Likewise, we restrict the
signed measure to a carefully selected collection of subsets in B that have negative
signed measure, take the negative of this set function, and define another measure.
We consequently achieve a decomposition of a measure that is analogous to the
decomposition of a real-valued function into its positive and negative components.
To precisely describe which subsets in B are used to define the restricted measures,
we must introduce the notion of positive and negative sets for a signed measure. If
µ is a signed measure on the measurable space (X,B), a subset A ∈ B is positive
for µ if µ(B) ≥ 0 for every measurable set B ⊆ A. We define a negative set for µ
similarly. It is a remarkable fact that for any signed measure µ, there are disjoint
subsets A, B ∈ B such that

X = A ∪ B

where A is positive for µ and B is negative for µ. This representation of the set X
is known to be Hahn decomposition, which, in general, is not unique. Associated
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to such a distinguished decomposition of X , we can construct our pair of measures
µ+ and µ−, denoted the positive and negative measures corresponding to µ

µ+(C) = µ(A ∩ C) ∀C ∈ B
µ−(C) = −µ(B ∩ C) ∀C ∈ B.

Since A and B are disjoint, we have in particular that

µ+(B) = 0

µ−(A) = 0.

A pair of measures µ1 and µ2 are said to be mutually singular if there are disjoint
measurable sets such that X = A ∪ B and µ1(B) = µ2(A) = 0. We have the
following proposition guaranteeing the uniqueness of this decomposition:

Proposition 2.5.1. Let µ be a signed measure on the measurable space (X,B). Then
there are two mutually singular measures µ+ and µ− on (X,B) such that

µ = µ+ − µ−.

Moreover, there is only one such pair of measures. The representation of µ by µ+

and µ− is called Jordan decomposition.

The total variation of a signed measure µ is subsequently defined as

|µ|(C) = µ+(C) + µ−(C).

We now have arrived at our goal; we can define the precise sense in which measures
can be endowed with a topology.

Theorem 2.5.1. Let X be a compact metric space and denote by C(X) the Banach
space of all real-valued, continuous functions on X endowed with the usual sup-
norm

‖f‖C(X) = sup
x∈X

|f(x)|.

The set of all finite, signed Borel measures on X is isometrically isomorphic to the
dual space of C(X). The action of each µ on f ∈ C(X) is given by the integration
formula

µ(f) =
∫

X

fdµ � F (f)

where F ∈ C(X)∗. The mapping µ �→ F defines the isometric isomorphism where

|µ|(X) ≡ ‖F‖C(X)∗.

The structure of these spaces is depicted graphically in Figure 2.2.
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2.6 Riesz’s Representation Theorem

A fundamental issue in Operator Theory is the representation of bounded lin-
ear functionals on different normed vector spaces. Theorem 2.5.1 describes one
such representation. This theorem is sometimes known as Riesz’s Representation
Theorem for continuous functions.

2.6.1 Space of Lebesgue Measurable Functions

The proof of Theorem 2.5.1 on a general compact metric space can be quite lengthy.
Detailed proofs are given in [3, 28]. However, it is possible to obtain a constructive
proof of Riesz’s Representation Theorem in the special case that the compact set
X = [a, b] ⊆ R. In this case we can see that the dual of C[a, b] can be identified in
terms of certain functions of bounded variation.
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Theorem 2.6.1 (Riesz’s Representation Theorem). Let f be a bounded linear func-
tional on C[a, b]. Then there is a function g of bounded variation such that for all
h ∈ C[a, b]

f(h) =
∫ b

a

h(x)dg(x) (2.21)

and
‖f‖C∗[a,b] = V (g). (2.22)

Conversely, every function g of bounded variation on [a, b] defines a bounded linear
functional on C[a, b] via (2.21) that satisfies (2.22).

b (x)
s

1

a s b x

Figure 2.4: Basis function for Theorem 2.6.1

Proof. Suppose f is a bounded linear functional on C[a, b]. The space C[a, b] is
a subspace of the space B[a, b] of all bounded functions defined on [a, b]. By the
Hahn-Banach theorem, there is an extension F of f to all of B[a, b] such that

‖F‖ = ‖f‖C∗[a,b].

We define the step functions bs ∈ B[a, b] for each s ∈ [a, b] according to

bs(x) =
{

1, a ≤ x ≤ s,
0, s < x ≤ b.

This function is depicted schematically in Figure 2.4. We claim that the function
g appearing in the representation formula in (2.21) is simply

g(s) = F (bs).

This expression makes sense since bs ∈ B[a, b] and F is a bounded linear func-
tional on B[a, b]. We need to show that g is of bounded variation, the integral
representation in (2.21) holds, and the norm of the bounded linear functional f
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is equal to the variation of g. Let us show that g has bounded variation. Let
a = x0 < x1 < · · · < xn = b be a partition of [a, b]. We can compute

n−1∑
k=0

∣∣g(xk+1) − g(xk)
∣∣ = n−1∑

k=0

∣∣F (bxk+1) − F (bxk
)
∣∣

=
n−1∑
k=0

λk

(
F (bxk+1) − F (bxk

)
)

where
λk = sign

(
F (bxk+1) − F (bxk

)
)
.

By the linearity and boundedness of F on B[a, b], we have

n−1∑
k=0

∣∣g(xk+1) − g(xk)
∣∣ = F

(
n−1∑
k=0

λk(bxk+1 − bxk
)

)

≤ ‖F‖
∥∥∥∥∥

n−1∑
k=0

λk(bxk+1 − bxk
)

∥∥∥∥∥.
But since

bxk+1(x) − bxk
(x) =

{
1, xk < x ≤ xk+1

0, otherwise

and |λk| = 1, we have∥∥∥∥∥
n−1∑
k=0

λk(bxk+1 − bxk
)

∥∥∥∥∥ = sup
x∈[a,b]

∣∣∣λk

(
bxk+1(x) − bxk

(x)
)∣∣∣ = 1.

We can conclude that

n−1∑
k=0

∣∣g(xk+1) − g(xk)
∣∣ ≤ ‖F‖ = ‖f‖. (2.23)

Thus V (g) ≤ ‖f‖. Next, we show that the integral representation in (2.21) holds.
Let h ∈ C[a, b]. Define

rn(x) �
n−1∑
k=0

h(xk)
(
bxk+1(x) − bxk

(x)
)
.

We have

‖h − rn‖B[a,b] = sup
x∈[a,b]

∣∣h(x) − rn(x)
∣∣

= max
k=0, ..., n−1

max
xk≤x≤xk+1

∣∣h(x) − h(xk)
∣∣.
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By the uniform continuity of h(x), which is a continuous function on a compact
set, we have

rn → h in B[a, b]

as n → ∞. But F is a continuous functional on B[a, b] so that

F (rn) → F (h)

as n → ∞. Since h ∈ C[a, b]
F (h) = f(h).

Moreover

F (rn) = F

(
n−1∑
k=0

h(xk)(bxk+1 − bxk
)

)

=
n−1∑
k=0

h(xk)
(
g(xk+1) − g(xk)

)
→
∫ b

a

h(x)dg(x).

Thus, we have

f(h) =
∫ b

a

h(x)dg(x).

Finally we can calculate

∣∣f(h)
∣∣ = ∣∣∣∣

∫ b

a

h(x)dg(x)
∣∣∣∣ ≤ ‖h‖V (g).

So that ∣∣f(h)
∣∣

‖h‖ ≤ V (g).

But this implies that
‖f‖ ≤ V (g).

Combining this result with the conclusions from (2.23), we have

‖f‖ = V (g). �

2.6.2 Hilbert Spaces

The introduction of the notion of “orthogonality” in inner product spaces adds
considerably more structure than normed vector spaces. One practical implication
is that the class of bounded linear functionals on Hilbert spaces have an explicit
representation. Each bounded linear functional defined on a Hilbert space can be
represented in terms of an inner product with a distinguished, or representative,
element of H . This celebrated result is known as Riesz’s Representation Theorem
for bounded linear functionals on Hilbert Spaces.
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Theorem 2.6.2 (Riesz’s Representation Theorem). Let H be a Hilbert space, and
let f ∈ H∗, that is, f is a bounded linear functional on H. Then, the following
two conditions hold:

(i) There is a unique element xf ∈ H such that

f(y) = (xf , y) ∀ y ∈ H.

(ii) The norm of f ∈ H∗ is equal to the norm of xf ∈ H

‖f‖H∗ = ‖xf‖H .

It is not difficult to show that Riesz’s representation theorem allows us to construct
a linear isometry i : H → H∗ defined via

i : H → H∗

i : x �→ f(·) = (x, ·)H .

By convention, the Riesz map R from H∗ to H is the function that associates to
each linear functional f ∈ H∗ the unique xf ∈ H such that

f(y) = (xf , y)H ∀ y ∈ H.

In other words,
R = i−1.

This construction has many implications. Some of the more useful implications for
applications to mechanics are embodied in the two following theorems.

Theorem 2.6.3. Every Hilbert space is reflexive.

Theorem 2.6.4. The closed unit ball of a Hilbert space is weakly compact.

This latter theorem follows from Theorem 2.4.3, and the fact that we can show
that the weak and weak∗ topologies coincide on a Hilbert space H .

2.7 Closed Operators on Hilbert Spaces

The simplest class of operators that we will need to consider in this book are
those operators that are linear and bounded on normed vector spaces. It is well
known, however, and quickly pointed out in a number of introductory texts treating
functional analysis, that many of the most frequently encountered operators in
applications to mechanics are not bounded linear operators. Perhaps the single
largest class of operators of interest to us that are not bounded are differential
operators. It is not difficult to construct examples of linear differential operators
on normed vector spaces that are not bounded.

To accommodate a larger class of linear operators that includes differential
operators, it is conventional to consider closed linear operators. Throughout this
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section, we will consider a linear operator L that acts from a real Hilbert space V
to itself

L : dom(L) ⊆ V → V.

In our original definition of a linear operator acting between normed vector spaces,
we did not require that the domain exhaust V . We allowed the possibility that there
might exist v ∈ V and v �∈ dom(L). When discussing unbounded linear operators,
we will be most interested in those cases for which the dom(L) �= V ! However, we
require that the domain of an unbounded linear operator L is a dense subset of V .

Definition 2.7.1. In a normed space V , a linear operator L : dom(L) ⊆ V → V is
said to be densely defined if dom(L) is a dense vector subspace of V .

A densely defined operator L : dom(L) ⊆ V → V is said to be closed if its graph
is closed in the product space V × V , endowed with the usual norm on product
spaces.

Definition 2.7.2. Let L : dom(L) ⊆ V → V be a densely defined linear operator on
the Hilbert space V . The mapping L is said to be closed if its graph G(L) ⊆ V ×V
defined as

G(L) ≡ {{x, y} ∈ V × V : x ∈ dom(L), y = L(x)}
is closed in V × V .

The following theorem follows immediately from the definition, and frequently is
used to characterize closed linear operators instead of the definition.

Theorem 2.7.1. Let L : dom(L) ⊆ V → V be a linear operator. The operator L is
closed if and only if the following condition is true: If {xk, Lxk}k∈N

⊆ dom(L)×V
is a sequence such that xk → x∗ and Lxk → y, then x∗ ∈ dom(L) and y = Lx∗

It is a simple exercise to show that every continuous linear operator is closed.
We define the resolvent set of L to be all λ ∈ C such that λI − L is bijective
(invertible) and the inverse (λI − L)−1 is a bounded operator. The spectrum of L
is the complement of the resolvent in C.

Closed Graph Theorem

Theorem 2.7.2 (Closed Graph Theorem). Let X and Y be Banach spaces and let
L : dom(L) ⊆ X → Y be a closed linear operator. If dom(L) is closed, then L is a
bounded linear operator on dom(L) ⊆ X.

Proof. Since X and Y are Banach spaces, it is not difficult to show that the Carte-
sian product X × Y is also a Banach space with norm

‖(x, y)‖X×Y
�
= ‖x‖X + ‖y‖Y .
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By hypothesis, G(L) is closed in
(
X×Y, ‖(·, ·)‖

)
and dom(L) is closed in

(
X, ‖·‖).

A closed subspace of a complete normed vector space is itself a complete normed
vector space. Hence, (

G(L), ‖(·, ·)‖
)

(
dom(L), ‖ · ‖X

)
are in fact Banach (sub)spaces. Define the mapping

i : G(L) → dom(L)
i : (x, Lx) �→ x.

Clearly, the mapping i is surjective and injective. The mapping is also linear and
bounded since

‖i(x, Lx)‖X = ‖x‖X ≤ ‖x‖X + ‖Lx‖Y = ‖(x, Lx)‖X×Y .

Hence, i is a bounded, linear operator mapping the Banach space G(L) onto the
Banach space dom(L). By the Open Mapping Theorem, the mapping i is an open
mapping. That is, if B ⊆ G(L) is an open set, then

i(B) ⊆ dom(L)

is an open set. But this is equivalent to stating that the inverse map i−1 :
dom(L) → G(L) is continuous. Since the mapping i is linear and bijective, the
mapping i−1 is linear. We can conclude that i−1 is continuous and linear, and
therefore bounded. We can write

‖x‖X + ‖Lx‖Y = ‖(x, Lx)‖X×Y = ‖i−1(x)‖X×Y ≤ c‖x‖X

for all x ∈ dom(L). But this inequality implies that

‖Lx‖Y ≤ c‖x‖X

and L is a bounded linear operator on dom(L). �

2.8 Adjoint Operators

Let L be a bounded linear operator whose domain is all of H . For each fixed y ∈ H ,
the mapping

x �→ (Lx, y
)

is a bounded, linear operator. Boundedness follows since

|(Lx, y)| ≤ ‖Lx‖‖y‖
≤ ‖L‖‖y‖‖x‖
= Cy‖x‖.
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Linearity is also clear

x + αz �→ (L(x + αz), y
)

x + αz �→ (Lx, y) + α(Lz, y).

By the Riesz representation formula, there is a unique ξy ∈ H such that

(Lx, y) = (x, ξy) ∀x ∈ H

for fixed y ∈ H . However, it is simple to check that the mapping

y �→ ξy

so constructed is a bounded, linear operator. By the Riesz representation theorem

‖ξy‖H = sup
‖x‖
=0

|(Lx, y)|
‖x‖ ≤ sup

‖x‖
=0

‖L‖‖x‖‖y‖
‖x‖ ≤ C‖y‖.

Definition 2.8.1. The adjoint operator L∗ for a linear bounded operator L : H → H
is defined to be

L∗y = ξy

for each y ∈ H. In other words, the adjoint operator is the unique mapping L∗

such that (
Lx, y

)
=
(
x, L∗y

) ∀x, y ∈ H.

If L is a densely defined operator L : domL ⊆ H → H , we can define the adjoint
L∗ : dom(L∗) ⊆ H → H again via Riesz’s representation theorem. For each y ∈ H
the mapping

x �→ (Lx, y)

is a bounded linear operator on the dom(L). Then there exists a unique ξy ∈ H
such that the mapping can be represented as

(x, ξy) = (Lx, y) ∀x ∈ dom(L).

Note that the uniqueness of ξy for L : H → H is guaranteed by Riesz’s representa-
tion theorem, while the uniqueness of ξy for L : dom(L) ⊆ H → H is provided by
the requirement for L to be densely defined. Indeed, suppose there exists another
ξ′y such that (x, ξ′y) = (Lx, y) for all x ∈ dom(L). Then (x, ξ′y − ξy) = 0 for all
x ∈ dom(L), which implies ξ′y − ξy = 0 since dom(L) is dense.

Definition 2.8.2. The adjoint operator L∗ : dom(L∗) ⊆ H → H for a densely
defined linear operator L : dom(L) ⊆ H → H is defined by

(Lx, y) = (x, L∗y) ∀x ∈ dom(L) ∀ y ∈ dom(L∗)
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where

dom(L∗) = {y ∈ H : ∃ ξy ∈ H such that (x, ξy) = (Lx, y) ∀x ∈ dom(L)} .

The adjoint operator L∗ is given by

L∗y = ξy

for such a ξy ∈ H, with associated y ∈ H.

Proposition 2.8.1. Let L be densely defined. Then L∗ is a closed operator.

Proof. Let {xn}n∈N ⊆ dom(L∗) be a sequence such that xn → x and L∗xn → y. By
definition of adjoint operator, for all x′ ∈ dom(L) we have (x′, L∗xn) = (Lx′, xn).
Hence, taking the limit we obtain (x′, y) = (Lx′, x). But this means that x ∈
dom(L∗) and L∗x = y. �

Definition 2.8.3. An operator is called symmetric if and only if

(Lx, y) = (x, Ly) ∀x, y ∈ dom(L).

In other words, an operator is symmetric if dom(L) ⊆ dom(L∗) and L∗ = L on
dom(L). For a symmetric operator L, we also have G(L) ⊆ G(L∗).

Definition 2.8.4. An operator L is self-adjoint if it is symmetric and dom(L) =
dom(L∗), i.e., L = L∗ and dom(L) = dom(L∗).

Obviously, if L is self-adjoint then G(L∗) ⊆ G(L).
We may consider a self-adjoint operator as an extension of a corresponding

symmetric operator. However, in general, a symmetric operator does not admit
a self-adjoint extension. Even if it does then a self-adjoint extension may not be
unique. The following proposition establishes a condition for a symmetric operator
to be self-adjoint in the case of dom(L) = H .

Proposition 2.8.2. If L is a bounded symmetric operator and dom(L) = H then L
is self-adjoint.

We introduce the notions of positive and monotone operators. They play important
roles in applications. All operators are assumed to be linear and unbounded.

Definition 2.8.5. An operator L is positive, if for all x ∈ dom(L)

(Lx, x) ≥ 0.

Theorem 2.8.1. Let L be an operator with dom(L) in a Hilbert space H. The
following are equivalent:

(i) The operator L is positive.
(ii) For every λ > 0 the operator (λI + L) is injective, or one-to-one, and

‖(λI + L)−1y‖ ≤ 1
λ
‖y‖

for every y ∈ range(λI + L).
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Proof. We first show that
(i) → (ii). Let y ∈ range(λI + L), so that there exists an x ∈ dom(L) such that

y = (λI + L)x.

We can write
((λI + L)x, x) = λ(x, x) + (Lx, x) ≥ λ‖x‖2 (2.24)

which implies that the nullspace of (λI +L) is simply {0}. (Otherwise, there would
exist a z ∈ Ker(λI + L) with z �= 0 and

0 = ((λI + L)z, z) = λ(z, z) + (Lz, z) > 0

which is a contradiction.) Thus, (λI + L) is injective. Since x = (λI + L)−1y, the
inequality (2.24) implies that

λ‖(λI + L)−1y‖2 ≤ |(λI + L)−1y, y)|
≤ ‖(λI + L)−1y‖‖y‖

which implies that

‖(λI + L)−1y‖ ≤ 1
λ
‖y‖.

(ii) → (i). For any x ∈ dom(L), let y = (λI + L)x. We have

‖x‖2 = ‖(λI + L)−1y‖2

≤ 1
λ2

‖(λI + L)x‖2

≤ 1
λ2

(
λ2(x, x) + 2λ(Lx, x) + ‖Lx‖2

)
.

We conclude that
0 ≤ 2(Lx, x) +

1
λ
‖Lx‖2.

Since this inequality must hold for all λ > 0, L is consequently positive. �

Proposition 2.8.3. Every positive symmetric operator L, densely defined in a Hil-
bert space H, admits at least one self-adjoint extension, which is also known as a
canonical extension or the Friedrichs extension.

Proof. Since operator L is symmetric and positive, we can define a new inner
product by (x, y)L = (Lx, y) on dom(L). An extension of dom(L) by the norm
(x, y)L is a Hilbert space H0 ⊆ H . Obviously, H0 is a linear subspace of H . Note
that by construction, L is self-adjoint on dom(L∗)∩H0. Consequently, we obtained
a self-adjoint extension Lf of the symmetric positive operator L. The operator Lf

is also positive and called the Friedrichs extension of L. The Friedrichs extension
is a restriction of operator L∗ to the domain dom(L∗) ∩ H0. �
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The construction of Friedrichs extensions is very simple. It requires only the knowl-
edge of expression (Lx, y). Because of simplicity of construction, Friedrichs exten-
sions are widely used in the theory of partial differential equations.

Definition 2.8.6. An operator L is monotone if for any {x1, y1}, {x2, y2} ∈ G(L)

(x2 − x1, y2 − y1) ≥ 0.

Proposition 2.8.4. If L is a symmetric, positive and densely defined operator, then
L is monotone.

Proof. By definition of densely defined operator, dom(L) is a vector subspace.
Hence, if x1, x2 ∈ dom(L) then x1 − x2 ∈ dom(L). By definition of positive
operator, for any x1, x2 ∈ dom(L) we have (L(x2 − x1), x2 − x1) ≥ 0. However,
since L is symmetric, the last inequality is equivalent to (x2 −x1, L(x2 −x1)) ≥ 0,
which, for the linear operator L, is rewritten as (x2 −x1, Lx2 −Lx1) ≥ 0. But this
means that L is monotone. �

A distinguished role will be played by those operators that are, in some sense,
the “largest” positive operators. If L and L̃ are linear operators with graphs G(L)
and G(L̃), respectively, we say that (L̃) is an extension of L if

G(L) ⊆ G(L̃).

An extension L̃ of an operator L is said to be maximal if there is no extension of
L̃ that contains G(L̃) as a proper subset.

Definition 2.8.7. An operator L is maximal monotone if it is monotone and for
any monotone operator L′

G(L′) ⊆ G(L).

An alternative characterization of a maximal monotone operator is given by the
following theorem:

Theorem 2.8.2. Let L be monotone and {x, y} ∈ H × H. Then L is maximal
monotone if

(x − x′, y − y′) ≥ 0 ∀ {x′, y′} ∈ G(L) =⇒ {x, y} ∈ G(L).

The following theorem shows that positive self-adjoint operators are maximal
monotone operators.

Theorem 2.8.3. Suppose that L is a symmetric, positive and densely defined oper-
ator acting on the Hilbert space H and λ > 0. The following are equivalent

(i) The operator L is self-adjoint.
(ii) For any λ > 0, the range of λI + L is all of H.
(iii) The operator L is maximal monotone.
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Proof. We first show that

(i) → (ii). Suppose that L is self-adjoint. We will first show that the orthogonal
complement of range(λI + L) for λ > 0 is the null vector, and consequently must
be dense in H . Suppose that z ∈ {range(λI + L)}⊥. It means that

((λI + L)x, z) = 0 ∀x ∈ dom(L)

Note that z ∈ dom((λI+L)∗). Indeed, by definition of adjoint operator, an element
z belongs to dom((λI+L)∗) if there exists ξz ∈ H such that ((λI+L)x, z) = (x, ξz)
for all x ∈ dom(λI+L) and (λI+L)∗z = ξz. In this case, ξz = 0 ∈ H and (x, 0) ≡ 0
for all x. Hence, (λI + L)∗z = 0, and since L is self-adjoint, we have Lz = −λz.
But because L is also positive, we conclude

(Lz, z) = −λ(z, z) ≥ 0

and, consequently since λ > 0, we obtain z = 0. Thus, the range of (λI + L)
is dense in H . We now show that the range of (λI + L) is closed, and therefore
equal to all of H . By Theorem 2.8.1, (λI + L)−1 is injective and bounded. But
since L is self-adjoint, it is closed. Consequently, (λI +L) and (λI + L)−1 are also
closed. Based on the Closed Graph Theorem, if an operator is closed, bounded
and densely defined then its domain is closed, i.e., the domain coincides with the
whole space H . Thus, range(λI + L) = dom((λI + L)−1) = H .

(ii) → (iii). Since L is symmetric, positive and densely defined, by Proposition
2.8.4, L is monotone. To show that L is maximal monotone, suppose that {x0, y0} ∈
H × H and (x0 − x′, y0 − y′) ≥ 0 for all {x′, y′} ∈ G(L). Because y′ = Lx′ and
λ(x0 − x′, x0 − x′) ≥ 0 for λ > 0, we have (x0 − x′, (y0 + λx0) − (λI + L)x′) ≥ 0.
But since range(λI + L) = H and λI + L is boundedly invertible, there exists
x̃λ ∈ dom(L) such that x̃λ = (λI + L)−1(y0 + λx0). Hence, we obtain (x0 −
x′, (λI + L)(x̃λ − x′)) ≥ 0. Because operator λI + L is positive and symmetric,
in the dense vector subspace dom(L) we can introduce a new inner product by
(x1, x2)∗ = (x1, (λI + L)x2). With this definition, the last inequality is rewritten
as (x0 − x′, x̃λ − x′)∗ ≥ 0 for all x′ ∈ dom(L). But since the dom(L) is dense, this
inequality can hold for all x′ ∈ dom(L) only when x0 = x̃λ. Thus, x0 ∈ dom(L) and
x0 = (λI + L)−1(y0 + λx0). This expression simplifies to y0 = Lx0. Consequently,
{x0, y0} ∈ G(L) and, according to Definition 2.8.2, L is maximal monotone.

(iii) → (i). Now let L be maximal monotone. Since L is positive and symmet-
ric, by Proposition 2.8.3, there exists a self-adjoint extension Lf of the operator
L, and dom(L) ⊆ dom(Lf ). Note that by construction of Friedrichs extensions,
Lf is positive and symmetric on dom(Lf ). Hence, by Proposition 2.8.4, Lf is
monotone. However, L is maximal monotone. It means that G(Lf ) ⊆ G(L), and
hence dom(Lf ) ⊆ dom(L). Thus, we conclude that dom(Lf ) = dom(L) and, con-
sequently, L is self-adjoint. �
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2.9 Gelfand Triples

The use of Gelfand triples [35], or evolution triples [37], has come to assume a cen-
tral role in the formulation of elliptic, parabolic and hyperbolic partial differential
equations in abstract spaces. In this section, we summarize the most fundamental
properties of this construction, and emphasize those attributes of the construction
that are most important in characterizing dynamical systems. To begin, we review
the notion of the transpose of a linear operator in a Banach space.

Definition 2.9.1. Let U, V be Banach spaces and let A ∈ L(U, V ). The transpose
A′ ∈ L(V ∗, U∗) is the unique operator defined via the relationship

〈A′v′, u〉U∗×U = 〈v′, Au〉V ∗×V

for all v′ ∈ V ∗ and u ∈ U .

The following theorem is crucial in determining the structure of the Gelfand triple:

Theorem 2.9.1. Suppose that U, V are Banach spaces, and that A ∈ L(U, V ). Then
the range(A) is dense in V if and only if the dual operator A′ is injective.

Proof. First of all, suppose that the range(A) is dense in V . We know that A′ is
injective if and only if the kernel of A′ is the set {0}. Let v′ ∈ ker(A′), that is,

A′v′ = 0 in U∗.

By definition, we can write

〈A′v′, u〉U∗×U = 0 ∀u ∈ U

〈v′, Au〉V ∗×V = 0 ∀u ∈ U.

But this means that v′ is “perpendicular” to all elements in a dense subset of V .
Hence, v′ = 0, and A′ must be injective.

On the other hand, suppose that A′ is injective. In this case, again,

ker(A′) = {v′ ∈ V ∗ : A′v′ = 0} = {0}.
Suppose to the contrary that range(A) is not dense in V . Then there is some
z′ ∈ V ∗, z′ �= 0 such that

〈z′, Au〉V ∗×V = 0 ∀u ∈ U.

But in this case,
〈A′z′, u〉U∗×U = 0 ∀u ∈ U.

This implies
z′ ∈ ker(A′) z′ �= 0

which is a contradiction. �
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Definition 2.9.2. A Banach space U is continuously embedded in V if and only if

‖i(u)‖V ≤ c ‖u‖U

for some constant c, where i : U → V is the embedding map

i : U → V

i : u ∈ U �→ u ∈ V.

Now suppose we are given a Banach space V and a Hilbert space H such that
V ⊆ H . Further, suppose that V is dense in H (in the topology on H). We denote
by i : V → H the canonical injection of V into H . That is, the map i associates
to each element v in the Banach space V the element v in the Hilbert space H

i : v ∈ V �→ v ∈ H.

By applying Definition 2.9.1, we know that the dual mapping i′ maps H∗ into V ∗,

i′ : H∗ → V ∗.

Since H is a Hilbert space, the inverse of the Riesz map defines an isometric
isomorphism of H onto H∗: for each x′ ∈ H∗ there is a y ∈ H such that

R−1y = x′.

Moreover, by considerations detailed in Section 2.6.2, the Riesz map has a repre-
sentation in terms of the inner product on H

x′ ∈ H∗ =⇒ ∃ y ∈ H : 〈x′, x〉H∗×H = (y, x)H ∀x ∈ H.

We can summarize the structure of the Gelfand triple as

V
i

↪→ H
R−1→ H∗ i′

↪→ V ∗.

Usually, we write this construction as

V ↪→ H ≡ H∗ ↪→ V ∗

or even as
V ↪→ H ↪→ V ∗.

The Hilbert space H in the above construction is the pivot space of the
Gelfand triple. The following theorem relates an important attribute of the Gelfand
triple that we will use frequently in applications to partial differential equations.
The following theorem shows that the duality pairing on V ∗ × V can be viewed
as the extension by continuity of the inner product (·, ·)H acting on H × V .
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Theorem 2.9.2. Let V be a Banach space continuously and densely embedded in
the Hilbert space H.

(i) For any f ∈ V ∗, there exists a sequence {fn}n∈N
⊆ H such that

(fn, v)H → 〈f, v〉V ∗×V ∀ v ∈ V

(ii) we can write
(f, v)H = 〈f, v〉V ∗×V ∀ f ∈ H, v ∈ V.

Proof. This theorem employs an abuse of notation that has become conventional
in references to Gelfand triples: all references to the embeddings i, R and i′ are
dropped in (i) and (ii) above. These mappings play an important role in the
derivation of the theorem. Recall that we have the following structure that defines
the Gelfand triple,

V
i

↪→ H
R−1→ H∗ i′

↪→ V ∗.

From Theorem 2.9.1, i′(H∗) is dense in V ∗. Given any v∗ ∈ V ∗, we can find
a sequence

{h∗
k}k∈N

⊆ H∗

such that
i′h∗

k → v∗ in V ∗.

For each fixed k, we have

〈i′h∗
k, v〉V ∗×V = 〈h∗

k, iv〉H∗×H

= (R−1h∗
k, iv)H .

Hence for any arbitrary v∗ ∈ V ∗, we have found a sequence in H

hk
�
=
{R−1h∗

k

}
such that

lim
k→∞

(hk, iv)H → 〈v∗, v〉V ∗×V .

Thus, (i) is proved. Moreover, each term on the left-hand side of the above limit
can, in fact, be construed as an element in V ∗. For each h ∈ H , the mapping

v �→ (iv, h)H

defines a bounded linear functional on V . This follows since v �→ (iv, h) is clearly
linear and we have

|(iv, h)H | ≤ ‖iv‖H‖h‖H ≤ c‖v‖V ‖h‖H ≤ ch‖v‖V .

It follows that the inner product (·, ·)H can be extended by continuity from H ×V
to V ∗ × V . This extension is given by the duality pairing 〈 , 〉V ∗×V . �
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2.10 Bilinear Mappings

The Gelfand triple
V ↪→ H → H∗ ↪→ V ∗

frequently arise in conjunction with a bilinear mapping

a(·, ·) : V × V → R

that satisfies the following assumptions:

Assumption 2.10.1.

(i) symmetry:
a(x, y) = a(y, x) ∀x, y ∈ V

(ii) coercivity: There is a constant c̃ > 0 such that

a(x, x) ≥ c̃‖x‖2
V ∀x ∈ V

(iii) boundedness: There is a constant c > 0 such that

|a(x, y)| ≤ c‖x‖V ‖y‖V x, y ∈ V.

With this structure, it is possible to consider several operators. Two of the
most important are considered briefly. The first operator acts from V to V ∗.

Theorem 2.10.1. Suppose that a(·, ·) : V × V → R is bilinear, symmetric, coercive
and bounded. Define the operator A : V → V ∗ by

〈Au, v〉V ∗×V
�
= a(u, v) u, v ∈ V.

Then A is
(i) linear,
(ii) bounded, and
(iii) boundedly invertible (i.e., A−1 exists and is bounded).

Proof. The proof that A is linear is straightforward. We have

〈A(αu + βw), v〉V ∗×V = a(αu + βw, v)
= αa(u, v) + βa(w, v)
= α〈Au, v〉V ∗×V + β〈Aw, v〉V ∗×V ∀ v ∈ V

so that
A(αu + βw) = αAu + βAw

for all u, w ∈ V . By the boundedness of the bilinear form a(·, ·), we can write

|〈Au, v〉V ∗×V | = |a(u, v)| ≤ c‖u‖V ‖v‖V .
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Thus, for each u ∈ V

‖Au‖V ∗ = sup
v 
=0

|〈Au, v〉V ∗×V |
‖v‖ ≤ c‖u‖V .

Therefore, we have

‖A‖ = sup
u∈V

‖Au‖V ∗

‖u‖V
≤ c.

By the coercivity of A, we know that the kernel of A is {0}, and A is invertible.
Suppose v∗ = Av, then

c̃‖v‖2
V ≤ a(v, v) = |〈Av, v〉V ∗×V | ≤ ‖Av‖V ∗‖v‖V

or
‖A−1v∗‖V ≤ 1

c̃
‖v∗‖V ∗ .

This is simply a statement that A−1 is uniformly bounded,

‖A−1‖ <
1
c̃
. �

Thus, we see that the bilinear form a(·, ·) induces a bounded, linear oper-
ator, and this operator has a bounded inverse. It is also possible to define an
unbounded, but closed operator A associated with the bilinear form a(·, ·). We
define the domain of A as

dom(A) = {v ∈ V ⊂ H : Av ∈ H}
= A−1(H).

(2.25)

The operator A is then defined to be the restriction of A to dom(A)

A = A|dom(A). (2.26)

Some of the most commonly employed properties of A are summarized in Theorem
2.10.2.

Theorem 2.10.2. Suppose that a(·, ·) : V × V → R is bilinear, symmetric, coercive
and bounded. Define the operator A as in Equations 2.25 and 2.26. Then

(i) A is linear,
(ii) dom(A) is dense in H and
(iii) A is closed.

Proof. The linearity of the operator A follows immediately from the linearity of
the operator A. To show that the domain of A is dense in H , let

w ∈ dom(A)⊥ ⊂ H.
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If this is the case, we have

(w, v)H = 0 ∀ v ∈ dom(A).

Since A = A|dom(A) and A is proved to be invertible, A is invertible on dom(A).
Consequently, there is a u ∈ dom(A) such that

Au = w.

Thus, we have
(Au, v)H = 0 ∀ v ∈ dom(A)

and because A is symmetric,

(Av, u)H = 0 ∀ v ∈ dom(A).

By the definition of A,

0 = (Av, u)H = a(v, u) = 〈Av, u〉V ∗×V .

Finally, recall that
〈Av, u〉V ∗×V = (Av, u)H .

In other words, the duality pairing 〈·, ·〉V ∗×V can be interpreted as the extension
of (·, ·)H on H × V to V ∗ × V . Combining Equations 2.25 and 2.26, we see that

(Av, u)H = 0 ∀ v ∈ dom(A)

since A maps dom(A) onto H , it follows that u = 0 and that w = Au = 0. We have
shown that dom(A)⊥ = {0} and, consequently dom(A) is dense in H . Finally, we
show that A is closed. We must show that if {uk}k∈N ⊆ dom(A) and

uk → u0 in H and Auk → ξ in H,

then
u0 ∈ dom(A) and Au0 = ξ.

Define
vk

�
= Auk ∈ H

u∗ �
= A−1ξ.

By the triangle inequality, we have

‖u0 − u∗‖H ≤ ‖u0 − uk‖H + ‖uk − u∗‖H .

By the continuity of the embedding

V ↪→ H
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we have the bound

‖u0 − u∗‖H ≤ ‖u0 − uk‖H + c′‖uk − u∗‖V

= ‖u0 − uk‖H + c′‖A−1vk −A−1ξ‖V .

By Theorem 2.10.1, the operator A−1 is bounded from V ∗ to V , i.e., ‖A−1‖ ≤ 1
c̃ .

Consequently, we obtain

‖u0 − u∗‖H ≤ ‖u0 − uk‖H +
c′

c̃
‖vk − ξ‖V ∗ . (2.27)

By hypothesis, we know that

vk → ξ in H.

However, the continuous embedding

H ↪→ V ∗

implies that
‖vk − ξ‖V ∗ ≤ c′′‖vk − ξ‖H

so that inequality (2.27) becomes

‖u0 − u∗‖H ≤ ‖u0 − uk‖H +
c′c′′

c̃
‖vk − ξ‖H .

Thus we have
u0 = u∗ = A−1ξ. �





Chapter 3

Common Function Spaces

in Applications

Throughout this book, we have presented various abstract spaces whenever they
could illustrate a particular topic in functional analysis. For example, we have
discussed

• lp in Examples 1.3.7, 1.5.4
• C[a, b] in Examples 1.3.6, 1.5.3, Theorem 2.6.1
• BV [a, b] in Example 1.5.5

Each of these spaces plays a central role in a host of applications. In this chapter,
we will present some of the abstract spaces that are essential to applications in
control and mechanics. We include a discussion of the

• Lp(Ω), Lebesgue spaces of integrable functions
• W p,q(Ω), Hp(Ω), Sobolev spaces of weakly differentiable functions
• Lp

(
(0, T ), X

)
, Bochner spaces of integrable functions

• W p,q
(
(0, T ), X, Y

)
, Bochner spaces of weakly differentiable functions

3.1 The Lp Spaces

If their frequency of use is a measure of indispensability, the spaces of Lebesgue
integrable functions may be the single most important class of functions having
practical use to engineers and scientists.

Definition 3.1.1. Let 1 ≤ p < ∞ and suppose Ω is a Lebesgue measurable subset of
Rn. We define

Lp(Ω)
�
=

{
f : Ω → R, ‖f‖Lp(Ω)

�
=
(∫

Ω

|f |pdx

)1/p

< ∞
}

while for p = ∞, we define

L∞(Ω)
�
=
{

f : Ω → R, ‖f‖L∞(Ω)
�
= ess sup

x∈Ω
|f(x)| < ∞

}
.
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The Lp spaces are utilized in nearly every example in this book. In other exam-
ples, vector-space-valued generalizations of the Lp spaces are employed. We recall
several properties of these spaces that are important in applications.

Theorem 3.1.1. For 1 ≤ p ≤ ∞, Lp(Ω) is a Banach space. The spaces Lp(Ω) are
reflexive if 1 < p < ∞ and separable for 1 ≤ p < ∞. The topological dual

(
Lp(Ω)

)∗
is isometrically isomorphic to Lq(Ω) for 1 < p < ∞, where

1
p

+
1
q

= 1.

Any bounded linear functional φg(·) defined on Lp(Ω) is realized by the integral
representation

f �→ φg(f) =
∫

Ω

fgdx, f ∈ Lp(Ω), g ∈ Lq(Ω).

Compactness properties of the Lebesgue spaces Lp(Ω) are straightforward if 1 <
p < ∞, and more complicated in the case p = ∞ or p = 1. The reader may consult
[23] for details. Since Lp(Ω) is a reflexive Banach space for 1 < p < ∞, bounded
sets are weakly sequentially compact. That is, if a sequence {fk}k∈Z is bounded
in Lp(Ω)

‖fk‖Lp(Ω) ≤ C ≤ ∞
then the sequence contains a weakly convergent subsequence. It is important to
note that L∞(Ω) =

(
L1(Ω)

)∗, but the topological dual of L∞(Ω) is not L1(Ω).
In fact,

(
L∞(Ω)

)∗ can be characterized in terms of a collection of additive set
functions, [26], but we will not have the occasion to use this space in this book.
Figure 3.1 shows how to define a weak∗ topology on L∞(Ω).

According to Figure 3.1, a weak∗ topology on L∞(Ω) is the weak topol-
ogy generated by image I(L1(Ω)

)
in
(
L1(Ω)

)∗∗
of the canonical injection I. If

{fk}k∈N ⊆ L∞(Ω), then this sequence converges to f in the weak* topology on
L∞(Ω) if ∫

Ω

gfk dx →
∫

Ω

gf dx

for all g ∈ L1(Ω). Since L1(Ω) is separable, bounded sequences in L∞(Ω) ≡(
L1(Ω)

)∗ are sequentially weakly* compact. That is, if {fk}k∈N ∈ L∞(Ω) and

‖fk‖∞ < C

there is a subsequence {fkj}kj∈N such that∫
Ω

fkj g dx →
∫

Ω

fg dx

for all g ∈ L1(Ω). The weak relative compactness of L1(Ω), in comparison, requires
additional analysis. Specifically, we need to define equi-integrability.
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)(1 ΩL

)(Ω∞L

Topological dual space

Canonical injection

Bidual space

( )*)(1 ΩL ( ) **)(1 ΩL

I

Isometrically isomorphic

Figure 3.1: L1(Ω), its Dual and Bidual

Definition 3.1.2. A collection of functions {fk}k∈Z
is said to be equi-integrable if

for each ε > 0 there is a δ > 0 such that for any Lebesgue measurable set E with
|E| < δ, we have ∫

E

|fk|dx < ε

uniformly in k ∈ Z.

The following theorem provides useful characterizations of compactness in L1(Ω).

Theorem 3.1.2. A bounded set in L1(Ω) is weakly relatively compact if and only if
it is equi-integrable.

3.2 Sobolev Spaces

In discussing classical examples of Banach spaces, we introduced the set

Cm(Ω) ≡ {f : f is m times (classically) continuously differentiable on Ω ⊆ Rn
}

which proved to be a Banach space when endowed with the norm

‖f‖Cm(Ω) =
∑

|k|≤m

sup
x∈Ω

∣∣Dkf(x)
∣∣ .

It is important to note that the derivative used to define Cm(Ω) is the classical
derivative, first studied in an introductory course in differential calculus. For sev-
eral reasons, abstract spaces based on the existence of only classical derivatives
have not proven to provide a sufficiently rich foundation for the study of partial
differential equations. The theory of Sobolev spaces has been developed by gen-
eralizing the notion of a classical derivative and introducing the idea of weak or
generalized derivatives.
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3.2.1 Distributional Derivatives

By a multi-index over (Z+
0 )n we will mean an n-tuple α = (α1, α2, . . . , αn) of

nonnegative integers. The length of the multi-index, denoted by |α| is simply

|α| =
n∑

i=1

αi.

Multi-indices are effective for representing the partial derivatives of real-valued
functions defined over open subsets Ω of Rn. We write

Dαf =
∂α1

∂xα1
1

∂α2

∂xα2
2

· · · ∂αn

∂xαn
n

f

=
∂α1+α2+···+αn

∂xα1
1 ∂xα2

2 · · ·∂xαn
n

f

where f : Rn → Rn and x = (x1, x2, . . . , xn) ∈ Rn. Heuristically speaking,
Sobolev spaces are constructed by replacing the rather strict notion of a classical
derivative by a weak derivative defined via the integration by parts formula. Recall
that the integration by parts formula of classical differential calculus can be written
formally as∫

Ω

(Dαf) · φdx = (−1)|α|
∫

Ω

f · Dαφdx + “boundary terms”︸ ︷︷ ︸
→0

.

We are interested in considering cases in which the boundary terms above vanish.
Of course, there are a variety of conditions under which the above expression
makes sense, classically speaking. Let us define C∞

0 (Rn) or D(Rn) to be the set of
all smooth (differentiable of any order in the classical sense) functions with support
contained in a compact subset of Rn. By the support of any function f , we mean
the closure of the set on which f is nonzero. Because we will have occasion to
use this space of functions frequently, we refer to it as the space of test functions.
Similarly, C∞

0 (Ω) or D(Ω) will be used to denote the set of all smooth functions
with compact support contained in the open set Ω. If the underlying set Ω or Rn

does not play a role in a particular definition, we simply refer to the set of test
functions as D.

The actual mechanics of defining rigorously the weak derivative of functions
from the integration by parts formula above is a lengthy process, one that has
been studied extensively elsewhere. For completeness, we will briefly outline the
development. The interested reader is referred to any of the numerous excellent
texts on the subject for details [1, 35].

The collection of infinitely differentiable functions with compact support,
D(Ω), can be made a topological space if we define convergence of functions in
D(Ω) as follows:
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Definition 3.2.1. A sequence of functions {fk}k∈N
⊆ D(Ω) converges in the sense

of test functions to φ ∈ D(Ω) if and only if the following two conditions hold:
(i) there exists a single compact set Θ ⊆ Ω such that

support(fk) ⊆ Θ ∀ k ∈ N

(ii) For any multi-index α ∈ (Z+
0 )n,

Dαfk(x) → Dαφ(x)

uniformly in Θ.

In fact the topology on D(Ω) induced by defining convergence of elements
as in Definition 1.2.14 is the strict inductive limit topology (see, e.g., Wilansky in
[34]). Thus, D is a vector space, and more generally, a topological vector space.
It makes sense, consequently, to consider the collection of all continuous linear
functionals on D(Ω). We represent the topological dual of the test functions D(Ω)
by D∗. That is, we define

D∗ =
{
f : D → R : f(·) is linear on D and

φn → φ in D =⇒ f(φn) → f(φ) ∈ R
}
.

Following the notational convention introduced in Section 2.2, we denote the action
of any f ∈ D∗ on φ ∈ D by the familiar duality pairing notation,

〈f, φ〉D∗×D = f(φ) ∀φ ∈ D, f ∈ D∗.

The reader should note, however, that the space of test functions D is not metriz-
able, and not a normed vector space. With this structure in place, we can now
define the distributional derivative, that is the derivative of a continuous linear
functional on the space of test functions.

Definition 3.2.2. Let T ∈ D∗. We define the derivative of the distribution T of
order m to be the unique continuous linear functional T (m) ∈ D∗ satisfying

〈T (m), φ〉D∗×D = (−1)m〈T, φ(m)〉D∗×D (3.1)

where φ(m) = ∂mφ
∂xm denotes the usual classical derivative of the test function φ ∈ D.

Several comments are in order to justify Equation (3.1) in the above defini-
tion. First, by the definition of D∗, if T ∈ D∗ and φ ∈ D, the right-hand side is
well defined, since φ(m) ∈ D. In addition, the map

φ �→ 〈T, φ(m)〉D∗×D

is clearly linear for each φ ∈ D. Finally, suppose that φn converges to φ in the
sense of test functions D. We want to show that the map φ �→ 〈T, φ(m)〉D∗×D is
continuous. We must show that

〈T, φ(m)
n 〉D∗×D → 〈T, φ(m)〉D∗×D.
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But this follows immediately from the definition of T as an element of D∗, and the
fact that

ψn → ψ ∈ D
where ψn ≡ φ

(m)
n and ψ ≡ φ(m).

Of course, this definition was not chosen at random; rather it agrees with our
usual notion of differentiability when T corresponds to a classically differentiable
function. The definition also extends the classical notion of differentiability in
several other respects.

Theorem 3.2.1. Let T be a distribution in the topological dual D∗ of the space of
test functions D.

(i) The distributional derivative of T of order α exists for any multi-index α,
and can be written as

〈T (α), φ〉D∗×D = (−1)|α|〈T, φ(α)〉D∗×D.

(ii) Every f ∈ Cm
0 (Ω) defines a distribution F via the formula

〈F, φ〉D∗×D =
∫

Ω

fφ dx ∀φ ∈ D.

We can identify the distributional derivative of F with the classical derivative
of f via the formula

〈F (m), φ〉D∗×D = (−1)m〈F, φ(m)〉D∗×D

= (−1)m

∫
Ω

fφ(m)dx =
∫

Ω

f (m)φdx.

At this point, we should note that several classes of functions can be associ-
ated, or identified with distributions. For example, for any function f ∈ L2, the
Lebesgue integral ∫

Ω

fφ dx

is well defined for any φ ∈ D. The integral defines a functional that is linear in
the test function φ, and continuous in the sense of convergence of test functions.
That is, if φn → φ in D, then∣∣∣∣

∫
Ω

f(φn − φ)dx

∣∣∣∣ ≤ c sup
x∈Ω

|φn(x) − φ(x)| ‖f‖L2 , c =
(∫

Ω

dx

)1/2

which converges to zero as n approaches infinity. We can consequently define a
distribution Tf via the formula

〈Tf , φ〉D∗×D ≡
∫

Ω

fφ dx.

We also know that D ⊆ L2, and we can view L2 as being intermediate between D
and D∗ in the sense that

D ⊆ L2 ⊆ D∗.
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3.2.2 Sobolev Spaces, Integer Order

With the definition of distributions, or generalized functions, and their derivatives,
we can now define the Sobolev spaces of integer order.

Definition 3.2.3. Let Ω be an open and bounded domain in Rn, let 1 ≤ p ≤ ∞
and let k > 0 be an integer. The Sobolev space W k,p(Ω) consists of the set of all
functions contained in Lp(Ω) whose distributional derivatives through order k are
contained in Lp(Ω). That is,

W k,p(Ω) =
{
f ∈ Lp(Ω) : ‖Dαf‖Lp(Ω) < ∞ ∀ |α| ≤ k

}
.

We have already discussed how Lp(Ω) can be interpreted as a subset of D∗. It
should be clear that when we speak of the distributional derivative of a function
f ∈ Lp(Ω), we mean the distributional derivative of the distribution Tf generated
by f . With this interpretation in mind, it is conventional to simplify notation
and dispense with the qualifier “. . . distributional derivative of the distribution
generated by f .” It is crucial to the study of partial differential equations that the
Sobolev spaces are in fact Banach spaces.

Theorem 3.2.2. Let Ω be an open and bounded domain in Rn, let 1 ≤ p ≤ ∞
and let k > 0 be an integer. The Sobolev space W k,p(Ω) is a Banach space when
endowed with the norm

‖f‖p
W k,p(Ω)

≡
∑
|α|≤k

‖Dαf‖p
Lp(Ω).

The Sobolev space W k,p(Ω) is reflexive for 1 < p < ∞ and separable for 1 ≤ p < ∞.

Proof. We only sketch the proof of this well-known result, and the reader is referred
to [35] for a detailed presentation. Suppose that {fi}i∈N

is Cauchy in W k,p(Ω).
We have

‖fi − fj‖p
W k,p(Ω)

→ 0 as i, j → ∞. (3.2)

For each fixed α, with |α| ≤ k, we must have

Dαfi → ξα

in Lp(Ω). This fact follows since Lp(Ω) is complete, and Equation (3.2) implies
that

‖Dαfi − Dαfj‖Lp(Ω) → 0

for each |α| ≤ k. Of course, for α = 0, we obtain

fi → f ∈ Lp(Ω).

From the definition of a distributional derivative we conclude that

ξα = Dαf
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since

〈Dαfi, φ〉 =
∫

Ω

(Dαfi) · φdx = (−1)|α|
∫

Ω

fiD
αφdx.

But it is straightforward to show that the left most term converges to 〈ξα, φ〉D∗×D,
while the right most term converges to (−1)|α| ∫

Ω fDαφdx. �

For 1 ≤ p < ∞, the Sobolev spaces W k,p(Ω) are separable, and if 1 < p < ∞
they are reflexive. Of particular interest in applications is the case when p = 2.

Definition 3.2.4. The Sobolev space W k,2(Ω) is denoted by Hk(Ω).

We then find that W k,2(Ω) is denoted by Hk(Ω) because it is a Hilbert space.

Theorem 3.2.3. The Sobolev space Hk(Ω) � W k,2(Ω) is a Hilbert space with the
inner product

(f, g)Hk(Ω) =
∑
|α|≤k

(
Dαf, Dαg

)
L2(Ω)

.

3.2.3 Sobolev Spaces, Fractional Order

The Sobolev spaces of integer order have an intuitive interpretation. For some
function f ∈ W k,p(Ω), the integer order k gives the number of weak derivatives
that exist in the space Lp(Ω). However, many applications require extension of
the definition of Sobolev spaces to include fractional order spaces. The definition
of fractional order Sobolev spaces can be accomplished by at least three distinct
techniques:

(1) Fourier transform methods,
(2) Interpolation space methods, and
(3) Introduction of the Sobolev-Slobodečkij Norm.

The Fourier transform methods and interpolation space methods are instructive
and provide interesting interpretations of the fractional order Sobolev spaces. How-
ever, their discussion and explanation are simply too lengthy for this brief overview.
The interested reader is referred to [2, 29, 31] for detailed discussions of each
method. The clear advantage of the third approach above is that it is succinct.
Unfortunately, the introduction of the Sobolev-Slobodečkij norm simply does not
give much insight into the nature of these spaces. We will rely on the discussions of
domains, traces and duals of fractional order Sobolev spaces in succeeding sections
to provide insight into the nature of these spaces.

Definition 3.2.5. Let Ω ⊆ Rn be open and bounded. Let k be a nonnegative real
number having the form

k = [k] + q ≥ 0
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where [k] is the integer part of k, [k] ≥ 0 and q ∈ (0, 1). We define W k,p(Ω) to be
the subspace of W [k],p(Ω) with finite Sobolev-Slobodečkij norm

‖f‖W k,p(Ω)
�
=

⎧⎨
⎩‖f‖p

W [k],p(Ω)
+
∑

|m|=[k]

∫
Ω

∫
Ω

|Dmf(x) − Dmf(y)|p
|x − y|n+qp

dxdy

⎫⎬
⎭

1
p

where 1 < p < ∞. If p = ∞, W k,∞(Ω) is defined to be the subspace of W [k],∞(Ω)
for which the norm

‖f‖W k,∞(Ω)
�
= ‖f‖W [k],∞(Ω) + max

|m|=[k]
ess sup

x,y∈Ω
x �=y

|Dmf(x) − Dmf(y)|
|x − y|q

is finite.

The Sobolev spaces are among the most common function spaces in use in
diverse fields of mechanics. Among the numerous important attributes of these
spaces, the embedding, density and compactness properties are indispensable in
applications. The theorems in the remainder of this section, which describe the
compactness, embedding, density and boundary behavior of functions in Sobolev
spaces require specific notions of the regularity of the underlying domain Ω. The
precise statement of the regularity of a given domain Ω can be quite abstract,
depending on the degree of generality [35]. Fortunately, in our applications, some
fairly intuitive notions of regularity will suffice. We will treat domains in this text
that are either Cm smooth domains, or in some instances, Lipschitz domains. In
either case, the regularity of the domain is intrinsically tied to the smoothness of
the curves (or parameterizations) of the boundary ∂Ω of the domain Ω.

Definition 3.2.6. Suppose that Ω1, Ω2 ⊆ Rn and f : Ω1 → Ω2. The mapping f is
said to be Cm-diffeomorphic between Ω1 and Ω2 if:

(1) f is homeomorphic from Ω̄1 to Ω̄2 (f is continuous from Ω̄1 to Ω̄2 and has
continuous inverse f−1 from Ω̄2 to Ω̄1).

(2) f and f−1 are classically differentiable up to order m on Ω̄1 and Ω̄2, respec-
tively. Specifically, we have f ∈ Cr(Ω̄1), f−1 ∈ Cr(Ω̄2) for 1 ≤ r ≤ m.

(3) there exist two constants c and c̄ such that the Jacobian |Df | of the transfor-
mation satisfies

c < |Df(x)| < c̄ ∀x ∈ Ω

We can now define a Cm-smooth domain:

Definition 3.2.7. Let Ω be a domain in Rn. We say that Ω is of class Cm if for
every x ∈ ∂Ω, we can find an open set Ox containing x and a coordinate chart φx

such that:

(1) φx is Cm-diffeomorphic from Ox to B1(0) ⊆ Rn, the unit ball in Rn.
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Moreover, for some k ∈ 1, 2, . . . , n we have
(2) φx(Ox ∩ ∂Ω) = {x ∈ B1(0) : xk = 0}
(3) φx(Ox ∩ Ω) = {x ∈ B1(0) : xk > 0}
(4) φx(Ox ∩ (Rn/Ω)) = {x ∈ B1(0) : xk < 0}

Figure 3.2 shows the schematic representation for φx diffeomorphic from Ox to
B1(0).

o

Figure 3.2: φx Diffeomorphic from Ox to B1(0)

A Cm domain can be a rather smooth domain. To allow a finer classification
of domains, it is possible to state Definition 3.2.7 in terms of Ck,α Hölderian
coordinate charts. The resulting domains are denoted (k, α)-Hölderian domains,
or are said to be of class Ck,α.

Recall that a space of real-valued functions Ck,α, or (k, α)-Hölderian func-
tions were defined in Example 1.5.8. The special case where (k, α) = (0, 1) defines
Lipschitz continuous functions. A straightforward extensions of these examples will
enable us to define class Ck,α domains.

Definition 3.2.8. Let X and Y be normed vector spaces. A mapping f : X → Y is
called Lipschitz if for all x1, x2 ∈ X

||f(x2) − f(x1)||Y ≤ C ||x2 − x1||X
where C ≥ 0 is a constant independent of x1 and x2.

For example, any function f : R → R with a bounded first derivative must be
Lipschitz.

Definition 3.2.9. A mapping f : Rm → Rn is (k, α)-Hölderian if there exists a real
constant C ≥ 0 such that∥∥∥∥∂|j|f

∂xj
(x2) − ∂|j|f

∂xj
(x1)
∥∥∥∥

Rn

≤ C (||x2 − x1||Rm)α

for all x1, x2 ∈ Rm and for all multi-indices |j| ≤ k.
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Now, the definition of Ck,α coordinate charts extends the definition in Example
1.5.8 in the obvious way.

Definition 3.2.10. A Ck,α Hölderian coordinate chart is a one-to-one (k, α)-Höl-
derian mapping from an open set Ω1 ⊆ Rm to an open set Ω2 ⊆ Rn. The set of
all Ck,α Hölderian coordinate charts from Ω1 to Ω2 is denoted by Ck,α(Ω1, Ω2).

Definition 3.2.11. Let Ω be a domain in Rn. We say that Ω is (k, α)-Hölderian,
or of class Ck,α, if the conditions (2), (3) and (4) of Definition 3.2.7 are sat-
isfied with a coordinate chart φx ∈ Ck,α

(
Ox, B1(0)

)
and whose inverse φ−1

x ∈
Ck,α

(
B1(0), Ox

)
for some k ≥ 0 and α ∈ (0, 1].

Definition 3.2.12. A Lipschitz domain is a (0, 1)-Hölderian domain.

Theorem 3.2.4. Suppose that Ω is a bounded Lipschitz domain. For positive integers
k, r such that k ≥ r ≥ 0, we have the inclusions

W k,p(Ω) ⊆ W r,p(Ω)

for 1 ≤ p ≤ ∞. Moreover, for k ≥ 0 we have

W k,p1(Ω) ⊆ W k,p2(Ω)

whenever 1 ≤ p2 ≤ p1 ≤ ∞.

Of course, this embedding can be interpreted as saying that there is an injection
I : W k,p(Ω) → W r,p(Ω) and

‖f‖W r,p(Ω)
�
= ‖I(f)‖W r,p(Ω) ≤ c ‖f‖W k,p(Ω).

Again while there are numerous types of compactness theorems relating embed-
dings of Sobolev spaces, the following theorem is prototypical.

Theorem 3.2.5. Suppose that Ω ⊆ Rn is a bounded, Lipschitz domain. The embed-
ding

Wm,p(Ω) ↪→ Lq(Ω)

is continuous and compact for 1 ≤ p ≤ ∞, 1 ≤ q ≤ r, m < n/p where

1
r

=
1
p
− m

n
.

In addition, the embedding

Wm,p(Ω) ↪→ C0(Ω)

is continuous and compact for m > n/p, 1 ≤ p ≤ ∞.

The reader is referred to specialized, focussed treatments of Sobolev and
other function spaces in [4, 16, 31] for more complete lists of various embedding
theorems.
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3.2.4 Trace Theorems

The purpose of this section is to describe in what sense we can prescribe boundary
values to functions in Sobolev spaces. The fundamental problem can be described
as follows: by definition, the Sobolev spaces W s,p(Ω) are subspaces of Lp(Ω). The
Sobolev space W s,p(Ω) consists precisely of those distributions in Lp(Ω) whose
distributional derivatives up to order |s| are in Lp(Ω). However, the elements of the
space Lp(Ω) are equal in norm if they agree almost everywhere, that is except on
a set of Lebesgue measure zero. In other words, Lp(Ω) is comprised of equivalence
classes of functions. The designation f ∈ Lp(Ω) is not meant to refer to a single
function, but to a collection of functions. Two functions g and h are in the same
equivalence class if and only if

‖g − h‖Lp(Ω) = 0.

Suppose we take two specific functions in W s,p(Ω) which differ only on the bound-
ary ∂Ω of the domain Ω. If the Lebesgue measure of the boundary ∂Ω is zero as a
subset of Rn, then the two functions are viewed as the same element of W s,p(Ω).

The construction by which we assign zero boundary values to functions in
Hm(Ω) is relatively simple to describe. Recall that the space of test functions
D consists precisely of those smooth functions with support in a compact set
contained in Ω. Thus, if f ∈ D, it must be equal to zero in a neighborhood of the
boundary. We create a Hilbert space that captures the essence of this construction
by defining Hm

0 (Ω) to be the completion of D in the ‖ · ‖W m,2(Ω) norm.

Definition 3.2.13. The completion of D in the ‖ · ‖W m,2(Ω) norm is denoted by
Hm

0 (Ω).

Functions in Hm
0 (Ω) are thereby interpreted to be functions whose boundary

values on ∂Ω are zero. At best, this construction provides an intuitive feeling about
how we view the boundary values of functions in Hm(Ω). The set of results known
as the Trace Theorems gives a precise meaning to what we mean by the boundary
values of functions in Hm. To begin, it is important to note that the Sobolev spaces
Hm(Ω) and Hm

0 (Ω) differ significantly.

Theorem 3.2.1. For all integers m ≥ 0, we have

Hm
0 (Ω) ⊆ Hm(Ω)

and Hm
0 (Ω) is not dense in Hm(Ω).

Proof. The proof that Hm
0 (Ω) ⊆ Hm(Ω) follows easily from the following theorem.

Theorem 3.2.6. For m ∈ N and 1 ≤ p ≤ ∞, the Sobolev space Wm,p(Ω) is the
completion of {

f ∈ Cm(Ω) : ‖f‖W m,p(Ω) < ∞}
in the ‖ · ‖W m,p(Ω) norm.
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A clear, concise proof that Hm
0 (Ω) is not dense in Hm(Ω) can be found in

several places, for example [24]. �

The following theorem shows that not only is Hm
0 (Ω) a proper subset of

Hm(Ω), it is the kernel of a map γ, the trace operator, that evaluates smooth
functions on the boundary of Ω.

Theorem 3.2.7. Let Ω be a Cm domain with m ≥ 1. There is a collection of
bounded linear operators γj ∈ L(Hm(Ω), Hm−j− 1

2 (∂Ω)) where j = 0, 1, . . . , m−1
such that

(i) γjw =
∂jw

∂nj

∣∣∣∣
∂Ω

for all smooth w and j = 0, 1, . . . , m−1, where ∂j

∂nj
is the normal derivative

of order j on the boundary ∂Ω.

(ii) Hm
0 (Ω) = {w ∈ Hm(Ω) : γjw = 0 for j = 0, 1, . . . , m − 1} .

The implication of this theorem is that the trace operators γj agree with our
intuition when the function w is smooth enough in a classical sense: they merely
evaluate the function or its normal derivative on the boundary in this case. In
addition, the trace operators “evaluate to zero” if and only if a function is in
Hm

0 (Ω). Thus, the trace operator is used to represent the boundary values for
partial differential equations. A formal statement like∫

∂Ω

wvds, w ∈ H1(Ω), v ∈ L2(∂Ω)

should be interpreted as ∫
∂Ω

γ0(w)vds.

3.2.5 The Poincaré Inequality

By definition, the Sobolev norm includes terms that contain all derivatives up to
a specific order. For example, in R2, a simple example is

‖f‖2
H1(Ω) =

∑
‖s‖≤1

‖Dsf‖2
L2(Ω)

=
∥∥∥∥ ∂f

∂x1

∥∥∥∥2
L2(Ω)

+
∥∥∥∥ ∂f

∂x2

∥∥∥∥2
L2(Ω)

+ ‖f‖2
L2(Ω). (3.3)

In some important applications, we will be able to obtain simpler expressions for
the Sobolev norm when we restrict our attention to those functions that have zero
boundary values. More precisely, we will be able to omit certain low-order terms
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from the summation in Equation (3.3). Obviously, this is not always possible. The
essential result relies on an inequality having the form

‖f‖L2(Ω) ≤ c ‖∇f‖L2(Ω) (3.4)

wherever Ω is bounded and f ∈ H1
0 (Ω). This result is made precise in the celebrated

Poincaré Inequality.

Theorem 3.2.2 (Poincaré Inequality). Let Ω ⊆ Rn be a bounded domain. Then
there is a constant c that depends only on the diameter of Ω such that

‖f‖H1(Ω) ≤ c ‖∇f‖L2(Ω) (3.5)

for all f ∈ H1
0 (Ω).

Proof. By definition, H1
0 (Ω) is the completion of C∞

0 (Ω) in the usual norm on
H1(Ω). We will establish the inequality (3.5) for a function f in C∞

0 (Ω), and
the theorem will then follow via a standard density and extension by continuity
argument. Consider the following identity

‖f‖2
L2(Ω) =

1
n

n∑
i=1

∫
Ω

|f(x)|2dx

=
1
n

n∑
i=1

∫
Ω

(|f(x)|2) · 1 dx.

(3.6)

Because we have assumed that f ∈ C∞
0 (Ω), we can integrate Equation (3.6) by

parts in each coordinate direction to obtain

‖f‖2
L2(Ω) =

1
n

n∑
i=1

{
|f |2xi

∣∣∣∣
∂Ω︸ ︷︷ ︸

→0

−
∫
Ω

2f
∂f

∂xi
xi dx

}
.

The first term on the right is zero by virtue of the assumption that f ∈ C∞
0 (Ω).

By taking the absolute value of each side we obtain the inequality

‖f‖2
L2(Ω) ≤ 2

n

n∑
i=1

∫
Ω

∣∣∣∣ ∂f

∂xi

∣∣∣∣ |f | |xi| dx. (3.7)

By assumption, the domain Ω is bounded. There is some constant a such that

|xi| < a.

As a consequence, the inequality (3.7) becomes

‖f‖2
L2(Ω) ≤ 2a

n

n∑
i=1

∫
Ω

∣∣∣∣ ∂f

∂xi

∣∣∣∣ |f | dx.
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By the Cauchy-Schwarz inequality, we can write

‖f‖2
L2(Ω) ≤ 2a

n

n∑
i=1

(∥∥∥∥ ∂f

∂xi

∥∥∥∥
L2(Ω)

‖f‖L2(Ω)

)
or

‖f‖L2(Ω) ≤ 2a

n

n∑
i=1

∥∥∥∥ ∂f

∂xi

∥∥∥∥
L2(Ω)

. (3.8)

We have nearly obtained our desired intermediate result in Equation (3.4). We can
rewrite Equation (3.8) as

‖f‖L2(Ω) ≤ 2a

n

n∑
i=1

(∫
Ω

∣∣∣∣ ∂f

∂xi

∣∣∣∣2dx · 1
)1/2

=
2a

n

n∑
i=1

{(∫
Ω

∣∣∣∣ ∂f

∂xi

∣∣∣∣2dx

)1/2

· 1
}

.

If we apply the Cauchy-Schwarz inequality in Rn, we obtain

‖f‖L2(Ω) ≤ 2a

n

( n∑
i=1

(∫
Ω

∣∣∣∣ ∂f

∂xi

∣∣∣∣2dx

)(1/2)·2)1/2

·
( n∑

i=1

12

)1/2

=
2a

n
‖∇f‖L2(Ω) ·

√
n.

The result is precisely the form of the inequality in Equation (3.4):

‖f‖L2(Ω) ≤ 2a√
n
‖∇f‖L2(Ω). (3.9)

It remains to establish the inequality (3.5). By definition, we have

‖f‖2
H1(Ω) = ‖f‖2

L2(Ω) + ‖∇f‖2
L2(Ω).

From Inequality (3.9) we have

‖f‖2
H1(Ω) ≤

(
1 +

4a2

n

)
‖∇f‖2

L2(Ω)

‖f‖H1(Ω) ≤
√

1 +
4a2

n
‖∇f‖L2(Ω)

‖f‖H1(Ω) ≤ c ‖∇f‖L2(Ω)

which is the desired result. Recall that we have established this theorem under the
assumption that f ∈ C∞

0 (Ω). The result can be extended for all f ∈ H1
0 (Ω) by a

standard extension by continuity argument. �
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3.3 Banach Space Valued Functions

In the second book of this series, we will review linear first-order and second-
order evolution equations. These equations play a central role in applications in
engineering and physics. However, they provide not only representations of a host
of practical physical problems, but also the foundation for excursions to classes of
nonlinear evolution equations.

Simply put, a rigorous treatment of both of these classes of evolution equa-
tions absolutely requires that we review fundamentals of Banach space valued
functions and their integration in abstract spaces. Fortunately, the construction of
integrals of Banach space valued functions is easier to understand when we keep
in mind that the construction proceeds, at least strategically, in a manner similar
to that employed for real-valued functions.

3.3.1 Bochner Integrals

Let (X,S, µ) be a measure space and let Y be a Banach space. A Banach space
valued function f

f : X → Y

is said to be finitely-valued if

• card(f(X)) ≤ N < ∞. That is, there exists a finite set {yi}N
i=1 such that

f(x) ∈ {yi}N
i=1 for all x ∈ X .

• The inverse image of each value in Y is a measurable subset in X . That is

Bi = {x ∈ X : f(x) = yi} (3.10)

is measurable for each i = 1, . . . , N , and
• The class of sets {Bi}N

i=1 covers X , except possibly for a set of measure zero.

As will be demonstrated shortly, finitely-valued functions in Banach spaces play a
role that is analogous to simple functions in the theory of integration of real-valued
functions. The Banach space valued function f : X → Y is strongly Y -measurable
if and only if it is the strong limit of finitely-valued functions µ a.e. in X . It is no
accident that the definition of the integral of finitely-valued functions resembles
the definition of the integral of simple, real-valued functions given in Definition
1.6.9.

Definition 3.3.1. Let (X,S, µ) be a measure space and let f : X → Y be a finitely-
valued function where Y is a Banach space. The integral of f is defined to be

∫
X

f(x)µ(dx) =
N∑

i=1

yiµ(Bi)

where yi and Bi are defined in Equation (3.10).
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Now, we can define the integral of strongly Y -measurable functions. The reader
who is unfamiliar with these constructions should note that the integral of Ba-
nach space valued functions is defined in terms of finitely-valued Banach space
valued functions. This construction bears close resemblance to the construction of
integrals of real-valued integrals in terms of simple functions in Definition 1.6.12.

Definition 3.3.2. Let (X,S, µ) be a measure space, and let f : X → Y where Y is
a Banach space. The function f is Bochner integrable if and only if

1. there is a sequence of finitely-valued functions fn such that

fn → f a.e. in X,

and
2. the limit

lim
n→∞

∫
X

‖f(x) − fn(x)‖Y µ(dx) → 0 (3.11)

as n → ∞.

At this point, we would emphasize that the existence of the Bochner integral
relies on the existence of a convergent sequence of finitely-valued functions, and on
the existence and convergence of a sequence of integrals of real-valued functions.
If the limit in Equation (3.11) exists, we define the Bochner integral to be given
by ∫

X

f(x)µ(dx) = lim
n→∞

∫
X

fn(x)µ(dx) ∈ Y. (3.12)

At least two questions arise in the definition of the Bochner integral in Equa-
tion (3.12) above. First, does the condition (3.11) guarantee that the limit in Y
expressed in Equation (3.12) exists? In addition, does the limit in (3.12) depend on
the sequence of finitely-valued functions {fn}∞n=1? The fact that condition (3.12)
does indeed follow from condition (3.11) is evident from the following proposition:

Proposition 3.3.1. Suppose that (X,S, µ) is a measure space, Y is a Banach space,
f : X → Y , and {fn}∞n=1 is a sequence of finitely-valued functions such that

fn → f a.e. in X,

and

lim
n→∞

∫
X

‖f(x) − fn(x)‖Y µ(dx) → 0.

Then there is a unique element F ∈ Y such that

F = lim
n→∞

∫
X

fn(x)µ(dx).
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Proof. For each m, n ∈ N, we can write∥∥∥∥
∫

X

fn(x)µ(dx) −
∫

X

fm(x)µ(dx)
∥∥∥∥

Y

≤
∫

X

‖fn(x) − fm(x)‖Y µ(dx)

because the integral of finitely-valued functions is just a finite sum. By hypothesis,
we have∫

X

‖fn(x) − fm(x)‖Y dµ(x) ≤
∫

X

‖fn(x) − f(x) + f(x) − fm(x)‖Y µ(dx)

≤
∫

X

‖fn(x) − f(x)‖Y µ(dx) +
∫

X

‖fm(x) − f(x)‖Y µ(dx)

and the right-hand side approaches zero as m, n → ∞. But this means that the
sequence

{∫
X fn(x)µ(dx)

}∞
n=1

is a Cauchy sequence in the Banach space Y , and
hence has a limit. We define the integral of f to be the limit of the sequence
{fn}n∈N,

F =
∫

X

f(x)µ(dx)
�
= lim

n→∞

∫
X

fn(x)µ(dx). (3.13)

This limit is unique and does not depend on the selection of the sequence {fn}n∈N

of finitely-valued functions. Suppose that {gn}n∈N and {hn}n∈N are two sequences
of finitely-valued functions such that

‖gn(x) − f(x)‖Y → 0 x a.e. in X

‖hn(x) − f(x)‖Y → 0 x a.e. in X

and furthermore ∫
X

‖f(x) − gn(x)‖Y µ(dx) → 0

∫
X

‖f(x) − hn(x)‖Y µ(dx) → 0.

From the argument used in deriving Equation (3.13), we know that

Fg
�
= lim

n→∞

∫
gn(x)µ(dx)

Fh
�
= lim

n→∞

∫
hn(x)µ(dx).

We construct a sequence {fn(x)}n∈N by alternating elements of the sequences
{gn}n∈N and {hn}n∈N

fn(x)
�
=

{
gn(x), if n = 2k

hn(x), if n = 2k − 1
for k ∈ N.
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By construction, {fn}n∈N is a sequence of finitely-valued functions. We have∫
X

‖f(x) − fn(x)‖Y µ(dx)

≤ max
{∫

X

‖f(x) − gn(x)‖Y µ(dx),
∫

X

‖f(x) − hn(x)‖Y µ(dx)
}

.

By the same argument as used in the derivation of Equation (3.13), we can conclude
that there is a limit

F = lim
n→∞

∫
X

fn(x)µ(dx).

However,
{∫

X
gn(x)µ(dx)

}
n∈N

and
{∫

X
hn(x)µ(dx)

}
n∈N

are just subsequences of
the convergent sequence

{∫
X

fn(x)µ(dx)
}

n∈N
. They must converge to the same

limit so that
Fg = F = Fh

and the value of the Bochner integral does not depend on the representation. �

As a final result in this section, the following theorem shows that the Bochner
integrable functions are precisely those whose norm is integrable as a real-valued
function with respect to the measure µ.

Theorem 3.3.1. Let (X,S, µ) be a measure space and let f : X → Y where Y is a
Banach space. The strongly measurable Banach space valued function f is Bochner
integrable if and only if the real-valued function ‖f(x)‖Y is µ-integrable.

Proof. Throughout the proof, let f be a strongly measurable Banach space valued
function, with {fn}∞n=1 a sequence of finitely-valued functions fn : X → Y such
that

fn → f a.e. in X.

Suppose that f is Bochner integrable. In this case we know that there is a sequence
{fn}n∈N such that

fn(x) → f(x) a.e. in X

and

lim
n→∞

∫
X

‖f(x) − fn(x)‖Y µ(dx) → 0.

By the triangle inequality, we can write∣∣‖f(x)‖Y − ‖fn(x)‖Y

∣∣ ≤ ‖f(x) − fn(x)‖Y

and conclude that

‖fn(x)‖Y → ‖f(x)‖Y x a.e. in X.
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Additionally, we know that there exists γ ∈ R such that

γ = lim
n→∞

∫
X

‖fn(x)‖Y µ(dx)

since∣∣∣∣
∫

X

‖fn(x)‖Y µ(dx) −
∫

X

‖fm(x)‖Y µ(dx)
∣∣∣∣ ≤
∫

X

|‖fn(x)‖Y − fm(x)‖Y |µ(dx)

≤
∫

X

‖fn(x) − fm(x)‖Y µ(dx)

≤
∫

X

‖fn(x) − f(x)‖Y µ(dx) +
∫

X

‖fm(x) − f(x)‖Y µ(dx).

But the right-hand side of the above inequality approaches zero as n approaches
infinity by the Bochner integrability of f . Thus the sequence{∫

X

‖fn(x)‖Y µ(dx)
}

n∈N

is a Cauchy sequence of real numbers, and has a limit γ ∈ R. By Fatou’s lemma,
‖f(x)‖Y is Lebesgue integrable satisfying∫

X

‖f(x)‖Y µ(dx) ≤ lim inf
n→∞

∫
X

‖fn(x)‖Y µ(dx)

= lim
n→∞

∫
X

‖fn(x)‖Y µ(dx)

= γ < ∞.

Since γ is finite, ‖f(x)‖Y is integrable. On the other hand, suppose that ‖f(x)‖Y

is µ-integrable. By hypothesis f is strongly measurable and, consequently, there
exists a sequence of finitely-valued functions {fn}n∈N that converge a.e. in X to f .
Define the finitely-valued functions {gn}∞n=1 from the {fn}∞n=1 according to

gn(x) =
{

fn(x) if ‖fn(x)‖Y ≤ c ‖f(x)‖Y

0 if ‖fn(x)‖Y > c ‖f(x)‖Y

for some constant c > 1. Clearly, we have that

gn → f a.e. in X

and we have that the family of functions {gn}∞n=1 is bounded uniformly,

‖gn(x)‖Y ≤ c ‖f(x)‖Y for all x ∈ X.

By the triangle inequality, we can write

‖f(x) − gn(x)‖Y ≤ ‖f(x)‖Y + ‖gn(x)‖Y ≤ (1 + c) ‖f(x)‖Y .
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By Lebesgue’s dominated convergence theorem, we have that∫
S

‖f(x) − gn(x)‖Y µ(dx) → 0

and f is Bochner integrable. �

3.3.2 The Space Lp
(
(0, T ), X

)
Equipped with the Bochner integral of Banach space valued functions discussed
in the last section, we can construct the analogs of Lebesgue spaces of real-valued
functions. For example, we define the space of Lebesgue integrable real-valued
functions as the completion of the step functions in the L1 norm. That is, the
space of real-valued functions L1(0, T ) can be defined as

L1(0, T ) =

{
f : R → R such that

∫ T

0

|f |dx < ∞
}

where the integral is interpreted in the Lebesgue sense. Alternatively, the space
L1(R) can be interpreted as the completion in the L1(R)-norm of the set of step
functions χ(R):

L1(R) = closure of {g ∈ χ(R)} in ‖·‖L1(R).

Now, suppose that X is a Banach space. We define

L1((0, T ), X) =

{
f : (0, T ) → X such that

∫ T

0

‖f(x)‖X dx < ∞
}

.

The space L1((0, T ), X) is a Banach space when equipped with the norm

‖f‖L1((0,T ),X) =
∫ T

0

‖f(x)‖X dx.

Again, if χ((0, T ), X) is the space of finitely-valued functions from (0, T ) into X ,
we can also define

L1((0, T ), X) = closure of {g ∈ χ((0, T ), X)} in ‖·‖L1((0,T ),X).

The generalization of the Lp spaces of real-valued functions to Banach space
valued functions is immediate. If we consider all Banach space valued functions
f : (0, T ) → X such that ∫ T

0

‖f(x)‖p
X dx < ∞
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we obtain Lp((0, T ), X). The space Lp((0, T ), X) is a Banach space when equipped
with the norm

‖f‖Lp((0,T ),X) =

(∫ T

0

‖f(x)‖p
X dx

)1/p

.

We have the following important theorem that summarizes two useful character-
istics of Banach space valued functions.

Theorem 3.3.2. Let X, Y be Banach spaces with X continuously embedded in Y .
• The embedding

Lp((0, T ), X) ⊆ Lq((0, T ), Y ), 1 ≤ q ≤ p ≤ ∞
is continuous.

• Let X be a separable and reflexive Banach space, 1 < p < ∞ and 1
p + 1

q = 1.
Then (

Lp((0, T ), X)
)∗ = Lq((0, T ), X∗).

Proof. The proof of the first part of this theorem is straightforward when we recall
the definition of a continuous embedding. The Banach space X is continuously
embedded in Y if and only if

‖I(f)‖Y ≤ c ‖f‖X

for some constant c, where I : X → Y is the embedding map

I : X → Y

I : f ∈ X �→ f ∈ Y.

Suppose that f ∈ Lp((0, T ), X) where 1 ≤ p ≤ ∞. We can write

‖f‖p
Lp((0,T ),X) =

∫ T

0

‖f(x)‖p
X dx.

But we know that
‖f(x)‖q

Y ≤ ‖f(x)‖p
Y ≤ cp ‖f(x)‖p

X .

Integrating from 0 to T , we see that

‖f‖p
Lp((0,T ),Y ) ≤ cp‖f‖p

Lp((0,T ),X)

and that

‖f‖q
Lq((0,T ),Y ) =

∫ T

0

‖f(x)‖q
Y dx ≤

∫ T

0

‖f(x)‖p
Y dx = ‖f‖p

Lp((0,T ),Y ) .

The last inequality can be re-written

‖f‖q
Lq((0,T ),Y ) ≤ cp‖f‖p

Lp((0,T ),X)

and the theorem follows. The reader is referred to [37, p. 411] for a proof of the
second assertion. �
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3.3.3 The Space W p,q
(
(0, T ), X

)
One of the first topics in many applied functional analysis manuscripts introduces
the idea of the generalized derivative of a real-valued function. This notion of dif-
ferentiation is critical in the definition of the Sobolev scale of weakly differentiable
functions. Essentially, a real-valued function f is said to have a weak derivative,
or generalized derivative, if there is a function g such that∫

Ω

f(x)φ′(x)dx = −
∫

Ω

g(x)φ(x)dx ∀φ ∈ C∞
0 (Ω). (3.14)

That is, we define the weak derivative to be given by the integration by parts
formula in Equation (3.14). If this condition holds for all smooth functions with
compact support contained in Ω, then by definition g = f ′ in the generalized, or
distributional sense. Obviously, if the classical derivative of f exists, the generalized
derivative is equal to the classical derivative.

Now, just as in the last section, we can lift this definition to the framework
of Banach space valued functions.

Definition 3.3.3. Let X be a Banach space, and let f, g ∈ L1((0, T ), X). We say
that g is the nth-order generalized derivative of f if and only if∫ T

0

g(x)φ(x)dx = (−1)n

∫ T

0

f(x)φ(n)(x)dx

for all φ ∈ C∞
0 (0, T ), where the integrals are understood in the Bochner sense.

In our treatments of linear first-order and second-order partial differential
equations, the generalized derivatives arise within the framework of Gelfand triples
of spaces. In this setting, there is a characterization of the generalized derivative
that seems particularly well suited for many applications that appear in this book.

Theorem 3.3.3. Let V ↪→ H ↪→ V ∗ define a Gelfand triple, and suppose that
f ∈ Lp((0, T ), V ) and 1 ≤ p, q ≤ ∞. There is an nth-order generalized derivative
of f ,

f (n) ∈ Lq((0, T ), V ∗)

if and only if there is a function g ∈ Lq((0, T ), V ∗) such that∫ T

0

(f(x), ξ)Hφ(n)(x)dx = (−1)n

∫ T

0

〈g(x), ξ〉V ∗×V φ(x)dx (3.15)

for all ξ ∈ V and for all φ ∈ C∞
0 (0, T ). In this case, we define f (n) = g and write

d(n)

dxn
(f(x), ξ)H = 〈g(x), ξ〉V ∗×V =

〈
f (n), ξ

〉
V ∗×V

a.e. in x ∈ [0, T ]

for all ξ ∈ V . This derivative is understood to be the generalized derivative of the
real-valued function (f(x), ξ)H .
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Because the duality pairing on V ∗ × V can be viewed as the extension by continuity
of the H-inner product (·, ·)H from H×V to V ∗ × V , the left-hand side of Equation
(3.15) can be written as∫ T

0

〈f(x), ξ〉V ∗×V φ(n)(x)dx =
∫ T

0

(f(x), ξ)Hφ(n)(x)dx. (3.16)

Now, the following proposition is required to show that the “integral of the du-
ality pairing” is equal to the “duality pairing of the integrals” that comprise the
Equation (3.16).

Proposition 3.3.2. Let V be a Banach space. If f ∈ Lp((0, T ), V ) then we have

∫ T

0

〈g, f(x)〉V ∗×V dx =

〈
g,

∫ T

0

f(x)dx

〉
V ∗×V

∀g ∈ V ∗. (3.17)

If, on the other hand, g ∈ Lp((0, T ), V ∗) then we have

∫ T

0

〈g(x), f〉V ∗×V dx =

〈∫ T

0

g(x)dx, f

〉
V ∗×V

∀f ∈ V. (3.18)

Proof. We will only consider the proof of the assertion in Equation (3.17) above,
as the proof of the second statement in Equation (3.18) is nearly identical. If
f ∈ Lp((0, T ), V ), we know that there is a sequence of finitely-valued functions
{fn}∞n=1 such that

fn(x) → f(x) in V, a.e. in x ∈ [0, T ]∫ T

0

fn(x)dx →
∫ T

0

f(x)dx ∈ V.

Since each fn is finitely-valued, we have∫ T

0

〈g, fn(x)〉V ∗×V dx =

〈
g,

∫ T

0

fn(x)dx

〉
V ∗×V

. (3.19)

Each of the above integrals is, in fact, a finite sum for each n ∈ N. The right-hand
side of Equation (3.19) converges〈

g,

∫ T

0

fn(x)dx

〉
V ∗×V

→
〈

g,

∫ T

0

f(x)dx

〉
V ∗×V

because of the strong convergence of the sequence∫ T

0

fn(x)dx →
∫ T

0

f(x)dx in V.
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For the term on the left, we can write

∣∣∣∫ T

0

〈g, fn(x)〉V ∗×V dx −
∫ T

0

〈g, fm(x)〉V ∗×V dx
∣∣∣︸ ︷︷ ︸

I1

≤
∫ T

0

‖g‖∗V ‖fn(x) − fm(x)‖V dx.

But the right-hand side of the above inequality approaches zero since f is Bochner
integrable. Thus, the sequence

{∫ T

0 〈g, fn(x)〉V ∗×V dx
}

n∈N

is a Cauchy sequence

of real numbers and therefore convergent. Since we can write∣∣∣∣∣
∣∣∣∫ T

0

〈g, f(x)〉V ∗×V dx −
∫ T

0

〈g, fn(x)〉V ∗×V dx
∣∣∣

−
∣∣∣∫ T

0

〈g, f(x)〉V ∗×V dx −
∫ T

0

〈g, fm(x)〉V ∗×V dx
∣∣∣
∣∣∣∣∣ ≤ I1

it is clear that
∫ T

0
〈g, fn(x)〉V ∗×V dx → ∫ T

0
〈g, f(x)〉V ∗×V dx. The proposition is

therefore proved. �

Now using this proposition, we can combine equations (3.15) and (3.16) to
obtain 〈∫ T

0

f(x)φ(n)(x)dx, ξ

〉
V ∗×V

=

〈
(−1)n

∫ T

0

g(x)φ(x)dx, ξ

〉
V ∗×V

which implies that∫ T

0

f(x)φ(n)(x)dx = (−1)n

∫ T

0

g(x)φ(x)dx ∀φ ∈ C∞
0 (0, T ).

This is the desired result.
Having defined the spaces

Lp((0, T ), V ) 1 < p < ∞
and its topological dual

Lq((0, T ), V ∗)

where
1
p

+
1
q

= 1

we define Sobolev spaces that are comprised of Banach space valued functions.
These spaces are crucial to the development of evolution equations.



136 Chapter 3. Common Function Spaces in Applications

Definition 3.3.4. Suppose that V ↪→ H ↪→ V ∗ forms a Gelfand triple and let
1 < p < ∞ and 1

p + 1
q = 1. We define

W 1,p((0, T ), V, H) =
{

u ∈ Lp((0, T ), V ) :
du

dt
∈ Lq((0, T ), V ∗)

}
.

The space W 1,p((0, T ), V, H) is a Banach space when equipped with the norm

‖f‖W 1,p((0,T ),V,H) = ‖f‖Lp((0,T ),V ) +
∥∥∥df

dt

∥∥∥
Lq((0,T ),V ∗)

.

The embedding
W 1,p((0, T ), V, H) ⊆ C([0, T ], H)

is continuous.



Chapter 4

Differential Calculus

in Normed Vector Spaces

4.1 Differentiability of Functionals

In our first extension of the notion of differentiability of real-valued functions, we
introduce the Gateaux differential of a functional mapping a vector space into a
normed vector space. The Gateaux differential will play a crucial role throughout
the remainder of this text, and the student is advised to study the definition
carefully.

4.1.1 Gateaux Differentiability

Definition 4.1.1. If A is a function mapping a vector space X into the normed
vector space Y , the Gateaux differential DGA of A at u ∈ X in the direction
v ∈ X is given by

DGA(u, v) ≡ lim
ε→0

A(u + εv) − A(u)
ε

when the limit exists.

It should be noted that, strictly speaking, the Gateaux differential does not require
a norm on the vector space X for Definition 4.1.1 to make sense. If the Gateaux
differential exists, the Gateaux derivative need not exist. The existence of the
Gateaux derivative requires the existence of the Gateaux differential. But it also
requires that the derivative defines an operator that is bounded and linear in the
direction the derivative is taken.

Definition 4.1.2. Suppose A is a function mapping a vector space X into the normed
vector space Y . A function DGA : X ×X → Y is the Gateaux derivative at u ∈ X
in the direction v ∈ X if

(i) the Gateaux differential

DGA(u, v) = lim
ε→0

A(u + εv) − A(u)
ε

,

exists for all v ∈ X,
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(ii) DGA(u, ·) is linear, and
(iii) the mapping DGA(u, ·) is bounded.

It should be emphasized that the mapping A acts from a normed vector space
X to some general normed vector space Y

A : X → Y

and the Gateaux differential DGA(·, ·) maps

DGA(·, ·) : X × X → Y

For any fixed u ∈ X , the mapping,

DGA(u, ·) : X → Y

is linear and bounded. We will frequently employ the notation

DGA(u) ∈ L(X, Y ).

To define DGA(u), we equate the mappings

v �→ DGA(u, v)

and
v �→ DGA(u) ◦ v.

By the hypotheses that DGA(u,·) is linear and bounded on X , we obtain DGA(u)∈
L(X,Y ). This fact follows since

‖DGA(u) ◦ v‖Y = ‖DGA(u, v)‖Y ≤ c‖v‖X

and it is clear that

DGA(u) ◦ (αv + βw) = αDGA(u) ◦ v + βDGA(u) ◦ w.

We are particularly interested in the case in which A is a mapping from the
vector space X into R. That is, Y ≡ R and A is a functional. In this case, the
condition that DGA(u, ·) is bounded and linear in X implies that

‖DGA(u, v)‖Y ≤ c‖v‖X

which reduces to
|DGA(u, v)| ≤ c‖v‖X .

It is not difficult to show that we can define an operator

DGA(u) ≡ DGA(u, ·) ∀u ∈ X

where DGA(u) ∈ X∗ for each u ∈ X . In other words, we have that

DGA(u) ∈ L(X, R)

and the Gateaux derivative can be expressed using the duality pairing

〈DGA(u), v〉X∗×X = DGA(u, v) ∀u, v ∈ X.

This representation of the Gateaux derivative will be used extensively in applica-
tions, discussed in the second book of this series.
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4.1.2 Fréchet Differentiability

Careful inspection of the definition of the Gateaux derivative shows that it can
be defined without any topology on the domain of the operator A. A somewhat
stronger notion of differentiability, one that is well defined for operators mapping
a normed vector space into another normed vector space, is the Fréchet derivative.

Definition 4.1.3. Let X, Y be normed vector spaces, and suppose that

A : X → Y.

A function DF A : X × X → Y is the Fréchet derivative at u ∈ X in the direction
v ∈ X if

(i) the limit

lim
‖v‖→0

‖f(u + v) − f(u) − DF A(u, v)‖Y

‖v‖X
= 0

exists,
(ii) the mapping DF A(u, ·) is linear, and
(iii) the mapping DF A(u, ·) is bounded.

As in our discussion of the Gateaux derivative in the previous section, the
same arguments allow us to identify the Fréchet derivative with a bounded linear
operator. We can write

DF A(u) ◦ v ≡ DF A(u, v) ∀ v ∈ X

DF A(u) ∈ L(X, Y )

for a fixed u ∈ X . Again, in our most frequently studied applications (in the next
book of this series), we will focus on mappings that are functionals, and the Fréchet
derivative can be expressed in terms of the duality pairing

DF A(u, v) = 〈DF A(u), v〉X∗×X ∀u, v ∈ X.

As an immediate consequence of the definition for the Fréchet derivative, we have
a type of “Taylor formula” for Fréchet differentiable functions.

Proposition 4.1.1. Let X, Y be normed vector spaces, and let f : X → Y be Fréchet
differentiable at u ∈ X in the direction v ∈ X. We have

f(u + v) = f(u) + DF f(u, v) + R(u, v)

where the remainder R satisfies

lim
‖v‖X→0

‖R(u, v)‖Y

‖v‖X
→ 0.

The proof of this proposition is a direct consequence of part (i) in Definition 4.1.3.
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One of the most important properties of the Fréchet derivative, in contrast
to the Gateaux derivative, is the existence of a chain rule.

Theorem 4.1.1. Suppose that X, Y and Z are normed vector spaces and that f, g are
Fréchet differentiable on open sets Ox and Oy, contained in X and Y , respectively,

g : Ox ⊆ X → Y

f : Oy ⊆ Y → Z.

Then the Fréchet derivative of the composition f ◦ g is given by the chain rule

DF (f ◦ g)(u, v) = DF f(g(u), DF g(u, v)).

Proof. To prove this theorem, we first note that by definition

DF f(·, ·) : Y × Y → Z
DF g(·, ·) : X × X → Y.

Thus, the expression
DF f(g( u︸︷︷︸

∈X

)

︸ ︷︷ ︸
∈Y

, DF g (u, v)︸ ︷︷ ︸
∈X×X︸ ︷︷ ︸

∈Y

)

︸ ︷︷ ︸
∈Z

makes sense, if the Gateaux differentials DF f and DF g exist. Now, f ◦ g : X → Z
and

DF (f ◦ g) : X × X → Z.

Consider the difference

(f ◦ g)(u + v) − (f ◦ g)(u).

We can directly calculate that

(f ◦ g)(u + v) − (f ◦ g)(u) = f(g(u + v)) − f(g(u))
= f(g(u + v) − g(u)︸ ︷︷ ︸

DF g(u,v)+R1(u,v)

+g(u)) − f(g(u))

since g is Fréchet differentiable. Furthermore, we can write

(f ◦ g)(u + v) − (f ◦ g)(u) = f(g(u) + DF g(u, v) + R1(u, v)) − f(g(u))
= DF f(g(u), DF g(u, v) + R1(u, v))

+ R2(g(u), DF g(u, v) + R1(u, v))
= DF f(g(u), DF g(u, v)) + DF f(g(u), R1(u, v))

+ R2(g(u), DF g(u, v) + R1(u, v)) (4.1)
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by the Fréchet differentiability of f . By the definition of the Fréchet derivative, we
have

‖R1(u, v)‖Y

‖v‖X
→ 0 as ‖v‖X → 0

and
‖R2(g(u), DF g(u, v) + R1(u, v))‖Z

‖DF g(u, v) + R1(u, v)‖Y
→ 0

as
‖DF g(u, v) + R1(u, v)‖Y → 0.

We can write
‖DF f(g(u), R1(u, v))‖Z

‖v‖X
≤ c

‖R1(u, v)‖Y

‖v‖X
→ 0 (4.2)

as ‖v‖X → 0, by Definition 4.1.3. By the boundedness of the Fréchet derivative in
its second argument, we have

‖DF g(u, v) + R1(u, v)‖Y ≤ c‖v‖X + ‖R1(u, v)‖Y → 0

as ‖v‖X → 0. Finally, we can write

‖R2(g(u),DF g(u,v)+R1(u,v))‖Z

‖v‖X
= ‖R2(g(u),DF g(u,v)+R1(u,v))‖Z

‖DF g(u,v)+R1(u,v)‖Y
· ‖DF g(u,v)+R1(u,v)‖Y

‖v‖X

≤ ‖R2(g(u), DF g(u, v) + R1(u, v))‖Z

‖DF g(u, v) + R1(u, v)‖Y︸ ︷︷ ︸
→0

⎛
⎜⎜⎝c +

‖R1(u, v)‖Y

‖v‖X︸ ︷︷ ︸
→0

⎞
⎟⎟⎠

(4.3)
as ‖v‖X → 0. The result now follows when we take the norm of Equation (4.1),
divide by ‖v‖X , and employ Equations (4.2) and (4.3). �

Every Fréchet differentiable functional is Gateaux differentiable, but the con-
verse in not true. There are some simple conditions however, which taken to-
gether with Gateaux differentiability, are sufficient to guarantee that a functional
is Fréchet differentiable. As a preliminary result in establishing this fact, we show
that a mean value theorem can be derived for Gateaux (or Fréchet) differentiable
functionals. This result is important in its own right.

Theorem 4.1.2. Let X and Y be linear topological spaces, let U be an open subset
of X, and let a mapping

F : U → Y

be Gateaux differentiable at every point of the interval

[x, x + h] ⊂ U.
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Then,
a) If the z �→ DGF (z)h is a continuous mapping of the interval [x, x + h] into

Y , then

F (x + h) − F (x) =
∫ 1

0

DGF (x + th) ◦ hdt.

b) If moreover X and Y are Banach spaces, then

‖F (x + h) − F (x)‖ ≤ sup
0≤t≤1

‖DGF (x + th)‖ ‖h‖

and for any Λ ∈ L(X, Y ),

‖F (x + h) − F (x) − Λh‖ ≤ sup
0≤t≤1

‖DGF (x + th) − Λ‖ ‖h‖.

In particular

‖F (x + h) − F (x) − DGF (z)h‖ ≤ sup
0≤t≤1

‖DGF (x + th) − DGF (z)‖ ‖h‖

for any point z ∈ [x, x + h].

Proof. Define φ(t) � F (x + th). The definition of the Gateaux derivative yields

φ′(t) = lim
ε→0

φ(t+ε)−φ(t)
ε

= lim
ε→0

F (x+(t+ε)h)−F (x+th)
ε

= DGF (x + th) ◦ h.

By the mean value theorem for the real variable function φ

φ(1) − φ(0) =
∫ 1

0
φ′(t)dt

F (x + h) − F (x) =
∫ 1

0 DGF (x + th) ◦ hdt.

Suppose that Λ ∈ L(X, Y ). By direct computation, we have

‖F (x + h) − F (x) − Λh‖ =
∥∥∥∫ 1

0

DGF (x + th) ◦ hdt − Λh
∥∥∥

=
∥∥∥∫ 1

0

(DGF (x + th) − Λ) ◦ hdt
∥∥∥

≤
∫ 1

0

∥∥∥(DGF (x + th) − Λ) ◦ h
∥∥∥ dt

≤
∫ 1

0

∥∥∥(DGF (x + th) − Λ)
∥∥∥ ‖h‖ dt

≤ sup
t∈[0,1]

‖DGF (x + th) − Λ‖ ‖h‖. �
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With the mean value theorem, we can derive useful conditions that guarantee
that a given Gateaux differentiable functional is in fact Fréchet differentiable.

Corollary 4.1.1. Let X be a Banach space and let F be a continuous mapping of
a neighborhood U ⊂ X of a point x0∈X into a Banach space Y . Assume that
the mapping is Gateaux differentiable at every point of U , and that the mapping
x�→DGF (x) from U into L(X, Y ) (considered with the uniform operator topology)
is continuous. Then F is Fréchet differentiable on U and for all x∈U

DGF (x) = DF F (x).

Proof. By the mean value theorem

‖F (x0 + h) − F (x0) − DGF (x0) ◦ h‖ ≤ sup
0≤t≤1

‖DGF (x0 + th) − DGF (x0)‖ ‖h‖.

Since the mapping x �→ DGF (x) is continuous, for every ε > 0 there exists δ > 0
such that

‖x − x0‖X < δ =⇒ ‖DGF (x) − DGF (x0)‖Y < ε.

Therefore

lim
‖h‖X→0

‖F (x0 + h) − F (x0) − DGF (x0) ◦ h‖Y

‖h‖X
= 0

which means that F is Fréchet differentiable and

DGF (x) = DF F (x). �

4.2 Classical Examples of Differentiable Operators

The following examples, while elementary, serve as a conceptual bridge between
classical derivatives as studied in calculus, and those differentials that must be
calculated routinely in practical problems of mechanics and control applications.
In this first example, we show that affine functions on an abstract space are Fréchet
differentiable. The derivative agrees with our intuition that a derivative of an affine
function “picks off” the coefficient of the independent variable.

In examples, we omit indices G and F at differential D, since it will be clear
from context whether the Gateaux or Fréchet differential is considered.

Example 4.2.1. Suppose X, Y are normed vector spaces and

T : X → Y

T (x) � Ax + y

where A is a bounded linear operator from X into Y , and y ∈ Y is fixed. Then T
is Fréchet differentiable, and hence Gateaux differentiable, at all x ∈ X. By the
linearity of A, we have

T (x + h) − T (x) = Ah.
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For any x ∈ X, define
DT (x) ◦ h � Ah

then clearly

lim
h→∞

∥∥T (x + h) − T (x) − DT (x) ◦ h
∥∥

Y

‖h‖X
= 0.

By inspection, the Fréchet derivative at any fixed x ∈ X is a bounded linear oper-
ator acting on h ∈ X. We can compute∥∥DT (x) ◦ h

∥∥
Y

= ‖Ah‖Y ≤ C‖h‖X

by the boundedness of the operator A.

In this example we show that a classically differentiable, real-valued function de-
fined on the real line is both Gateaux and Fréchet differentiable, provided some
rather weak assumptions hold. The example again serves to emphasize that differ-
entiation of functionals extends our conventional notion of differentiation.

Example 4.2.2. Let f : O ⊂ R → R be a classically differentiable real-valued
function defined on the open set O. Let us calculate the Gateaux differential of f
at x0 ∈ O in the direction y ∈ R. By definition,

Df(x0, y) = lim
ε→0

f(x0 + εy) − f(x0)
ε

.

For y �= 0, we can always write

lim
ε→0

f(x0+εy)−f(x0)
ε = lim

ε→0

f(x0+εy)−f(x0)
εy y

= lim
ε′→0

f(x0+ε′)−f(x0)
ε′ y

= df
dx(x0)y.

Hence, we have that the Gateaux differential is given by

Df(x0, y) =
df

dx
(x0)y.

Let us show that f is also Gateaux differentiable. According to the definition, we
must also show that Df(x0, ·) is linear and bounded. Linearity in y is clear. Bound-
edness follows if the classical derivative is bounded over the open set O. This condi-
tion holds if f ∈ C1(Ω). We should also note that in this case since f : O ⊂ R → R,
we can alternatively write

Df(x0, y) = 〈Df(x0), y〉X∗×X .

In the next example, we show that the results for the derivative of a function
acting from R to R can be extended readily to multiple dimensions. The analysis
requires, of course, the introduction of the classical derivative of functions on Rn.
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Example 4.2.3. Let f : O ⊂ Rn → R be a real-valued, classically differentiable
function defined on the open set O. Let us calculate the Gateaux differential of f
at x0 ∈ O in the direction y ∈ Rn. As in the last example, the answer is nearly
immediate, given that f satisfies such strong classical differentiability properties.
Indeed, by definition we have

Df(x0, y) = lim
ε→0

f(x0 + εy) − f(x0)
ε

.

To calculate the Gateaux differential of f : O ⊆ Rn → R, let us recall the
definition of the classical derivative of a function g : Rn → Rm.

Definition 4.2.1. Suppose g : O ⊆ Rn → Rm where O is an open set. The function
g is classically differentiable at x0 ∈ O if

(i) The partial derivatives of g, ∂gi

∂xj
for i = 1, . . . , m and j = 1, . . . , n exist at

x0, and
(ii) The Jacobian matrix J(x0) =

[
∂gi

∂xj
(x0)
]
∈ Rm×n satisfies

lim
x→x0

‖g(x) − g(x0) − J(x0)(x − x0)‖
‖x − x0‖ = 0. (4.4)

We say that the Jacobian matrix J(x0) is the derivative of g at x0.

To return to our construction of the Gateaux derivative from Equation (4.4), we
can write from the definition of the classical derivative

lim
ε→0

‖f(x0 + εy) − f(x0)‖
‖εy‖ = lim

ε→0

‖J(x0)(εy)‖
‖εy‖

=
‖J(x0)y‖

‖y‖
lim
ε→0

‖f(x0 + εy) − f(x0)‖
ε

=
‖J(x0)y‖

‖y‖ ‖y‖

and consequently

Df(x0) ◦ y = J(x0)y.

Again, it is not difficult to show that f is in fact Gateaux differentiable and Fréchet
differentiable. Linearity in y ∈ Rn is clear. Boundedness follows since

‖Df(x0, y)‖ = ‖Df(x0) ◦ y‖m,1 ≤ ‖J(x0)‖m,n ‖y‖n,1

where ‖ · ‖m,n is a matrix norm. Hence, we have

Df(x0) = J(x0).
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Example 4.2.4. Let f : C∞(K) → R be a function defined via the integral operator

f(x) =
∫
K

x(ξ)dξ

where x ∈ C∞(K) is a smooth function and K is a closed, bounded subset of
R. We calculate the Gateaux differential of f at x0 ∈ C∞(K) in the direction
y ∈ C∞(K). Note that in contrast to the previous two examples, x is a function,
not an element of the real line. Similarly, while f maps into R, its domain is a
collection of smooth functions. We apply the definition directly

Df(x0, y) = lim
ε→0

f(x0+εy)−f(x0)
ε

= lim
ε→0

1
ε

{∫
K

(x0(ξ) + εy(ξ))dξ − ∫
K

x0(ξ)dξ

}
=
∫
K

y(ξ)dξ.

Obviously, this expression for Df(x0, y) is linear in y. We have

Df(x0, y + αz) = Df(x0, y) + αDf(x0, z).

But is this expression bounded in its second argument? Recall that

Df(·, ·) : C∞(K) × C∞(K) → R.

We require the map
Df(x0, ·) : C∞(K) → R

to be a bounded transformation. According to the definition, this means that we
must find a constant c such that

‖Df(x0, y)‖ = |Df(x0, y)| ≤ c‖y‖.
By definition

C∞(K)
�
=

∞⋂
k=0

Ck(K) ⊆ C(K).

So, C∞(K) is a subspace of C(K) and we can endow it with the norm ‖ · ‖C(K).
In other words, we will consider that C∞(K) is endowed with the norm

‖y‖ = sup
ξ∈K

|y(ξ)|.

We can consequently write

|Df(x0, y)| =

∣∣∣∣∣∣
∫
K

y(ξ)dξ

∣∣∣∣∣∣ ≤
∫
K

|y(ξ)|dξ

≤
∫
K

sup
ξ∈K

|y(ξ)|ds ≤ meas(K)‖y‖C(K)

which is the desired result.
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The last example provided an introduction to functional differentiation on abstract
spaces, those different from Rn. The next example is similar in nature, but finds
more application in practice.

Example 4.2.5. Consider the mapping F : C[t0, t1] → R where

F (g) �
t1∫

t0

g(s)ds.

We claim that F is Fréchet differentiable and

DF (g) ◦ h =

t1∫
t0

h(s)ds.

In fact, this result is nearly immediate. We can write

‖F (g + h) −F (g) − Df(g) ◦ h‖
=

∥∥∥∥∥
t1∫
t0

(g(s) + h(s)) ds −
t1∫
t0

g(s)ds −
t1∫
t0

h(s)ds

∥∥∥∥∥
= 0.

Moreover

‖DF (g) ◦ h‖ =
∥∥∥∥ t1∫

t0

h(s)ds

∥∥∥∥
≤

t1∫
t0

‖h(s)‖ds

≤
t1∫
t0

sup
τ∈[t0,t1]

|h(τ)|ds

= (t1 − t0)‖h‖ C[t0,t1]

so that DF (g) is a bounded and linear functional on C[t0, t1].

Quite complicated examples can be built up from much simpler building blocks.
The following example is an instructive exercise, and it appears as part of the key
results in several applications. Examples 4.2.6 trough 4.2.9 are based on simplifi-
cations of examples that can be found in [11].

Example 4.2.6. Let f : Rn → Rm be continuously differentiable and let g ∈
(C[t0, t1])

n. With these definitions of f and g, the operator

T : g → (f◦g)(t1) = f (g(t1))
T : (C[t0, t1])

n → Rm

is Fréchet differentiable. By definition, we must show that

T (x + h) − T (x) − DT (x) ◦ h = o
(‖h‖(C[t0,t1])

n

)
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for some bounded linear operator DT (x) that maps

DT (x) : (C[t0, t1])
n → Rm.

Since f is continuously differentiable on all of Rn, we know that the partial deriva-
tives ∂f

∂ξ exist and are continuous on all of Rn. In addition, we know that the Taylor
series approximation

f(ξ + η) = f(ξ) +
∂f

∂ξ
(ξ)η + o (‖η‖Rn) (4.5)

holds. Suppose x, h ∈ (C[t0, t1])
n. Equation (4.5) is evaluated at ξ = x(t1) ∈ Rn

and η = h(t1) ∈ Rn

f (x(t1) + h(t1)) = f (x(t1)) +
∂f

∂ξ
(x(t1)) h(t1) + o (‖h(t1)‖Rn) .

By definition, we have

T (x + h) − T (x) − ∂f

∂ξ
(x(t1))h(t1) = o (‖h(t1)‖Rn) .

In other words,

‖T (x + h) − T (x) − ∂f
∂ξ (x(t1)) h(t1)‖

‖h(t1)‖Rn

→ 0 (4.6)

as
‖h(t1)‖Rn → 0. (4.7)

This is nearly the result we seek. If we could replace ‖h(t1)‖Rn with the norm
‖h‖(C[t0,t1])n in Equations (4.6) and (4.7), the desired result would follow. How-
ever, we know that

‖h‖(C[t0,t1])
n = sup

t∈[t0,t1]

‖h(t)‖Rn ≥ ‖h(t1)‖Rn .

Consequently, we have the inequality

‖T (x+h)−T (x)−∂f
∂ξ (x(t1))h(t1)‖

‖h(t1)‖Rn
≥ ‖T (x+h)−T (x)−∂f

∂ξ (x(t1))h(t1)‖
‖h‖(C[t0,t1])n

.

We have shown that

‖T (x + h) − T (x) − ∂f
∂ξ (x(t1)) h(t1)‖

‖h‖(C[t0,t1])
n

→ 0

as ‖h‖(C[t0,t1])n → 0. Hence, the Fréchet derivative is given by

DT (x) ◦ h � ∂f

∂ξ
(x(t1))h(t1).
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In the next example, we study the difference in establishing that a functional is
Gateaux differentiable, in comparison to Fréchet differentiable. We will see that in
some cases, considerably more work is necessary to establish the Fréchet differen-
tiability of a functional. A primary tool in the current example is Theorem 4.1.2.

Example 4.2.7. Again, suppose f : R × Rn → Rm and f(t, x) is continuously
differentiable with respect to x. The function g : [t0, t1] → Rn is assumed to be
continuous. Define the shorthand notation for two Cartesian product spaces:

X � (C[t0, t1])n, Y � (C[t0, t1])m,

A functional F : X → Y is defined as

(F (g)) (t) � f (t, g(t)) .

By hypothesis, the function f(t, x) is continuously differentiable with respect to x
at all points x ∈ Rn. Consequently,

lim
ε→0

F (g+εη)−F (g)
ε

= lim
ε→0

f(t,g(t)+εη(t))−f(t,g(t))
ε

= lim
ε→0

1
ε

{
f (t, g(t)) + ∂f

∂x (t, g(t)) εη(t) + o (‖εη(t)‖) − f (t, g(t))
}

= ∂f
∂x (t, g(t)) η(t)

= DGF (g) ◦ η.

Since f is globally continuously differentiable, DGF (g)(η) exists for any g or η
in X. Obviously,

DGF (g) ∈ L (X, Y ) .

We have

‖DGF (g) ◦ η‖Y = sup
t∈[t0,t1]

‖∂f
∂x (t, g(t)) η(t)‖Rm

≤ sup
t∈[t0,t1]

(
‖∂f

∂x (t, g(t))‖Rm×n‖η(t)‖Rn

)
≤ C(g) sup

t∈[t0,t1]

‖η(t)‖Rn

= C(g)‖η‖X

where

C(g) � sup
t∈[t0,t1]

∥∥∥∥∂f

∂x
(t, g(t))

∥∥∥∥
Rm×n

.

The constant C(g) is finite for each g ∈ X. This follows since the entries of the
Jacobian ∂f

∂x are continuous. The composition of continuous functions is continuous
and every continuous function defined on a compact set attains its maximum.
Finally, we claim that the map

g → DGF (g)



150 Chapter 4. Differential Calculus in Normed Vector Spaces

is continuous from X into L (X, Y ). By definition,

‖DGF (ξ) − DGF (γ)‖ = sup
η 
=0

‖(DGF (ξ)−DGF (γ))◦η‖Y

‖η‖
X

= sup
η 
=0

{
sup

t∈[t0,t1]
‖( ∂f

∂x (t,ξ(t))− ∂f
∂x (t,γ(t)))η(t)‖

Rm

}
‖η‖

X

≤ sup
η 
=0

{
sup

t∈[t0,t1]
‖ ∂f

∂x (t,ξ(t))− ∂f
∂x (t,γ(t))‖

m,n
‖η(t)‖

Rn

}
‖η‖

X

≤ sup
η 
=0

{
sup

t∈[t0,t1]
‖ ∂f

∂x (t,ξ(t))− ∂f
∂x (t,γ(t))‖

m,n
‖η‖

X

}
‖η‖

X
.

Recall that the notation ‖ · ‖m,n denotes the matrix norm. Suppose ξ → γ in X.
Then we have

sup
t∈[t0,t1]

∥∥∥∥∂f

∂x

(
t, ξ(t)

)− ∂f

∂x

(
t, γ(t)

)∥∥∥∥
m,n

→ 0 (4.8)

since the function ∂f
∂x (t, x) is uniformly continuous on some compact set Ω cho-

sen large enough so that ξ(t), γ(t) ∈ Ω ∀ t ∈ [t0, t1]. The convergence shown in
Equation (4.8) follows from the following proposition

Proposition 4.2.1. Suppose f : R → R is uniformly continuous and γk → γ in
C[t1, t2]. Then

f ◦ γk → f ◦ γ in C[t1, t2].

Proof. We must show that for any ε > 0, ∃ k0 ∈ N such that

k ≥ k0 =⇒ ∣∣(f ◦ γk)(t) − (f ◦ γ)(t)
∣∣ < ε ∀ t ∈ [t0, t1].

Fix ε > 0. By the definition of uniform continuity, there is a δ > 0 such that

|ξ − η| < δ =⇒ ∣∣f(ξ) − f(η)
∣∣ < ε ∀ ξ, η ∈ R.

Since γk → γ in C[t1, t2], for each ε̃ > 0 there is a k0 ∈ N such that

k ≥ k0 =⇒ ∣∣γk(t) − γ(t)
∣∣ < ε̃ ∀ t ∈ [t0, t1].

In particular, for the choices ε̃ = δ, there is a k0 ∈ N such that

k ≥ k0 =⇒ ∣∣γk(t) − γ(t)
∣∣ < δ ∀ t ∈ [t0, t1].

But this means that

k ≥ k0 =⇒
∣∣∣f(γk(t)

)− f
(
γ(t)
)∣∣∣ < ε ∀ t ∈ [t0, t1]. �

By Corollary (4.1.1), the functional F is in fact Fréchet differentiable and
DF F = DGF .
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Example 4.2.8. This example is but a slight generalization of Example 4.2.7. Sup-
pose that f : Rn × Rm × R → Rp

f(x, u, t) =
(
f1(x, u, t), f2(x, u, t), . . . , fp(x, u, t)

)
.

Each of the functions fi : Rn × Rm × R → R is assumed to be continuously
differentiable with respect to x and u. In the remainder of this example, define the
Cartesian product spaces

X0 =
(
C0[t0, t1]

)n
, X1 =

(
C1[t0, t1]

)n
, Y = (C[t0, t1])

m , Z = (C[t0, t1])
p .

We define the functional

F : X1 × Y → Z[
F (x, u)

]
(t) = f

(
x(t), u(t), t

)
.

Note that, in comparison to the last example, a higher degree of smoothness is
assumed for the first argument. We claim that F is Fréchet differentiable with
respect to x and u and[(

DF (x, u)
) ◦ (y, v)

]
(t) =

∂f

∂x

(
x(t), u(t), t

)
y(t) +

∂f

∂u

(
x(t), u(t), t

)
v(t).

Since f is continuously differentiable with respect to x and u at all points in Rn ×
Rm, we have

lim
ε→0

F (x + εy, u + εv) − F (y, u)
ε

= lim
ε→0

f
(
x(t) + εy(t), u(t) + εv(t), t

)− f
(
x(t), u(t), t

)
ε

= lim
ε→0

1
ε

{
∂f

∂x

(
x(t), u(t), t

)
εy(t) +

∂f

∂u

(
x(t), u(t), t

)
εv(t)

+ o
(∥∥εy(t)

∥∥
Rn +

∥∥εv(t)
∥∥

Rm

)}

=
∂f

∂x

(
x(t), u(t), t

)
y(t) +

∂f

∂u

(
x(t), u(t), t

)
v(t)

=
[(

DF (x, u)
) ◦ (y, v)

]
(t).

By definition, we must have

DF (x, u) ◦ (·, ·) : X1 × Y → Z

is a bounded and linear operator. It is clear that the operator

(y, v) → DF (x, u) ◦ (y, v)



152 Chapter 4. Differential Calculus in Normed Vector Spaces

is linear. It is likewise bounded since

sup
t∈[t0,t1]

∥∥∥∂f
∂x

(
x(t), u(t), t

)
y(t) + ∂f

∂u

(
x(t), u(t), t

)
u(t)
∥∥∥

Rp

= ‖DF (u, v) ◦ (y, v)‖Z

≤ sup
t∈[t0,t1]

(∥∥∥∂f
∂x

(
x(t), u(t), t

)∥∥∥
Rp×n

‖y(t)‖Rn

)
+ sup

t∈[t0,t1]

(∥∥∥∂f
∂u

(
x(t), u(t), t

)∥∥∥
Rp×m

‖v(t)‖Rm

)
≤ C1 sup

t∈[t0,t1]

‖y(t)‖Rn + C2 sup
t∈[t0,t1]

‖v(t)‖Rm

≤ C
(
‖y‖X0 + ‖v‖Y

)
≤ C
(
‖y‖X1 + ‖v‖Y

)
where

C1 = sup
t∈[t0,t1]

∥∥∥∥∂f

∂x

(
x(t), u(t), t

)∥∥∥∥
Rp×n

C2 = sup
t∈[t0,t1]

∥∥∥∥∂f

∂u

(
x(t), u(t), t

)∥∥∥∥
Rp×m

and

C = max{C1, C2}.
We have yet to show that F is Fréchet differentiable. As in Example 4.2.7, we can
argue that the map

(x, u) �→ DF (x, u)

is continuous from

X1 × Y

to

LX1 × Y, Z.

The desired result then follows. The functional F is Fréchet differentiable by Corol-
lary 4.1.1.

In the last example, it may not have been clear why we required the extra degree
of regularity in the first argument of the functional F . In this example, we demon-
strate how several of the previous examples provide a framework for studying the
differentiability of functionals that contain ordinary derivatives. This is not the
only technique, but provides an excellent starting point.
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Example 4.2.9. Let g : Rn × Rm × R → Rn and suppose the function

(x, u) → g(x, u, t)

is continuously differentiable. Define the Cartesian product spaces X1, X0, Y as
in Example 4.2.8. Define the mapping

G : X1 × Y → X0

G(x, u)(t) � ẋ(t) − g
(
x(t), u(t), t

)
.

Define
X = X1 × Y
Y = X0.

We claim that the function G is Fréchet differentiable and that[
DG(x, u) ◦ (y, v)

]
(t) = ẏ(t) − ∂g

∂x

(
x(t), u(t), t

)
y(t) − ∂g

∂u

(
x(t), u(t), t

)
v(t).

The function G is the composition of two mappings

G = G1 − G2

where [
G1(x, u)

]
(t) = ẋ(t)[

G2(x, u)
]
(t) = g

(
x(t), u(t), t

)
.

Each of these mappings are, in fact, Fréchet differentiable. The map

(y, v) → ẏ

from X to Y is linear and bounded. This fact is clear since

sup
t∈[t0,t1]

‖ẏ(t)‖Rn = ‖ẏ‖X0

≤ ‖y‖X1

≤ ‖y‖X1 + ‖v‖Y

= ‖(y, v)‖X .

We have ∣∣∣[G1(x + y, u + v) − G1(x, u)
]
(t) − ẏ(t)

∣∣∣ ≡ 0

and consequently

lim
‖(y,v)‖X→0

∥∥G1(x + y, u + v) − G1(x, u) − ẏ
∥∥

Y∥∥(y, v)
∥∥
X

= 0.

We have shown, thereby, that

DG1(x, u) ◦ (y, v) = ẏ.
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Moreover, by Example 4.2.8, G2 is Fréchet differentiable and

[
DG2(x, u) ◦ (y, v)

]
(t) =

∂g

∂x

(
x(t), u(t), t

)
y(t) +

∂g

∂u

(
x(t), u(t), t

)
v(t).

The proof is complete.

The last several examples have been associated with the Banach spaces of con-
tinuous functions, Cm(Ω). Functionals on these spaces play an important role in
the optimization of systems governed by ordinary differential equations. We now
turn to examples that focus on types of quadratic functionals. These functionals
appear in many control and identification problems.

Example 4.2.10. In this example we study the Gateaux differential of the quadratic
functional

J(w) =

T∫
0

‖Cw(t) − w̃(t)‖2
Rndt

where C ∈ Rn×m, w ∈ L2((0, T ), Rm), and w̃(t) ∈ L2((0, T ), Rn). There is simply
an enormous collection of control and mechanics problems in which we seek to
minimize quadratic functionals. Quadratic functionals are perhaps the simplest
nonnegative functionals that admit differentiability properties. By definition, we
can write

DJ(w, v) = lim
ε→0

1
ε

{ T∫
0

‖C((w(t) + εv(t)) − w̃(t)‖2
Rn

−
T∫
0

‖Cw(t) − w̃(t)‖2
Rndt
}

= lim
ε→0

1
ε

{ T∫
0

‖Cw(t) − w̃(t) + εCv(t)‖2
Rn

−
T∫
0

‖Cw(t) − w̃(t)‖2
Rndt
}

= lim
ε→0

1
ε

{
2ε

T∫
0

(Cw(t) − w̃(t), Cv(t))Rn dt

+ε2
T∫
0

(Cv(t), Cv(t))Rn dt
}

= 2
T∫
0

(Cw(t) − w̃(t), Cv(t))Rn dt.

As in the previous cases, it remains to show that DJ(w, ·) is linear and bounded.
It is trivial to verify that

DJ(w, v + αu) = DJ(w, v) + αDJ(w, u).
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Furthermore, by the Cauchy-Schwarz inequality, we have

|DJ(w, v)| = 2

∣∣∣∣∣
T∫
0

(
Cw(t) − w̃(t), Cv(t)

)
Rn

dt

∣∣∣∣∣
≤ 2

T∫
0

‖Cw(t) − w̃(t)‖
Rn ‖Cv(t)‖

Rn dt

≤ 2 ‖Cw − w̃‖L2((0,T ),Rn) ‖C‖Rn×m ‖v‖L2((0,T ),Rm)

≤ C‖v‖L2((0,T ),Rm).

We have consequently shown that

DJ(w) ◦ v = 2

T∫
0

(Cw(t) − w̃(t), Cv(t))Rn dt.

The last example was cast in very conventional terms. The functions took values
in Rn. The inner products and Hilbert spaces were all the most familiar that are
encountered in applications. In the next example, we consider a natural extension
of Example 4.2.11 to more abstract spaces.

Example 4.2.11. In this example, we show how the calculation of the Gateaux
derivative of a class of functionals defined over time-varying vectors

w ∈ L2((0, T ), Rm)

can be extended to quadratic functionals defined on general Hilbert spaces. Let
H be a real Hilbert space with inner product (·, ·)H and suppose the C ∈ L(X, H)
where X is a normed vector space. We now consider the calculation of the Gateaux
differential of the quadratic functional

J(w) =

T∫
0

‖Cw(t) − w̃(t)‖2
Hdt

where w ∈ L2((0, T ), X) and w̃ ∈ L2((0, T ), H). First, note that since w ∈
L2((0, T ), X), we know that

Cw ∈ L2((0, T ), H)

since
T∫

0

‖Cw(t)‖2
Hdt ≤ ‖C‖2

L(X,H)

T∫
0

‖w(t)‖2
Xdt.
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Thus, the cost functional makes sense for any w ∈ L2((0, T ), X). Following the
line of attack taken in the last example, we can directly calculate

DJ(w, v) = lim
ε→0

1
ε

{ T∫
0

‖C (w(t) + εv(t)) − w̃(t)‖2
Hdt

−
T∫
0

‖Cw(t) − w̃(t)‖2
Hdt
}

...

= lim
ε→0

1
ε

{
2ε

T∫
0

(
Cw(t) − w̃(t), Cv(t)

)
H

dt + O(ε2)
}

= 2
T∫
0

(
Cw(t) − w̃(t), Cv(t)

)
H

dt.

Again, it is trivial to prove that

DJ(w, v + αu) = DJ(w, v) + αDJ(w, u)

and hence DJ(w, ·) is linear. The mapping

v → DJ(w, v)

is also bounded since∣∣∣∣∣∣
T∫

0

(
Cw(t) − w̃(t), Cv(t)

)
H

dt

∣∣∣∣∣∣ ≤ ‖Cw − w̃‖L2((0,T ),H)‖Cv‖L2((0,T ),H)

≤ C‖v‖L2((0,T ),X).

As in the last example, we have shown that the Gateaux derivative can be written as

DJ(w) ◦ v = 2

T∫
0

(
Cw(t) − w̃(t), Cv(t)

)
H

dt. (4.9)

In this last example in this section, we study what is perhaps, the most well-known
example of the use of the calculus of variations. The result of the derivation of the
functional studied below is the Euler-Lagrange equations.

Example 4.2.12. Perhaps the most well-known example of an integral functional
that has been studied in variational calculus is the Lagrange functional

L(y) ≡
∫ t1

t0

f(y(t), ẏ(t), t)dt
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where the given function f is continuous and has continuous first partial derivatives
in each of its arguments. Define the domain of L to be a subset of C1[t0, t1] that
contains functions that assume two given values y0 and y1 at the endpoints of the
interval [t0, t1]. That is, the domain of the functional L is given by

D(L) =
{
y ∈ C1[t0, t1] : y(t0) = y0 and y(t1) = y1

}
.

We must derive the Gateaux differential of L at y ∈ D(L) in the z direction. To
begin with, we note several qualitative properties of the functional L defined on the
set D(L). Because D(L) ⊆ C1[t0, t1], ẏ(t) exists for all y ∈ D(L), and because the
composition of continuous functions is continuous, the integrand is a continuous
function over the closed and bounded interval [t0, t1]. Consequently, L(y) is finite
for any y ∈ D(L). Finally, it is an elementary exercise to show that D(L) is in fact
a convex set in C1[t0, t1]. In contrast to many of the preceding examples, however,
the domain of L is not a subspace. Given any two elements

y, z ∈ D(L)

it is not true that αy+βz ∈ D(L) for any choice of α, β ∈ R. Indeed, for αy+βz ∈
C1[a, b] with arbitrary real α and β, we have

(αy + βz)|t0 = (α + β)y0 �= y0.

The boundary conditions are not satisfied by sums of elements extracted from D(L).
The Gateaux differential can be calculated along certain directions, however. By
the definition of the Gateaux differential, we can write

DL(y, z) = lim
ε→0

1
ε

{∫ t1

t0

f(y(t) + εz(t), ẏ(t) + εż(t), t)dt

−
∫ t1

t0

f(y(t), ẏ(t), t)dt
}

.

Because L maps into the real line, ε �→ L(y + εz) is a real-valued function of ε. If,
in addition, the map ε �→ L(y + εz) is classically differentiable, we can write

DL(y, z) = lim
ε→0

L(y + εz) − L(y)
ε

=
dL

dε
(y + εz)

∣∣∣∣
ε=0

=
(

lim
δ→0

L(y + (ε + δ)z − L(y + εz))
δ

)∣∣∣∣
ε=0

.

This identity can be quite useful when calculating the Gateaux differential of real-
valued functionals. For the case at hand, L is an integral functional. By Leibniz’s
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rule, we can write

DL(y, z) =
dL

dε
(y + εz)

∣∣∣∣
ε=0

=
d

dε

{∫ t1

t0

f(y(t) + εz(t), ẏ(t) + εż(t), t)dt

}∣∣∣∣
ε=0

=
{∫ t1

t0

d

dε
{f(y(t) + εz(t), ẏ(t) + εż(t), t)} dt

}∣∣∣∣
ε=0

.

By differentiating the integrand and using the chain rule, we obtain

DL(y, z) =
∫ t1

t0

{∂f

∂y
(y + εz, ẏ + εż, t)z(t)

+
∂f

∂ẏ
(y + εz, ẏ + εż, t)ż(t)

}
dt
∣∣∣
ε=0

.

(4.10)

Evaluating the expression at ε = 0, we obtain

DL(y, z) =
∫ t1

t0

{∂f

∂y

(
y(t), ẏ(t), t

)
z(t) +

∂f

∂ẏ

(
y(t), ẏ(t), t

)
ż(t)
}

dt.

If, in addition, the mapping

t �→ ∂f

∂ẏ

(
y(t), ẏ(t), t

)
(4.11)

is classically differentiable, we can integrate by parts to achieve

DL(y, z) =
∫ t1

t0

{∂f

∂y
(y(t), ẏ(t), t) − d

dt

∂f

∂ẏ
(y(t), ẏ(t), t)

}
z(t)dt

+
(

∂f

∂ẏ
(y(t), ẏ(t), t)z(t)

)∣∣∣∣t1
t0

.

Since we require that y + εz ∈ D(L) for all ε small enough, and y ∈ D(L), we
require that z(t0) = 0 and z(t1) = 0. The above expression consequently reduces to

DL(y, z) =
∫ t1

t0

{
∂f

∂y
(y, ẏ, t) − d

dt

(
∂f

∂ẏ
(y, ẏ, t)

)}
z(t)dt.

Again, we emphasize that we have calculated the Gateaux differential in a particular
direction. We have chosen

z ∈ {C1[t0, t1] : z(t0) = z(t1) = 0
}

.

In reviewing this development, it may seem awkward to hypothesize the differentia-
bility of the map appearing in Equation (4.11). However, as shown in the following
theorem, this is often not a serious restriction when we seek to characterize extrema
of functionals.
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Theorem 4.2.1. Suppose that

DL(y, z) = 0 ∀ z ∈ C1[t0, t1] ∩ {z : z(t0) = z(t1) = 0}

where DL(y, z) is given in Equation (4.10). Then the mapping

t �→ ∂f

∂ẏ

(
y(t), ẏ(t), t

)
is differentiable.

The interested reader is referred to Proposition 4.2 in [32, p. 98] or Section 7.5 in
[17, pp. 179–181] for a proof.





Chapter 5

Minimization of Functionals

The collection of intertwining definitions, theorems, lemmas and propositions that
constitute optimization theory in a functional analytic setting can be intimidating
for those who are not full-time mathematicians. However, the task of utilizing the
functional analytic framework in practical problems is made tractable by keeping in
mind that all of these concepts are generalizations of much simpler, more familiar
ideas. In this chapter we will emphasize that an understanding of minimization
of convex functionals over abstract spaces is facilitated by drawing analogies to
some well-known facts from elementary calculus. At the heart of any optimization
problem, whether it arises in structural design or control design, it is necessary to
find the extrema of some function that represents a cost, usually subject to a set
of constraints. To solve this problem, at least three “natural” questions arise:

• Is the optimization problem at least well posed? That is, does there exist an
optimal solution for the problem as stated?

• How can we find the extrema that represent a solution of the optimization
problem?

• Can we guarantee that the extrema we have found are the minima or maxima
we sought?

In the language of mathematics, the first question above is a statement of the
well-posedness and existence of a solution to an optimization problem, while the
second question seeks to characterize the optimal solutions.

5.1 The Weierstrass Theorem

If the measure of the utility of any theorem is judged by how concisely it may
be expressed, and how widely it may be applied, then the Weierstrass Theorem
rightly plays a central role in optimization theory. It provides sufficient conditions
for the solution of the optimization problem where we seek to find u ∈ U ⊆ X
such that

f(u) = inf
v∈U

f(v)
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without requiring the differentiability properties for f , stated in Theorem 5.3.2.
It is important to note that this theorem combines continuity and compactness
requirements to guarantee the solution of the optimization problem.

Theorem 5.1.1. Let (X, τ) be a compact topological space and let the functional
f : X → R be continuous. Then there exists an x0 ∈ X such that

f(x0) = inf
x∈X

f(x).

Because the proof of this theorem, while well-known, is instructive and serves as
a model for the proofs of more general results in this chapter, we will summarize
it here. We will require the following alternative characterizations of continuity
on topological spaces to carry out this proof in a manner that can be “lifted” to
more general circumstances. Recall that one of the most common definitions of
continuity is cast in terms of inverse images of open sets.

Definition 5.1.1. Let (X, τx) and (Y, τy) be topological spaces. A function f : X →
Y is continuous at x0 ∈ X if the inverse image of every open set O in Y that
contains f(x0) is an open set in X that contains x0. That is

O ∈ τy and f(x0) ∈ O =⇒ x0 ∈ f−1(O) ∈ τx.

A function that is continuous at each point of a topological space is said to be
continuous on that space. The following two definitions restate this fact.

Definition 5.1.2. Let (X, τx) and (Y, τy) be topological spaces. The following are
equivalent:

(i) f : X → Y is continuous.
(ii) The inverse image under f of every open set in Y is an open set in X.

That is,
O ∈ τy → f−1(O) ∈ τx.

(iii) The inverse image of every closed set in Y is a closed set in X.

Now we return to the proof of Theorem 5.1.1.

Proof. Suppose that α = inf
x∈X

f(x). Consider the sequence of closed sets in the

range of f

Qk =
[
α − 1

k
, α +

1
k

]
k ∈ N.

From this sequence of closed sets, we can construct a sequence of closed sets in
the domain X

Ck = {x ∈ X : f(x) ∈ Qk} .

By construction, this sequence of sets is nested

Ck+1 ⊆ Ck ∀k ∈ N
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and each Ck is compact being a closed subset of a compact set. The sequence of
compact sets {Ck}∞k=1 clearly satisfies the finite intersection property, so that

∃x0 ∈
∞⋂

k=1

Ck.

It consequently follows that

f(x0) = α = inf
x∈X

f(x). �

5.2 Elementary Calculus

To set the foundation for the analysis that follows, let us review some well-known
results from elementary calculus that give relatively straightforward methods for
answering these questions for cost functions defined in terms of a single real vari-
able. When we express an optimization problem in terms of a function f that maps
the real line into itself, that is,

f : R → R (5.1)

we seek to find a real number x0 ∈ R such that

f(x0) = inf
x∈C

f(x) (5.2)

where C is the constraint set. Now, there are many ways in which we can construct
simple functions for which there is no minimizer over the constraint set. If the
constraint set is unbounded, such as the entire real line, an increasing function
like f(x) = x obviously does not have a minimizer. Even if the constraint set is
bounded, for example C ≡ (0, 1], there is no minimizer for the simple function
f(x) = x. Intuitively, we would like to say that x0 = 0 is the minimizer, but
this point is not in the constraint set C. While there are many theorems that can
describe when a function will achieve its minimum over some constraint set, one
prototypical example is due to Weierstrass.

Theorem 5.2.1. If f is a real-valued function defined on a closed and bounded
subset C of the real line, then f achieves its minimum.

If f is in fact a differentiable function of the real variable x, and is defined on all
of R, then the problem of characterizing the values of x where extrema may occur
is well known: the extrema may occur only when the derivative of the function f
vanishes. From elementary calculus we know that:

Theorem 5.2.2. If f is a differentiable, real-valued function of the real variable x
and is defined on all of R, then

f(x0) = inf
x∈R

f(x) implies that f ′(x0) = 0.

In fact, most students studying calculus for the first time spend a great deal of time
finding the zeros of the derivative of a function, in order to find the extrema of the
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function. Soon after learning that the first derivative can be used to characterize
the possible locations of the extrema of a real-valued function, the student of
calculus is taught to examine the second derivative of a function to gain some
insight into the nature of the extrema.

Theorem 5.2.3. If f is a twice differentiable, real-valued function defined on all of
R, f ′(x0) = 0, and

f ′′(x0) > 0 (5.3)

then x0 is a relative minimum. In other words,

f(x) ≥ f(x0)

for all x in some neighborhood of x0.

Of course, readers will recognize these theorems immediately. These theo-
rems are fundamentals of the foundations of real variable calculus, and require no
abstract, functional analytic framework whatsoever. Because of their simple form
and graphical interpretation, they are easy to remember. They are important to
this chapter in that they provide a touchstone for more abstract results in func-
tional analysis that are required to treat optimization problems in mechanics. For
example, the elastic energy stored in a beam, rod, plate, or membrane cannot be
expressed in terms of a real-valued function of a real variable f(x). One can hy-
pothesize that equilibria of these structures correspond to minima in their stored
energy, but the expressions for the stored energy are not classically differentiable
functions of a real variable. We cannot simply differentiate the energy expressions
in a classical sense to find the equilibria as described in the above theorems.

What is required, then, is a generalization of these theorems that is suffi-
ciently rich to treat the meaningful collection of problems in mechanics and control
theory. For a large class of problems, we will find that each of the simple, intuitive
theorems above can be generalized so that they are meaningful for problems in
control and mechanics. In particular, this chapter will show that:

• The Weierstrass Theorem can be generalized to a functional analytic frame-
work. To pass to the treatment of control and mechanics problems, we will
need to generalize the idea of considering closed and bounded subsets of the
real line, and consider compact subsets of topological spaces. We will need to
generalize the notion of continuity of functions of a real variable to continuity
of functionals on topological spaces.

• The characterization of minima of real-valued functions by derivatives that
vanish will be generalized by considering Gateaux and Fréchet derivatives of
functionals on abstract spaces. It will be shown that Theorem 5.2.1 has an
immediate generalization to a functional analytic setting.

• The method of determining that a given extrema of a real-valued function is
a relative minima, by checking to see if its second derivative is positive, also
has a simple generalization. In this case, a relative minima can be deduced if
the second Gateaux derivative is positive.
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5.3 Minimization of Differentiable Functionals

Now we can state our first step in “lifting” the results from elementary calculus for
characterizing minima of a real-valued function, described in Equations (5.1)–(5.3).
We consider only functionals having relatively strong differentiability properties
to begin, and weaken these assumptions in subsequent sections. It is important to
note that the results in this section are strictly local in character. That is, if X is
a normed vector space and f : X → R is an extended functional, f is said to have
a local minima at x0 ∈ X if there exists a neighborhood N (x0) such that

f(x0) ≤ f(y) ∀ y ∈ N (x0).

This is clearly a result that is directly analogous to the local character of the
characterization of extrema of real-valued functions. In fact, the primary results
of this section are derived by exploiting the identification of f(x0 + th) with a
real-valued function

g(t) ≡ f(x0 + th)

where t ∈ [0, 1] and h ∈ X . Note that for fixed x0, h ∈ X , g(t) is a real-valued
function. Indeed, if g is sufficiently smooth, uniformly for all x0 and h in some
subset of X , we can expand g in a Taylor series about t = 0

g(t) = g(0) +
n∑

k=1

tkg(k)(0)
k!

+ Rn+1.

Now we obtain the most direct, simple generalization of Theorem 5.2.2 for real-
variable functions.

Theorem 5.3.1. Let X be a normed vector space, and let f : X → R. If f has a
local minimum at x0 ∈ X and the Gateaux derivative Df(x0) exists, we have

〈Df(x0), h〉X∗×X = 0 ∀h ∈ X.

Proof. By assumption, the limit

〈Df(x0), h〉X∗×X = lim
t→0

f(x0 + th) − f(x0)
t

exists. Since x0 is a local minimum, we have that

f(x0 + th) − f(x0)
t

≥ 0 ∀x0 + th ∈ N (x0).

But as we take the limit as t → 0 for t > 0, we always have x0 + th ∈ N (x0) for t
small enough, for any h ∈ X. This fact implies that

〈Df(x0), h〉X∗×X ≥ 0 ∀h ∈ X.



166 Chapter 5. Minimization of Functionals

By choosing h = ±ξ, we can write

±〈Df(x0), ξ〉X∗×X ≥ 0

and consequently we obtain Df(x0) ≡ 0 ∈ X∗. �

For some functionals that have higher order differentiability properties, it is
also possible to express sufficient conditions for the existence of local extrema in
terms of positivity of the differentials. These conditions appear remarkably similar
to results from the calculus of real-variable functions.

Theorem 5.3.2. Let X be a normed vector space and let the functional f : X → R.
Suppose that n is an even number with n ≥ 2 and

(i) f is n times Fréchet differentiable in a neighborhood of x0,
(ii) Df (n) is continuous at x0, and
(iii) the nth derivative is coercive, that is

〈Df (n)(x0), (h, h, . . . , h)〉X∗×X ≥ c‖h‖n
X.

Then f has a strict local minimum at x0.

Proof. The proof is left as an exercise. �

5.4 Equality Constrained Smooth Functionals

In the last section, we have discussed necessary conditions for existence of a local
minimum for unconstrained optimization problems. We now consider constrained
optimization problems where we seek x0 ∈ X such that

f(x0) = inf
x∈C

f(x)

where

C = {x : g(x) = 0}.
Provided that the functions are smooth enough and the constraints are regular,
there is a very satisfactory Lagrange multiplier representation for this problem.

Definition 5.4.1. Let X and Y be Banach spaces. Suppose g : X → Y is Fréchet
differentiable on an open set O ⊂ X, and suppose that the Fréchet derivative
Dg(x0) is continuous at a point x0 ∈ O in the uniform topology on the space
L(X, Y ). The point x0 ∈ O is a regular point of the function f if Dg(x0) maps X
onto Y .
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Ljusternik’s Theorem

As will be seen in many applications, the regularity of the constraints plays an im-
portant role in justifying the applicability of Lagrange multipliers to many equality
constrained problems. In fact, this pivotal role is made clear in the following the-
orem due to Ljusternik.

Theorem 5.4.1 (Ljusternik’s Theorem). Let X and Y be Banach spaces. Suppose
that

(i) g : X → Y is Fréchet differentiable on an open set O ⊆ X,
(ii) g is regular at x0 ∈ O, and
(iii) the Fréchet derivative x0 �→ Df(x0) is continuous at x0 in the uniform op-

erator topology on L(X, Y ).
Then there is a neighborhood N (y0) of y0 = g(x0) and a constant C such that the
equation

y = g(x)

has a solution x for every y ∈ N (y0) and

‖x − x0‖X ≤ C‖y − y0‖Y .

With these preliminary definitions, we can now state the Lagrange multiplier the-
orem for equality constrained extremization.

Theorem 5.4.2. Let X and Y be Banach spaces, f : X → R, and g : X → Y .
Suppose that:

(i) f and g are Fréchet differentiable on an open set O ⊆ X,
(ii) the Fréchet derivatives

x0 �→ Df(x0)

x0 �→ Dg(x0)

are continuous in the uniform operator topology on L(X, R) and L(X, Y ),
respectively, and

(iii) x0 ∈ O is a regular point of the constraints g(x).
If f has a local extremum under the constraint g(x0) = 0 at the regular point
x0 ∈ O, then there is a Lagrange multiplier y∗

0 ∈ Y ∗ such that the Lagrangian

f(x) + y∗
0g(x)

is stationary at x0. That is, we have

Df(x0) + y∗
0 ◦ Dg(x0) = 0.

Proof. We first show that if x0 is a local extremum, then Df(x0) ◦ x = 0 for all x
such that Dg(x0) ◦ x = 0. Define the mapping

F : X → R × Y

F (x) =
(
f(x), g(x)

)
.
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Suppose, to the contrary, that there is u ∈ X such that

Dg(x0) ◦ u = 0

but
Df(x0) ◦ u = z �= 0.

If this were the case, then x0 would be a regular point of the mapping F . To see
why this is the case, we can compute

DF (x0) ◦ x =
(
Df(x0) ◦ x, Dg(x0) ◦ x

) ∈ R × Y.

By assumption Dg(x0) : X → Y is onto Y since x0 is a regular point of the
constraint g(x) = 0. Pick some arbitrary (α, y) ∈ R × Y . Since Dg(x0) is onto Y ,
there is an x̄ ∈ X such that

Dg(x0) ◦ x̄ = y.

The derivatives Df(x0)◦u and Dg(x0)◦u are linear in the increment u by definition.
This fact, along with the definition of the real number β, where β = Df(x0) ◦ x̄,
implies that

Df(x0) ◦
(

α − β

z
u

)
=
(

α − β

z

)
Df(x0) ◦ u

= α − β = α − Df(x0) ◦ x̄

Dg(x0) ◦
(

α − β

z
u

)
=
(

α − β

z

)
Dg(x0) ◦ u = 0.

If we choose x =
(

α−β
z u
)

+ x̄, it is readily seen that

DF (x0) ◦
(

α−β
z u + x̄

)
=
(
Df(x0) ◦

(
α−β

z u + x̄
)

, Dg(x0) ◦
(

α−β
z u + x̄

))
=
(

α−β
z Df(x0) ◦ u + Df(x0) ◦ x̄, Dg(x0) ◦ x̄

)
= (α − Df(x0) ◦ x̄ + Df(x0) ◦ x̄, y)
= (α, y).

The map DF (x0) is consequently onto R × Y and x0 is a regular point of the
map F . Define

F (x0) =
(
f(x0), g(x0)

)
= (α0, 0) ∈ R × Y.

By Ljusternik’s theorem, there is a neighborhood of (α0, 0)

N (α0, 0) ⊆ R × Y

such that the equation
F (x) = (α, y)
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has a solution for every (α, y) ∈ N (α0, 0) and the solution satisfies

‖x − x0‖X ≤ C {|α − α0| + ‖y‖Y } .

In particular, the element (α0−ε, 0) is in the neighborhood N (α0, 0) for all ε small
enough. For every ε > 0 there is a solution xε to the equation

F (xε) = (α0 − ε, 0).

But this means that

f(xε) = α0 − ε

= f(x0) − ε

and
g(xε) = 0.

Furthermore, we have that
‖xε − x0‖X ≤ ε.

This contradicts the fact that x0 is a local extremum, and we conclude

Df(x0) ◦ x = 0

for all x ∈ X such that
Dg(x0) ◦ x = 0.

Recall that
{x ∈ X : Dg(x0) ◦ x = 0} = ker

(
Dg(x0)

)
.

In fact Df(x0) ∈ X∗ and Df(x0) ∈ (ker (Dg(x0))
)⊥. Since the range of Dg(x0)

is closed, we have

range
((

Dg(x0)
)∗) =

(
ker
(
Dg(x0)

))⊥
.

By definition
Dg(x0) : X → Y

and (
Dg(x0)

)∗ : Y ∗ → X∗.

We conclude that there is a y∗
0 ∈ Y ∗ such that

Df(x0) = −(Dg(x0)
)∗ ◦ y∗

0

Df(x0) +
(
Dg(x0)

)∗ ◦ y∗
0 = 0.

By definition 〈(
Dg(x0)

)∗ ◦ y∗
0 , x
〉

X∗×X
= 〈y∗

0 , Dg(x0) ◦ x〉Y ∗×Y .

So that this equality can be written as

Df(x0) + y∗
0 ◦ Dg(x0) = 0. �
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The above theorem bears a close resemblance to the Lagrange multiplier the-
orem from undergraduate calculus discussed in [12], [18] in the introduction. The
essential ingredients of the above theorem include smoothness of the functionals
f and g and the regularity of the constraints. There is an alternative form of this
theorem that weakens the requirement that the constraints are in fact regular at
x0. It will be useful in many applications.

Theorem 5.4.3. Let X and Y be Banach spaces, f : X → R, and g : X → Y .
Suppose that:

(i) f and g are Fréchet differentiable on an open set O ⊆ X,
(ii) the Fréchet derivatives

x0 �→ Df(x0)
x0 �→ Dg(x0)

are continuous in the uniform operator topology on L(X, R) and L(X, Y ),
respectively, and

(iii) the range of Dg(x0) is closed in Y .
If f has a local extremum under the constraint g(x0) = 0 at the point x0 ∈ O, then
there are multipliers λ0 ∈ R and y∗

0 ∈ Y ∗ such that the Lagrangian

λ0f(x) + y∗
0 g(x)

is stationary at x0. That is

λ0Df(x0) + y∗
0 ◦ Dg(x0) = 0.

Proof. The proof of this theorem can be carried out in two steps. First, suppose
that the range of Dg(x0) is all of Y . In this case, the constraint g(x0) is regular at
x0. We can apply the preceding theorem and select λ0 ≡ 1. If, on the other hand,
the range Dg(x0) is strictly contained in Y , we know that there is some ỹ ∈ Y
such that

d = inf
{‖ỹ − y‖ : y ∈ range

(
Dg(x0)

)}
> 0.

By Theorem 2.2.2 there is an element y∗
0 ∈
(
range

(
Dg(x0)

))⊥
such that

〈y∗
0 , ỹ〉 = d �= 0

and y∗
0 �= 0. But for any linear operator A(

range(A)
)⊥ = ker(A∗)

so that
y∗
0 ∈
(
range

(
Dg(x0)

))⊥ ≡ ker
((

Dg(x0)
)∗)

.

By definition, since y∗
0 ∈ Y ∗

〈y∗
0 , Dg(x0) ◦ x〉Y ∗×Y =

〈(
Dg(x0)

)∗ ◦ y∗
0 , x
〉

X∗×X
= 0

for all x ∈ X . We choose λ0 = 0 and conclude

λ0Df(x0) + y∗
0 ◦ Dg(x0) = 0. �
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5.5 Fréchet Differentiable Implicit Functionals

In all of our discussions so far in this chapter, optimization problems having quite
general forms have been considered. In this section, we discuss a class of opti-
mization problem that has a very specific structure. These problems often arise
in the study of optimal control. It has been noted by several authors that the
distinguishing feature of optimal control problems within the field of optimization
is their distinct structure. The standard optimization problem is such that we seek
u0 ∈ U such that

J(u0) = inf
u

{J(u) : u ∈ U}. (5.4)

Instead of Equation (5.4), optimal control problems frequently arise where we seek
a pair (x0, u0) ∈ X × U such that

J (x0, u0) = inf
x, u

{J (x, u) : A(x, u) = 0, u ∈ U}. (5.5)

In these equations, x represents the dependent quantity or physical state of the
system under consideration, while u denotes the input or control. Optimization
problems having the form depicted in Equation (5.5) arise in control problems for
physical reasons. We typically seek to minimize some quantity such as fuel, cost,
departure motion, or vibration, etc. subject to a collection governing equations
that are inviolate. In Equation (5.5),

A(x, u) = 0 (5.6)

denotes the equations of physics that relate the inputs u to the states x. It is
a fundamental premise of optimal control that a pair (x, u) ∈ X × U that does
not satisfy Equation (5.6) violates some physical law. The equations of evolution
that govern the physical variables of the problem are encoded by ordinary differ-
ential equations, partial differential equations or integral equations represented by
Equation (5.6). It is usually very difficult, either computationally or analytically
to solve for the state x as a function of the control u in Equation (5.6). If we can
find x(u) that satisfies Equation (5.6)

A(x(u), u) = 0

it is clear that we can reduce Equation (5.5) to the form in Equation (5.4).

J(u)
�
= J (x(u), u)

J(u0) = J (x(u0), u0) = inf
u

{J(u) = J (x(u), u) : u ∈ U}.
In some cases, it will be possible to solve for x(u). More frequently, it will not.
We will need methods for calculating the Gateaux derivative of J(u) without
calculating x(u) explicitly. This task is accomplished by using the co-state, adjoint,
or optimality system equations.

The following theorem provides the theoretical foundation of adjoint, co-state
or optimality system methods for Fréchet differentiable, implicit functionals.
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Theorem 5.5.1. Let X, Y, U be normed vector spaces, J : X×U → Z, and suppose
A : X × U → Y defines a unique function x(u) via the solution of

A(x(u), u) = 0.

Suppose further that:
• A(·, u) : X → Y is Fréchet differentiable at x = x(u),
• J (·, u) : X → Z is Fréchet differentiable at x = x(u),
• A(x, ·) : U → Y is Gateaux differentiable,
• J (x, ·) : U → Z is Gateaux differentiable,
• Gateaux differential DuA(x, u) is continuous on X × U ,
• Gateaux differential DuJ (x, u) is continuous on X × U , and
• x(u) is Lipschitz continuous

‖x(u) − x(v)‖X ≤ C‖u − v‖U

for some C ∈ R.
If there is a solution λ ∈ L(Y, Z) to the equation

λ ◦ DxA(x, u) = DxJ (x, u)

at x = x(u), then

J(u)
�
= J (x(u), u)

is Gateaux differentiable at u and

DJ(u) = DuJ (x, u) − λ ◦ DuA(x, u) ∈ L(U, Z).

Proof. Suppose 0 ≤ ε ≤ 1. For u, ũ ∈ U , define

uε
�
= u + ε(ũ − u) ∈ U

xε
�
= x(uε).

(5.7)

Recall that we want to find an expression for DJ(u)

DJ(u) ◦ v
�
= lim

ε→0

J(u + εv) − J(u)
ε

. (5.8)

We have

J(uε) − J(u)
ε

=
J (x(uε), uε) − J (x(u), u)

ε

=
J (x(uε), uε) − J (x(uε), u)

ε
+

J (x(uε), u) − J (x(u), u)
ε

.

(5.9)

By the Fréchet differentiability of J (·, u)

J (x(uε), u) = J (x(u), u) + DxJ (x(u), u) ◦ (x(uε)− x(u)) + R1

(‖x(uε)− x(u)‖X

)
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where the remainder R1(·) satisfies

R1

(‖x(uε) − x(u)‖X

)
‖x(uε) − x(u)‖X

→ 0

as
‖x(uε) − x(u)‖X → 0.

By the Lipschitz continuity of x(u), we note that

‖x(uε) − x(u)‖ ≤ C‖ũ − u‖U · ε

so that
R1

(‖x(uε) − x(u)‖X

)
C‖ũ − u‖U · ε ≤ R1

(‖x(uε) − x(u)‖X

)
‖x(uε) − x(u)‖X

.

Consequently, we write

J (x(uε), u) = J (x(u), u) + DxJ (x(u), u) ◦ (x(uε) − x(u)) + R(ε) (5.10)

where R(ε) is a remainder term such that

lim
ε→0

R(ε)
ε

→ 0.

In the various derivative expressions that follow, we will use R(ε) to denote gener-
ically any remainder terms that have the above asymptotic behavior as a function
of ε. In addition, by the Gateaux differentiability of J (x, ·), we have

J (x(uε), uε) = J (x(uε), u) + DuJ (x(uε), u) ◦ (uε − u) + R(ε)
= J (x(uε), u) + εDuJ (x(uε), u) ◦ (ũ − u) + R(ε).

(5.11)

Substituting Equations (5.10) and (5.11) into (5.9) yields

J(uε) − J(u)
ε

= DuJ (x(uε), u) ◦ (ũ − u)

+
DxJ (x(u), u) ◦ (x(uε) − x(u))

ε
+

R(ε)
ε

. (5.12)

Since the pairs (x(uε), uε), (x(u), u) are solutions of A(·, ·) = 0, it is always true
that

λ ◦ (A(x(uε), uε) − A(x(u), u)) = 0 ∈ Z.

We can write

λ ◦
{

A(x(uε), uε) − A(x(uε), u)
ε

+
A(x(uε), u) − A(x(u), u)

ε

}
= 0. (5.13)
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Since A is Gateaux differentiable in its second argument

A(x(uε), uε) = A(x(uε), u) + DuA(x(uε), u) ◦ (uε − u) + R(ε)
= A(x(uε), u) + εDuA(x(uε), u) ◦ (ũ − u) + R(ε)

(5.14)

and Fréchet differentiable in its first argument

A(x(uε), u) = A(x(u), u) + DxA(x(u), u) ◦ (x(uε) − x(u)) + R2(‖x(uε) − x(u)‖)
= A(x(u), u) + DxA(x(u), u) ◦ (x(uε) − x(u)) + R(ε).

(5.15)

When we substitute Equations (5.15) and (5.14) into (5.13), we obtain

λ ◦
{

DuA(x(uε), u) ◦ (ũ − u) +
DxA(x(u), u) ◦ (x(uε) − x(u))

ε
+

R(ε)
ε

}
= 0.

(5.16)
By hypothesis, we have

λ ◦ DxA(x(u), u) ◦ (x(uε) − x(u)) = DxJ (x(u), u) ◦ (x(uε) − x(u))

which, from Equation (5.16) implies that

DxJ (x(u), u) ◦ (x(uε) − x(u))
ε

= −λ ◦
{

DuA(x(uε), u) ◦ (ũ − u) +
R(ε)

ε

}
.

When we substitute this expression into Equation (5.12), we obtain

J(uε) − J(u)
ε

= DuJ (x(uε), u) ◦ (ũ − u) − λ ◦ DuA(x(uε), u) ◦ (ũ − u) +
R(ε)

ε
.

Recalling that uε = u + ε(ũ − u), we can take the limit above to obtain

DJ(u) ◦ (ũ − u) = DuJ (x(u), u) ◦ (ũ − u) − λ ◦ DuA(x(u), u) ◦ (ũ − u).

In this last limit, we have used the continuity of DuJ (x, u) and DuA(x, u) on
X × U . �



Chapter 6

Convex Functionals

Mathematicians worked diligently to extend the “prototypical” optimization re-
sults of the calculus of a real variable to a broader functional analytic setting.
The result was the emergence of the field of convex analysis [7], [25]. In this sec-
tion, we review the fundamentals of convex analysis, and study its relationship to
continuity and differentiability properties of functionals defined on normed vector
spaces.

As usual, the definition of a convex set agrees with our intuitive understanding
of what constitutes convexity. Simply put, a set can be thought to be convex if
it has no reentrant “bumps or corners.” Mathematically, this idea can be made
precise by defining the segment joining any two points x and y in a vector space
to be the set of all points having the form αx + (1 − α)y for 0 ≤ α ≤ 1. A set is
convex if and only if it contains all the segments joining any two of its points.

Definition 6.0.1. A set C is convex if and only if

x, y ∈ C =⇒ αx + (1 − α)y ∈ C ∀α ∈ [0, 1].

The geometric nature of this definition is depicted in Figure 6.1. Given a collection
of convex sets, it is always possible to create other convex sets by the operations
of dilation, sum or intersection.

Figure 6.1: Convex and Nonconvex Sets
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Theorem 6.0.2. If A and B are convex sets then
1. The dilation λA of a convex set A is convex. In other words, the set

λA = {λx : x ∈ A}
is convex.

2. The sum A + B of convex sets is convex. In other words, the set

{a + b : a ∈ A, b ∈ B}
is convex.

3. The arbitrary intersection of convex sets is convex.

Proof. The proof that these three operations yield convex sets is quite simple. The
dilation of a convex set is convex: Let λ be fixed in R. Pick any pair of points
x, y ∈ λA where A is convex. Then there exists xA ∈ A such that λxA = x, and
yA ∈ A such that λyA = y. Since A is convex, we have that

αxA + (1 − α)yA = zA ∈ A.

Multiplying this equation by λ, it follows that

λαxA + λ(1 − α)yA = λzA

αx + (1 − α)y = z ∈ λA ∀α ∈ [0, 1].

The sum of convex sets is convex: Let x+y ∈ A+B, where A, B are convex. Then
there exists points xA, xB , yA, yB such that

x = xA + xB

y = yA + yB

where xA, yA ∈ A and xB, yB ∈ B. Since A and B are convex we have

αxA + (1 − α)yA ∈ A

αxB + (1 − α)yB ∈ B ∀α ∈ [0, 1].

Adding these equations, we obtain

αx + (1 − α)y = (αxA + (1 − α)yA) + (αxB + (1 − α)yB) ∈ A + B

for all α ∈ [0, 1].
The arbitrary intersection of convex sets is convex: Suppose that {Ak} is a family
of convex sets, and select x, y ∈ ⋂

k

Ak. By definition, for each k we have that

αx + (1 − α)y ∈ Ak for each α ∈ [0, 1]. It follows that αx + (1 − α)y ∈ ⋂
k

Ak for

each α ∈ [0, 1], and that the set
⋂
k

Ak is convex. �
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As we finish this section introducing convex sets, we note three special classes
of convex sets that will play a special role in the remainder of this chapter, hyper-
planes, cones and convex hulls.

Definition 6.0.2. A linear variety, or hyperplane, V is a translation of a subspace
U of linear vector space X. In other words, if V is a linear variety in a vector space
X, then every element v ∈ V can be expressed as

v = v0 + u for some u ∈ U

where v0 ∈ X is the fixed translation, and U is a subspace of the vector space X.

Definition 6.0.3. Let A be an arbitrary set in a vector space X. The convex hull
of A, denoted co(A), is the smallest convex set containing A. In other words, the
convex hull of an arbitrary set A is the intersection of all convex sets containing A.

6.1 Characterization of Convexity

As noted in the introduction of this chapter, convexity becomes a particularly
useful property for studying extremal problems when

• the set of constraints is convex, or
• the graph of the function to be minimized is convex.

In the last section, some rudiments for ascertaining if a given set is convex have
been introduced. In this section, we show that functions defined on vector spaces
can likewise be given a useful notion of convexity. By convention, convex analysis is
often couched in terms of functionals defined on the extended real line R ≡ R∪{∞}.
Definition 6.1.1. An extended functional fon a vector space X is a mapping

f : X → R.

The extended functional is said to be strict, or proper if it is not identically equal
to +∞.

As usual, we identify a functional f : X → R with its graph

graph(f) = {(x, y) ∈ X × R : y = f(x)}

as shown in Figure 6.2 for X ⊆ R. The (closed) lower sections of the graph of f
are defined to be the inverse images under f of any set of the form (−∞, r] for
some r ∈ R. An example of the lower sections of the graph of f for a fixed r ∈ R

are depicted schematically in Figure 6.3.

Definition 6.1.2. A functional is convex if and only if

f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y) ∀α ∈ [0, 1].
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Figure 6.2: Graph of a Function

Figure 6.3: Lower Sections of the Graph

Thus, a functional is convex if the segment connecting two points on its graph lies
above the graph of the function, as shown in Figure 6.4. Now, this definition is
often expressed concisely by defining the set of all points that lie above the graph
of a extended functional to be the epigraph.

Definition 6.1.3. The epigraph of a functional f acting on a vector space X is the
subset

epi(f) = {(x, γ) ∈ X × R : f(x) ≤ γ} .

The following theorem makes clear how the definitions of convexity of a set and
convexity of a functional are related.

Proposition 6.1.1. Suppose f is a functional defined on a convex set. Then f is a
convex functional if and only if the set epi(f) is convex.

Proof. First, suppose that f is convex, and consider two points in the epigraph of f ,

(x, ξ) ∈ epi(f) ⊆ X × R

(y, η) ∈ epi(f) ⊆ X × R.
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Figure 6.4: Convex and Nonconvex Functionals

Figure 6.5: Epigraph of a Functional

To prove sufficiency, it is enough to show that

α(x, ξ) + (1 − α)(y, η) ∈ epi(f) ∀α ∈ [0, 1].

But by the convexity of f , we can write

f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y) ∀α ∈ [0, 1] (6.1)
≤ αξ + (1 − α)η (6.2)

where the latter inequality follows from the fact that (x, ξ) ∈ epi(f) and (y, η) ∈
epi(f). But Equations (6.1)–(6.2), simply say that

(αx + (1 − α)y, αξ + (1 − α)η) ∈ epi(f)

or
α(x, ξ) + (1 − α)(y, η) ∈ epi(f).

To prove necessity, suppose that epi(f) is convex. By definition, we have that

(x, f(x)) ∈ epi(f)
(y, f(y)) ∈ epi(f).
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Figure 6.6: Separation of Sets via a Hyperplane

By the convexity of epi(f), we can write

α(x, ξ) + (1 − α)(y, η) ∈ epi(f) ∀α ∈ [0, 1] (6.3)

for any (x, ξ), (y, η) ∈ epi(f). In particular, for (x, ξ) = (x, f(x)) and (y, η) =
(y, f(y)) Equation (6.3) becomes

α(x, f(x)) + (1 − α)(y, f(y)) ∈ epi(f)
(αx + (1 − α)y, αf(x) + (1 − α)f(y)) ∈ epi(f).

But this equation just asserts that

f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y) ∀α ∈ [0, 1]

and f is convex. �

6.2 Gateaux Differentiable Convex Functionals

From a practical standpoint then, our alternatives for establishing the existence
of solutions to minimization problems are enhanced if we can establish that a
functional is convex. The following theorem provides several equivalent character-
izations of convexity, if a functional is Gateaux differentiable. The utility of this
theorem rests in the fact that the conditions required to prove convexity arise
frequently in applications.

Theorem 6.2.1. Let X be a reflexive Banach space, and let f : M ⊆ X → R be
Gateaux differentiable over the closed, convex set M . Then the following conditions
are equivalent:

(i) f is convex over M .
(ii) We have

f(u) − f(v) ≥ 〈Df(v), u − v〉X∗×X , ∀u, v ∈ M.
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(iii) The first Gateaux derivative is monotone,

〈Df(u) − Df(v), u − v〉X∗×X ≥ 0, ∀u, v ∈ M.

(iv) The second Gateaux derivative of f exists and is positive,

〈D2f(u) ◦ v, v〉X∗×X ≥ 0 ∀ v ∈ M.

Proof. (i) ⇒ (ii). Because f is convex, we have

λf(u) + (1 − λ)f(v) ≥ f(λu + (1 − λ)v) ∀u, v ∈ M

λ(f(u) − f(v)) ≥ f(v + λ(u − v)) − f(v) ∀u, v ∈ M. (6.4)

Dividing Equation (6.4) by λ, we obtain

f(u) − f(v) ≥ f(v + λ(u − v)) − f(v)
λ

≥ 〈Df(v), u − v〉X∗×X . (6.5)

(ii) ⇒ (iii). By interchanging the roles of u and v in Equation (6.5), we can also
write

f(v) − f(u) ≥ 〈Df(u), v − u〉X∗×X = −〈Df(u), u − v〉X∗×X . (6.6)

By adding equations (6.5) and (6.6), we obtain

〈Df(u) − Df(v), u − v〉X∗×X ≥ 0.

(iii) ⇒ (iv). Now let us suppose that the first Gateaux derivative of f is monotone,
and show that this implies that the second Gateaux derivative is positive. By
definition, we know that

Df(u, v) = lim
ε→0

f(u + εv) − f(u)
ε

D2f(u, v, w) = lim
ε→0

Df(u + εw, v) − Df(u, v)
ε

. (6.7)

Let us consider just the numerator of the right-hand side in equation (6.7). Suppose
we choose, w = v. Then we can write

ε
(
Df(u + εv) ◦ v − Df(u) ◦ v

)
=
(
Df(u + εv) − Df(u)

) ◦ (εv)
=
(
Df(u + εv) − Df(u)

) ◦ ((u + εv) − u
)

= 〈Df(u + εv) − Df(u), (u + εv) − u〉X∗×X

≥ 0.

This last inequality follows from the monotonicity in (iii) above. Hence, by the
monotonicity of Df , we know that

〈D2f(u) ◦ v, v〉X∗×X = D2f(u, v, v)
= lim

ε→0

Df(u+εv,v)−Df(u,v)
ε

≥ 0.
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To complete the proof, we must show that
(iv) ⇒ (iii). Suppose that

〈D2f(u) ◦ v, v〉X∗×X ≥ 0 ∀u, v ∈ M.

Let u = u(t) = u1 + t(u2 − u1) and v = (u2 − u1) for u1, u2 ∈ M and t ∈ [0, 1].
Introducing a function φ(t) = Df(u(t), u2 − u1), we rewrite the last inequality as

〈D2f(u(t)) ◦ (u2 − u1), (u2 − u1)〉X∗×X = lim
dt→0

φ(t + dt) − φ(t)
dt

≥ 0 ∀ t ∈ [0, 1]

which is reduced to
φ(t + dt) ≥ φ(t) ∀ t ∈ [0, 1].

It follows that the function φ(t) is nondecreasing on [0, 1]. Consequently, φ(1) ≥
φ(0), or, equivalently,

φ(1) = 〈Df(u2), u2 − u1〉 ≥ 〈Df(u1), u2 − u1〉 = φ(0).

(iii) ⇒ (ii). Now suppose that

〈Df(u) − Df(v), u − v〉X∗×X ≥ 0 ∀u, v ∈ M.

For u = u(t) = u1 + t(u2 − u1) and v = u1, where u1, u2 ∈ M and t ∈ [0, 1], this
inequality is rewritten as

〈Df(u(t)), u2 − u1〉X∗×X ≥ 〈Df(u1), u2 − u1〉X∗×X ∀ t ∈ [0, 1]

which, by definition, is equivalent to

lim
dt→0

f(u(t + dt)) − f(u(t))
dt

≥ 〈Df(u1), u2 − u1〉X∗×X ∀ t ∈ [0, 1]

or
f(u(t + dt)) − 〈Df(u1), u2 − u1〉X∗×Xdt ≥ f(u(t)) ∀ t ∈ [0, 1].

As a consequence, we obtain

f(u(1)) − 〈Df(u1), u2 − u1〉X∗×X

1∫
0

dt ≥ f(u(0)).

But this means that

f(u2) − f(u1) ≥ 〈Df(u1), u2 − u1〉X∗×X ∀u1, u2 ∈ M.

(ii) ⇒ (i). Finally, suppose that

f(u) − f(v) ≥ 〈Df(v), u − v〉X∗×X ∀u, v ∈ M.
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For u = u1 and v = λu1 + (1 − λ)u2, λ ∈ [0, 1], this inequality is reduced to

f(u1) − f(λu1 + (1 − λ)u2)
1 − λ

≥ −〈Df(λu1 + (1 − λ)u2), u2 − u1〉X∗×X (6.8)

and for u = u2 and v = λu1 + (1 − λ)u2, λ ∈ [0, 1], we have

f(u2) − f(λu1 + (1 − λ)u2)
λ

≥ 〈Df(λu1 + (1 − λ)u2), u2 − u1〉X∗×X . (6.9)

From (6.8) and (6.9), we obtain

f(u2) − f(λu1 + (1 − λ)u2)
λ

≥ f(λu1 + (1 − λ)u2) − f(u1)
1 − λ

or, equivalently,

λf(u1) + (1 − λ)f(u2) ≥ f(λu1 + (1 − λ)u2). �

6.3 Convex Programming in Rn

We will discuss multiplier methods for convex optimization problems that are
progressively more general in this, and the following, sections. To begin, we limit
consideration to optimization problems wherein we seek x0 ∈ Rn such that

f(x0) = µ = inf {f(x) : gi(x) ≤ 0, x ∈ Rn, i = 1, . . . , m}
and

gi(x0) ≤ 0 ∀ i = 1, . . . , m

where

f : Rn → R

gi : Rn → R.

This study will lead in subsequent sections to various generalizations for functionals
defined on convex subsets of normed vector spaces.

Theorem 6.3.1. Let f : U ⊆ Rn → R and gi : U ⊆ Rn → R, i = 1, . . . , m be
proper convex functions where U is a convex set. Then there are nonnegative real
numbers α, βi, i = 1, . . . , m

α ≥ 0
βi ≥ 0

not all equal to zero such that

α(f(x) − µ) +
m∑

i=1

βigi(x) ≥ 0

for all x ∈ U .
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Proof. The proof of this theorem is based on an application of the Hahn-Banach
theorem. Define the set

C
�
= {(f(x) − µ + γ0, g1(x) + γ1, . . . , gm(x) + γm) :

x ∈ U , γi > 0, i = 1, . . . , m}
⊆ Rm+1.

We first note that the set C is convex. Indeed, if we let

c
�
= (c0, c1, . . . , cm) ∈ C ⊆ Rm+1

d
�
= (d0, d1, . . . , dm) ∈ C ⊆ Rm+1

then it is clear that

λc0 + (1 − λ)d0 = λ(f(xc) − µ + γc,0) + (1 − λ)(f(xd) − µ + γd,0)
= λf(xc) + (1 − λ)f(xd) − µ + λγc,0 + (1 − λ)γd,0

≥ f(λxc + (1 − λ)xd) − µ + λγc,0 + (1 − λ)γd,0

by the convexity of f . In other words,

λc0 + (1 − λ)d0 = f(λxc + (1 − λ)xd) − µ + γ0

for some γ0 > 0. Likewise, for i = 1, . . . , m,

λci + (1 − λ)di = λ
(
gi(xc) + γc,i

)
+ (1 − λ)(gi(xd) + γd,i)

= λgi(xc) + (1 − λ)gi(xd) + λγc,i + (1 − λ)γd,i

≥ gi(λxc + (1 − λ)xd) + λγc,i + (1 − λ)γd,i

by the convexity of gi, i = 1, . . . , m. That is,

λci + (1 − λ)di = gi(λxc + (1 − λ)xd) + γi

for some γi > 0. Thus, c, d ∈ C implies that λc + (1 − λ)d ∈ C for all 0 ≤ λ ≤ 1.
Upon consideration, it is also evident that 0 �∈C. If indeed it were the case that
the origin is an element of C, we would have some x̂ and γ0 > 0 such that

f(x̂) − µ + γ0 = 0

and
g1(x̂) ≤ 0, g2(x̂) ≤ 0, . . . , gm(x̂) ≤ 0

which contradicts the definition of µ as the infimum of f over the set of constrained
elements. Consequently, the sets C and {0} are a pair of nonempty, disjoint, convex
sets. By the Hahn-Banach theorem, there are real numbers

α ∈ R, βi ∈ R, i = 1, . . . , m

not all equal to zero, such that

α(f(x) − µ + γ0) +
m∑

i=1

βi(gi(x) + γi) ≥ 0
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for all x ∈ U and all γi > 0, i = 1, . . . , m. Suppose we pick any arbitrary x ∈ U
and fix γi, i = 1, . . . , m. As we let γ0 = k → ∞, we obtain

α ≥ O

(
1
k

)
→ 0.

We can repeat this process for each βi, i = 1, . . . , m to conclude that

βi ≥ O

(
1
k

)
→ 0

for i = 1, . . . , m as k → ∞. On the other hand, if we take the limit as

γi → 0

for i = 1, . . . , m, we obtain

α(f(x) − µ) +
m∑

i=1

βigi(x) ≥ 0.

The theorem is proved. �

In essence, the only property that has been employed in the proof of this
theorem has been the convexity of the functionals f , gi, i = 1, . . . , m and the
convexity of the constraint set U . Unfortunately, if the scalar α turns out to be
precisely zero, α ≡ 0, the conclusions that can be drawn from the above theorem
are not very profound. In this degenerate case, the theorem simply asserts a self-
evident property of the constraint functions. Significant attention has been directed
toward the study of conditions that guarantee that this degenerate case does not
occur. If α > 0, the multipliers appearing in the theorem are said to be regular
multipliers. Perhaps the simplest condition guaranteeing that the multipliers are
indeed regular, α > 0, is the Slater condition embodied in the following theorem.

Theorem 6.3.2. Let f : U ⊆ X → R and gi : U ⊆ X → R, i = 1, . . . , m be proper
convex functionals over the convex set U ⊆ X. Suppose that the functionals gi,
i = 1, . . . , m satisfy the Slater condition: there is some x ∈ U ⊆ Rn such that

gi(x) < 0 ∀ i = 1, . . . , m.

Then there exist real numbers λ0,i ≥ 0, i = 1, . . . , m such that

µ ≤ f(x) +
m∑

i=1

λ0,igi(x)

for all x ∈ U . Moreover,

µ = inf

{
f(x) +

m∑
i=1

λ0,igi(x) : x ∈ U
}

. (6.10)
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Proof. From the proof of the last theorem, we know that there are real numbers
α ≥ 0, βi ≥ 0, i = 1, . . . , m such that

α(f(x) − µ) +
m∑

i=1

βigi(x) ≥ 0

for all x ∈ U . Suppose to the contrary that the multipliers are degenerate, that is,
α = 0. Hence,

m∑
i=1

βigi(x) ≥ 0. (6.11)

By the Slater condition there is an x̄ such that gi(x) < 0 for each i = 1, . . . , m.
In view of (6.11), the Slater condition implies that βi = 0 for i = 1, . . . , m. But
this is a contradiction of the requirement that not all of the coefficients α, βi,
i = 1, . . . , m are zero. We conclude that α > 0 when the Slater condition is
fulfilled. Dividing by the coefficient α we obtain

µ ≤ f(x) +
m∑

i=1

βi

α
gi(x)

for all x ∈ U and the first assertion of the theorem is proved for the choice λ0,i
�
=

βi/α, i = 1, . . . , m. Thus, we have shown that

µ ≤ f(x) +
m∑

i=1

λ0,igi(x)

for all x ∈ U . It is also clear that

µ ≤ C1
�
= inf

{
f(x) +

m∑
i=1

λ0,igi(x) : x ∈ U
}

.

If we restrict the set over which we take the infimum, the value of the infimum
can only increase. We can deduce that

µ ≤ C1 ≤ C2
�
= inf

{
f(x) +

m∑
i=1

λ0,igi(x) : x ∈ U , gi(x) ≤ 0, i = 1, . . . , m

}
.

But since gi(x) ≤ 0 implies λ0,igi(x) ≤ 0, we conclude that

µ ≤ C1 ≤ C2 ≤ µ
�
= inf {f(x) : gi(x) ≤ 0, i = 1, . . . , m, x ∈ U} .

Hence,

µ = inf

{
f(x) +

m∑
i=1

λ0,igi(x)

}
. �
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The familiar characterization of constrained minima for convex functionals
defined on convex subsets of Rn can now be stated in terms of Lagrange multipliers.
Define the Lagrange functional

L(x, λ)
�
= f(x) +

m∑
i=1

λigi(x).

Theorem 6.3.3. Let f : U ⊆ Rn → R and gi : U ⊆ Rn → R, i = 1, . . . , m,
be proper convex functions defined on the convex set U ⊆ Rn. Suppose that the
functions gi, i = 1, . . . , m, satisfy the Slater condition

gi(x) < 0 ∀i = 1, . . . , m

for some x ∈ U . If there is a point x0 ∈ Rn at which the infimum is attained in
the minimization problem

f(x0) = µ = inf {f(x) : gi(x) ≤ 0, x ∈ Rn, i = 1, . . . , m}

and
g(x0) ≤ 0

then there are real numbers

λ0,i ≥ 0 ∀ i = 1, . . . , m,

such that we have
m∑

i=1

λ0,igi(x0) = 0

and
L(x0, λ) ≤ L(x0, λ0) ≤ L(x, λ0)

for all x ∈ U and λ ∈ [0,∞)m.

Proof. First we will show that

m∑
i=1

λ0,igi(x0) = 0.

We know from the last theorem that

µ = f(x0) = inf

{
f(x) +

m∑
i=1

λ0,igi(x)

}

≤ f(x0) +
m∑

i=1

λ0,igi(x0)
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or that

0 ≤
m∑

i=1

λ0,igi(x0).

On the other hand, since λ0,i ≥ 0 and gi(x0) ≤ 0, we know that

0 ≥
m∑

i=1

λ0,igi(x0).

Combining these results, we conclude that

m∑
i=1

λ0,igi(x0) = 0.

Now we can show that the pair (x0, λ0) is a saddle point for the Lagrange func-
tional. By definition, we have

L(x0, λ) = f(x0) +
m∑

i=1

λigi(x0)︸ ︷︷ ︸
≤0

≤ f(x0) +
m∑

i=1

λ0,igi(x0)︸ ︷︷ ︸
=0

= L(x0, λ0)

≤ f(x) +
m∑

i=1

λ0,igi(x) = L(x, λ0).

This last inequality follows from Equation (6.10). Hence, altogether we have

L(x0, λ) ≤ L(x0, λ0) ≤ L(x, λ0)

and the point (x0, λ0) is a saddle point for the Lagrange functional L(x, λ). �

6.4 Ordered Vector Spaces

In the last section, we discussed the role of Lagrange multipliers in the extrem-
ization of convex functionals defined in terms of real variables. In this section, we
study the generalization of this approach to convex functionals defined over vector
spaces that are endowed with an ordering. The constraints imposed via inequali-
ties are couched in terms of the ordering, which is induced via the introduction of
a positive cone.
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6.4.1 Positive Cones, Negative Cones, and Orderings

We have already seen that convexity plays an important role in numerous opti-
mization problems. In addition, some classes of inequality constraints couched in
terms of convex cones are amenable to Lagrange multiplier methods for abstract
spaces. In this section we discuss how convex cones can be used to define orderings
on vector spaces, which in turn facilitate the introduction of inequality constraints.

Definition 6.4.1. Let X be a vector space. A set C0 ⊆ X is a cone with vertex at
the origin if

x ∈ C0 implies αx ∈ C0.

for all α ≥ 0. A cone C with vertex at a point v0 ∈ X is defined to be the translation
v0 + C0 of a cone C0 with vertex at the origin

C = { v0 + x : ∀x ∈ C0 } ,

Definition 6.4.2. A cone C is pointed if it does not contain a line.

Definition 6.4.3. Let X be a vector space. A positive cone C+
0 ⊆ X is defined by

C+
0 = { x : x ∈ C0, x ≥ 0 } .

These definitions are widely employed. Examples of cones in R2 are depicted
schematically in Figure 6.7. Some features of the definition should be noted.

(a) Not Convex (b) Convex (c) Not Convex

Figure 6.7: Examples of Cones in R2

A cone C with vertex at the origin need not be convex. Examples of cones that
are not convex are depicted in Figures 6.7a and 6.7c. Just as importantly, a cone
need not be closed, in general. For example, Figure 6.8a depicts the open cone
obtained via translation of the open cone with vertex at origin

{(x, y) ∈ R2 : x > 0, y > 0}.
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(a) An Open Cone with
Vertex at v0

(b) A Closed Cone with
Vertex at v0

Figure 6.8: Open and Closed Cones

Figure 6.8b depicts the closed cone obtained via translation of the closed cone with
vertex at the origin

{(x, y) ∈ R2 : x ≥ 0, y ≥ 0}.
In our applications, we will be primarily concerned with closed convex cones.
Unless we state otherwise, when we refer to a cone we will always mean a cone
with vertex at the origin.

To define inequality constraints in extremization problems, it is important to
note that convex cones induce orderings on a vector space.

Proposition 6.4.1. Let C be a convex pointed cone with vertex at the origin con-
tained in a vector space X. The relation R defined by

uRv ⇐⇒ u − v ∈ C

defines an ordering on X.

Proof. Recall that an ordering is a relationship that is reflexive, transitive, and
antisymmetric. The relation R is reflexive if uRu for all u ∈ V . But this is always
true since 0 = u − u ∈ C. A relationship R is transitive if

uRv and vRw =⇒ uRw.

But suppose
u − v ∈ C and v − w ∈ C.

Since C is convex, we have

1
2 (u − v) + 1

2 (v − w) ∈ C
1
2 (u − w) ∈ C.

Since C is a cone, this implies that

u − w ∈ C
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or, equivalently
uRw.

The relation is therefore transitive. Finally, the relation R is antisymmetric if

uRv and vRu =⇒ u = v.

The left-hand side implies that

u − v ∈ C and − (u − v) ∈ C

which means that the cone C contains the line λ(u − v), where λ ∈ R. But since
the cone is pointed, we have u − v = 0. �

A graphical representation of the ordering induced by a convex pointed cone
with vertex at the origin is given in Figure 6.9.

Cone C

y

x

u

(a) u ≥ 0 ⇔ u ∈ C

Cone

v+C

y

x

u

v

(b) u ≥ v ⇔ u = v + C

Figure 6.9: Ordering Associated with a Convex Cone

Note that to define an ordering on V it is not enough for a cone to have
vertex at the origin and be convex. Indeed, for any constant a, a half-space au ≥ 0
is a convex cone with vertex at the origin. However, for any u1 and u2 such that
au1 = 0 and au2 = 0, an ordering is not defined since from u1Ru2 and u2Ru1 we
cannot conclude that u1 = u2.

6.4.2 Orderings on Sobolev Spaces

Some of the most important applications and examples of orderings, and their
associated cones, in this chapter are defined on Sobolev spaces. These orderings
will facilitate the introduction of constraints that represent contact between classes
of elastic continua. In this section, we introduce orderings on the Sobolev space
H1(Ω). Extensions to more general Sobolev spaces follow similar reasoning.
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Definition 6.4.4. A function u ∈ H1(Ω) is said to be nonnegative in the sense of
H1(Ω) if there exists a sequence {uk}k∈N ⊆ W 1,∞(Ω) such that

uk → u in H1(Ω)

and
uk(x) ≥ 0

for all x ∈ Ω.

Recall that W 1,∞(Ω) ⊆ W 1,2(Ω) ≡ H1(Ω).
More general definitions of nonnegativity in the Sobolev space H1(Ω), given

in terms of subsets of Ω, are possible. This definition will suffice for the examples
considered in this chapter. The interested reader should see [21] or [13] for detailed
discussions of these cases. We will abbreviate the phrase “u is nonnegative in the
sense of H1(Ω)” as

u � 0

in the sequel. The following proposition makes clear that the relation � is an
ordering on H1(Ω) and defines a closed convex cone.

Proposition 6.4.2. The set

C
�
= {f ∈ H1(Ω) : f � 0}

is a closed convex cone with vertex at the origin in H1(Ω).

Proof. First, we show that C is a closed set in H1(Ω). Suppose that {uk}k∈N ⊆ C
and that

uk → u0 in H1(Ω).

By the definition of the set C for each fixed uk there is a sequence {uk,j}j∈N ⊆
W 1,∞(Ω) such that

uk,j → uk in H1(Ω)

as j → ∞ and for each j ∈ N

uk,j(x) ≥ 0

for all x ∈ Ω. But in this case the doubly-indexed sequence {uk,j}k,j∈N ⊆ W 1,∞(Ω)
satisfies

uk,j → u0 in H1(Ω)

as k, j → ∞ and for each pair (k, j) ∈ N × N

uk,j(x) ≥ 0.

That {uk,j}k,j∈N converges to u0 follows since

‖u0 − uk,j‖H1(Ω) ≤ ‖u0 − uk‖H1(Ω) + ‖uk − uk,j‖H1(Ω) → 0
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as k, j → ∞. But this simply means that u0 ∈ C, and the set C is consequently
closed in H1(Ω). Moreover, C is clearly a cone in H1(Ω). Suppose u0 ∈ C. By
definition there exists a sequence {uk}k∈N ⊆ W 1,∞(Ω) such that

uk → u0 ∈ H1(Ω)

and for each k ∈ N

uk(x) ≥ 0

for all x ∈ Ω. But for any α ≥ 0, the sequence {αuk}k∈N ⊆ W 1,∞(Ω) and

‖αuk − αu0‖H1(Ω) = |α|‖uk − u0‖H1(Ω) → 0

as k → ∞ and for each k
αuk(x) ≥ 0

for all x ∈ Ω. In other words, αu ∈ C and C is a cone with vertex at the origin.
Finally, the cone C is convex. Suppose u0, v0 ∈ C, with associated sequences
{uk}k∈N, {vk}k∈N ⊆ W 1,∞(Ω) satisfying

uk → u0 in H1(Ω)
vk → v0 in H1(Ω)

and for each k ∈ N

uk(x) ≥ 0
vk(x) ≥ 0

for all x ∈ Ω. Then λu0 + (1 − λ)v0 ∈ C for all λ ∈ [0, 1] since the sequence
{λuk + (1 − λ)vk}k∈N ⊆ W 1,∞(Ω)

λuk + (1 − λ)vk → λu0 + (1 − λ)v0

in H1(Ω) and for each k

λuk(x) + (1 − λ)vk(x) ≥ 0

for all x ∈ Ω. �

6.5 Convex Programming in Ordered Vector Spaces

Suppose that f : X → R, g : X → Y , X and Y are vector spaces, and U is a
convex set contained in X . In this section, we study the optimization problem in
which we seek x0 ∈ U ⊆ X such that

f(x0) = µ = inf {f(x) : g(x) ≤ 0, x ∈ U ⊆ X}
and

g(x0) ≤ 0.
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Suppose that the vector space Y contains a cone P , that induces an ordering of
Y . Hence, expressions like

g(x) ≤ 0

are understood in the sense discussed in Section 6.4.1. That is, if y1, y2 ∈ Y

y2 ≥ y1 ⇐⇒ y2 − y1 ∈ P.

Further, we will need a notion of dual cone.

Definition 6.5.1. The cone P ∗ dual to P , or dual cone P ∗, is defined by

P ∗ = {h ∈ Y ∗ : 〈h, y〉Y ∗×Y ≥ 0 ∀ y ∈ P}.
As in the case of functionals defined over the real variables, the existence

of a Lagrange multiplier depends in a critical fashion on the application of the
Hahn-Banach theorem.

Theorem 6.5.1. Let f : X → R and g : X → Y be proper convex functions defined
over the convex set U ⊆ X. Let P be a positive cone in Y and suppose P has an
interior point. Then there exists a pair (α, β∗) ∈ R × Y ∗ such that

α(f(x) − µ) + 〈β∗, g(x)〉 ≥ 0

where
α ≥ 0, β∗ ≥ 0.

The notation β∗ ≥ 0 means that β∗ ∈ P ∗.

Proof. The proof of this theorem, again, relies in a fundamental way on the Hahn-
Banach theorem. Define the sets

C1
�
= {(ξ, η) : ξ ≥ f(x), η ≥ g(x), for some x ∈ U}

C2
�
= {(ξ, η) : ξ ≤ µ, η ≤ 0} .

The sets C1 and C2 are convex. Suppose that (ξ1, η1) and (ξ2, η2) are elements of
C1. By the definition of C1, there exist x1 and x2 in U such that

λξ1 + (1 − λ)ξ2 ≥ λf(x1) + (1 − λ)f(x2)

and by the convexity of f it follows that

λξ1 + (1 − λ)ξ2 ≥ f(λx1 + (1 − λ)x2). (6.12)

Similarly, we have

λη1 + (1 − λ)η2 ≥ λg(x1) + (1 − λ)g(x2)
≥ g(λx1 + (1 − λ)x2). (6.13)
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Note that we have used the ordering property

a ≤ b and c ≤ d ⇐⇒ a + c ≤ b + d

discussed in the introduction to this chapter. From the convexity of U , we know
that λx1 + (1 − λ)x2 ∈ U for λ ∈ [0, 1]. Consequently, the inequalities (6.12) and
(6.13) imply that

λ(ξ1, η1) + (1 − λ)(ξ2, η2) ∈ C1

corresponding to the point

λx1 + (1 − λ)x2 ∈ U .

In a like manner, if (ξ1, η1) and (ξ2, η2) are contained in C2, it follows that

λξ1 + (1 − λ)ξ2 ≤ λµ + (1 − λ)µ = µ

λη1 + (1 − λ)η2 ≤ λ · 0 + (1 − λ) · 0 = 0.

Taken together, these last two inequalities imply that

(ξ1, η1), (ξ2, η2) ∈ C2 =⇒ λ(ξ1, η1) + (1 − λ)(ξ2, η2) ∈ C2.

Sets C1 and C2 are not only convex, but C1 also contains no interior points of C2.
If the point (ξ, η) ∈ int(C2), then by definition we have

ξ < µ (6.14)
η < 0. (6.15)

In the latter case, the condition that η < 0 is equivalent to

0 − η ∈ int(P )
η ∈ int(−P ).

On the other hand, if the point (ξ, η) ∈ C1, then there is some x̂ ∈ U such that

ξ ≥ f(x̂) and η ≥ g(x̂). (6.16)

Thus we have, by combining inequalities (6.15), (6.14) and (6.16), that there is
some x̂ ∈ U such that

0 > η ≥ g(x̂)

and
ξ ≥ f(x̂) ≥ inf {f(x) : g(x) ≤ 0, x ∈ U} = µ.

But this inequality contradicts the fact that (ξ, η) ∈ int(C2) as characterized in
(6.14), and we conclude that C1

⋂
int(C2) = ∅. In addition, it is not difficult to

argue that the set C2 contains an interior point. By definition,

(ξ, η) ∈ int(C2)

if and only if
ξ < µ and η < 0.
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Since f is proper, µ is finite. By hypothesis the positive cone P contains an interior
point. It follows, therefore, that the set C2 contains an interior point. By Eidelheit’s
separation theorem, a variant of the Hahn-Banach theorem, for all (ξ1, η1) ∈ C1

and (ξ2, η2) ∈ C2, there exists a linear functional (α, β∗) ∈ R × Y ∗ such that

α(ξ1 − ξ2) + 〈β∗, η1 − η2〉Y ∗×Y ≥ 0. (6.17)

We claim that, in fact, we have

α ≥ 0, β∗ ≥ 0.

Recall that
µ = inf {f(x) : g(x) ≤ 0, x ∈ U ⊆ X} .

By the definition of the infimum, there is a sequence {xk}k∈N
⊂ U such that

f(xk) → µ, f(xk) ≥ µ, k → ∞
g(xk) ≤ 0 ∀k ∈ N.

Then the sequence {(f(xk), 0)}k∈N
⊂ C1 and (µ, 0) ∈ C2. Substituting these values

in the separation inequality (6.17), we obtain

α (f(xk) − µ)︸ ︷︷ ︸
≥0

≥ 0

and consequently α ≥ 0. In addition, for any (f(xk), 0) ∈ C1 and (ξ, η) ∈ C2, we
have

α(f(xk) − ξ) + 〈β∗, 0 − η〉Y ∗×Y ≥ 0.

By the definition of C2,
η ≤ 0

which is equivalent to
−η ∈ P.

By the definition of the positive cone,

(−η) ∈ P ⇐⇒ n(−η) ∈ P

for every positive integer n ∈ N. When we evaluate the separation inequality at
−nη ∈ P , we obtain

〈β∗,−nη〉Y ∗×Y ≥ −α(f(xk) − ξ)

or

〈β∗,−η〉Y ∗×Y ≥ −α

n
(f(xk) − ξ)

〈β∗,−η〉Y ∗×Y ≥ −O

(
1
n

)
→ 0

which approaches zero as n → ∞. Since η ∈ −P , we have −η ∈ P and, therefore,

β∗ ∈ P ∗ ⇐⇒ β∗ ≥ 0. �
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As in the last section, the key property employed to establish the existence
of the Lagrange multipliers has been the convexity of f , g and the constraint set
U . Again, the conclusion of this theorem is not very strong in the degenerate case
when α ≡ 0. The generalization of the Slater condition to the current framework
is straightforward, and guarantees that the Lagrange multipliers are regular.

Theorem 6.5.2. Let f : X → R and g : X → Y be proper convex functions defined
on the convex set U ⊂ X. Let P be a positive cone in Y that contains an interior
point. Suppose that the function g satisfies the Slater condition

g(x) < 0

for some x ∈ U . Then there exists a λ∗
0 ≥ 0 such that

µ ≤ f(x) + 〈λ∗
0, g(x)〉Y ∗×Y

for all x ∈ U . Moreover,

µ = inf {f(x) + 〈λ∗
0, g(x)〉Y ∗×Y : x ∈ U} .

Proof. From the last theorem, we know that there exists a pair (α, β∗) ∈ R × Y ∗

such that
α(ξ1 − ξ2) + 〈β∗, η1 − η2〉Y ∗×Y ≥ 0

for all (ξ1, η1) ∈ C1 and (ξ2, η2) ∈ C2, where α ≥ 0 and β∗ ≥ 0. Since (µ, 0) ∈ C2,
we have in particular that

α(ξ1 − µ) + 〈β∗, η1〉Y ∗×Y ≥ 0

for all (ξ1, η1) ∈ C1. Suppose that α ≡ 0, which is the degenerate case. Then,

〈β∗, η1〉Y ∗×Y ≥ 0

for all η1 such that
η1 ≥ g(x)

for some x ∈ U . For the choice x = x defined in Slater condition, we consider
η1 = g(x) and obtain

〈β∗, g(x)〉Y ∗×Y ≥ 0.

Since β∗ ≥ 0, this contradicts the hypothesis that g(x) < 0, i.e.,

〈β∗, g(x)〉Y ∗×Y < 0.

We conclude that α > 0. Since α > 0, there exists a λ∗
0 ≥ 0

λ∗
0 =

1
α

β∗

such that
µ ≤ ξ1 + 〈λ∗

0, η1〉Y ∗×Y
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for all (ξ1, η1) ∈ C1. Clearly, we have

µ ≤ inf {ξ + 〈λ∗
0, η〉Y ∗×Y : (ξ, η) ∈ C1}

≤ {ξ + 〈λ∗
0, η〉Y ∗×Y : (ξ, η) = (f(x), g(x)), x ∈ U}

= inf {f(x) + 〈λ∗
0, g(x)〉Y ∗×Y : x ∈ U} .

However, since 〈λ∗
0, g(x)〉Y ∗×Y ≤ 0 then

inf {f(x) + 〈λ∗
0, g(x)〉Y ∗×Y : x ∈ U} ≤ inf {f(x) : x ∈ U}

≤ inf {f(x) : g(x) ≤ 0, x ∈ U}
= µ.

As a result of the last two inequalities, we obtain

µ = inf {f(x) + 〈λ∗
0, g(x)〉Y ∗×Y : x ∈ U} . �

As in the case when we studied functionals defined in terms of real variables,
the current case can also be cast in terms of a Lagrange functional

L : X × Y ∗ → R

L(x, λ∗)
�
= f(x) + 〈λ∗, g(x)〉Y ∗×Y .

Theorem 6.5.3. Let f : X → R and g : X → Y be proper convex functions defined
on the convex set U ⊂ X. Let P be a positive cone in Y that contains an interior
point. Suppose that the function g satisfies the Slater condition

g(x) < 0

for some x ∈ U . If there is an x0 ∈ U such that

f(x0) = µ = inf {f(x) : g(x) ≤ 0, x ∈ U ⊂ X}
and

g(x0) ≤ 0

then there is a λ∗
0 ≥ 0 such that

〈λ∗
0, g(x0)〉Y ∗×Y = 0

and
L(x0, λ

∗) ≤ L(x0, λ
∗
0) ≤ L(x, λ∗

0)

for all x ∈ U and λ∗ ∈ Y ∗.

Proof. From the last theorem, there is a λ∗
0 ≥ 0 such that

µ ≤ f(x) + 〈λ∗
0, g(x)〉Y ∗×Y
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for all x ∈ U . Since x0 is the point at which f attains the infimum

f(x0) = µ ≤ f(x0) + 〈λ∗
0, g(x0)〉Y ∗×Y

we obtain
0 ≤ 〈λ∗

0, g(x0)〉Y ∗×Y .

Since λ∗
0 ≥ 0 and g(x0) ≤ 0, we have

〈λ∗
0, g(x0)〉Y ∗×Y ≤ 0.

Taken together, these inequalities imply that

〈λ∗
0, g(x0)〉Y ∗×Y = 0.

Finally, we can directly compute

L(x0, λ
∗) = f(x0) + 〈λ∗, g(x0)〉Y ∗×Y︸ ︷︷ ︸

≤0

≤ f(x0) + 〈λ∗
0, g(x0)〉Y ∗×Y︸ ︷︷ ︸

=0

= L(x0, λ
∗
0).

Likewise, we have

µ = f(x0) + 〈λ∗
0, g(x0)〉Y ∗×Y︸ ︷︷ ︸

=0

≤ f(x) + 〈λ∗
0, g(x)〉Y ∗×Y

= L(x, λ∗
0).

Combining these inequalities, we have

L(x0, λ
∗) ≤ L(x0, λ

∗
0) ≤ L(x, λ∗

0)

for all x ∈ dom(f) ∩ dom(g), and the theorem is proved. �

6.6 Gateaux Differentiable Functionals on
Ordered Vector Spaces

In this section we consider problems that have a structure quite similar to that
considered in Section 6.4. Suppose f : U ⊆ X → R and g : U ⊆ X → Y , where
X and Y are normed vector spaces and U is a convex subset of X . We study the
optimization problem in which we seek x0 ∈ U ⊆ X such that

f(x0) = inf{f(x) : g(x) ≤ 0, x ∈ U}
and

g(x0) ≤ 0.
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The function g embodies the constraints on the optimization problem, and the
normed vector space Y contains a cone P , that induces an ordering of Y . Hence,
expressions like

g(x) ≤ 0

are understood in the sense discussed in Section 6.4.1. That is, if y1, y2 ∈ Y ,

y2 ≥ y1 ⇐⇒ y2 − y1 ∈ P.

Up to this point, we have not focussed on techniques to characterize the
minimizers of such problems. The following theorem is prototypical of multiplier
methods that do characterize these solutions.

Theorem 6.6.1. Suppose that U is convex, f : X → R is Gateaux differentiable,
g : X → Y is Gateaux differentiable, and P has nonempty interior. Then every
solution x0 to the minimization problem satisfies(

Df(x0)
)′ ◦ λ0 +

(
Dg(x0)

)′ ◦ λ1 ∈ −NU(x0) (6.18)

〈λ1, g(x0)〉Y ∗×Y = 0 (6.19)

λ0 + ‖λ1‖Y ∗ > 0 (6.20)

for some λ0 ∈ R and λ1 ∈ Y ∗ such that λ0 ≥ 0 and λ1 ≥ 0, where the normal
cone is defined by

NU (x0) = {ξ ∈ X∗ : 〈ξ, x0 − x〉X∗×X ≥ 0 ∀x ∈ U}.

Proof. Before proving the above assertion, let us carefully interpret each term
comprising Equations (6.18), (6.19) and (6.20). Since f : X → R, the Gateaux
differential of f is just

Df(x0, v) = lim
ε→0

f(x0 + εv) − f(x0)
ε

∀v ∈ X

so that
〈Df(x0), v〉X∗×X = Df(x0, v) ∀v ∈ X

and, consequently Df(x0) ∈ X∗. Similarly, g : X → Y , the Gateaux differential is
given by

Dg(x0, v) = lim
ε→0

g(x0 + εv) − g(x0)
ε

∀v ∈ X.

We can rewrite these Gateaux derivatives

Df(x0) ◦ v = Df(x0, v) and Dg(x0) ◦ v = Dg(x0, v)

where Df(x0) ∈ L(X, R) and Dg(x0) ∈ L(X, Y ).
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We can define the transpose of these operators in the usual way. Recall that
the transpose A′ of the linear operator A ∈ L(X, Y ) satisfies

〈y∗, Ax〉Y ∗×Y = 〈A′y∗, x〉X∗×X

A′ : Y ∗ → X∗.

Therefore, we have (
Df(x0)

)′ : R → X∗

〈α, Df(x0) ◦ v〉R∗×R = 〈(Df(x0)
)′ ◦ α, v〉X∗×X

and (
Dg(x0)

)′ : Y ∗ → X∗

〈y∗, Dg(x0) ◦ v〉Y ∗×Y = 〈(Dg(x0)
)′ ◦ y∗, v〉X∗×X .

Now, we review the compositions that appear in Equation (6.18). Since we have

−[(Df(x0)
)′ ◦ λ0 +

(
Dg(x0)

)′ ◦ λ1

] ∈ NU (x0)

the definition of the normal cone yields

−〈(Df(x0)
)′ ◦ λ0 +

(
Dg(x0)

)′ ◦ λ1, x0 − x〉X∗×X ≥ 0 ∀x ∈ U .

By linearity, we have

〈(Df(x0)
)′ ◦λ0, x−x0〉X∗×X +〈(Dg(x0)

)′◦λ1, x−x0〉X∗×X ≥ 0 ∀x ∈ U . (6.21)

Moreover, for any arbitrary bounded linear operator A that is written as the
product of two other bounded linear operators B and C

A = BC (6.22)

the transpose operator is given by

A′ = C′B′. (6.23)

The equivalent representation for the Equation (6.18) is a consequence of Equa-
tions (6.21)–(6.23):

〈λ0, Df(x0) ◦ (x − x0)〉R∗×R + 〈λ1, Dg(x0) ◦ (x − x0)〉Y ∗×Y ≥ 0. (6.24)

We conclude that the theorem follows if we can establish that Equations (6.24),
(6.19) and (6.20) hold.

It is straightforward to establish that the following two subsets of R × Y

C1
�
= {(ξ, η) ∈ R × Y : ξ ≥ Df(x0) ◦ (x − x0),

η ≥ g(x0) + Dg(x0) ◦ (x − x0), for some x ∈ U}
C2

�
= {(ξ, η) ∈ R × Y : ξ ≤ 0, η ≤ 0}
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are non-empty and convex. We show that C1∩int(C2) = ∅. Assume to the contrary
that ∃(ξ, η) ∈ C1 ∩ int(C2). This fact implies that there is some x̃ ∈ U such that

Df(x0) ◦ (x̃ − x0) < 0

g(x0) + Dg(x0) ◦ (x̃ − x0) < 0. (6.25)

By the definition of the Gateaux derivative, we can write

Df(x0) ◦ (x̃ − x0) = lim
ε→0

f
(
x0 + ε(x̃ − x0)

)− f(x0)
ε

< 0.

Since this limit exists, it follows that ∃ε > 0 such that

f
(
x0 + ε(x̃ − x0)

)− f(x0) < 0.

The inequality (6.25) implies that

0 − (g(x0) + Dg(x0) ◦ (x̃ − x0)) ∈ int(P ).

By the definition of the interior of a set, there is an open ball centered at

Br(g(x0) + Dg(x0) ◦ (x̃ − x0)) ∈ −P

for some r > 0. Since P is a cone, the dilation of this ball by a factor 0 < γ < 1 is
likewise contained in −P

γ
[Br(g(x0) + Dg(x0) ◦ (x̃ − x0))

] ∈ −P.

Since −P is convex and g(x0) ≤ 0, i.e., g(x0) ∈ −P ,

γ(g(x0) + Dg(x0) ◦ (x̃ − x0)) + (1 − γ)g(x0) ∈ −P.

Simplifying, we have

g(x0) + γDg(x0) ◦ (x̃ − x0) ∈ −P.

But this point can be selected arbitrarily close to g(x0 + γ(x̃ − x0)) since

‖g(x0 + γ(x̃ − x0)) − (g(x0) + γDg(x0) ◦ (x̃ − x0))‖Y

= γ

∥∥∥∥g(x0 + γ(x̃ − x0)) − g(x0)
γ

− Dg(x0) ◦ (x̃ − x0)
∥∥∥∥

Y

→ 0

as γ → 0. Consequently, we can choose γ small enough so that g(x0 +γ(x̃−x0)) ∈
−P . In summary, we have shown that

f(x0 + γ(x̃ − x0)) < f(x0)

g(x0 + γ(x̃ − x0)) ≤ 0.
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It means that point x0 + γ(x̃ − x0) is feasible and yields a value of f less than
f(x0). This fact violates the optimality of x0, and it follows that

C1 ∩ int(C2) = ∅.
The sets C1 and C2 are convex and C1 does not meet the interior of C2. By
Eidelheit’s separation theorem [17, p. 133, Theorem 3] there is a closed hyperplane
separating C1 and C2. The sets C1 and C2 are subsets of R×Y , so the hyperplane
can be represented by a pair of functionals (λ0, λ1)

(λ0, λ1) ∈ (R × Y )∗ = R × Y ∗.

Since (λ0, λ1) separates C1 and C2, we have, in particular

(λ0, λ1) ◦ (ξ, η) ≥ c ∀(ξ, η) ∈ C1

(λ0, λ1) ◦ (ξ, η) ≤ c ∀(ξ, η) ∈ C2

for some constant c. In other words,

λ0ξ + 〈λ1, η〉Y ∗×Y ≥ c ∀(ξ, η) ∈ C1

λ0ξ + 〈λ1, η〉Y ∗×Y ≤ c ∀(ξ, η) ∈ C2.
(6.26)

In fact, (0, 0) ∈ C1 ∩ C2, and we conclude that c ≡ 0. From the second relation of
(6.26), for any (ξ, 0) ∈ C2, we obtain

λ0 ξ ≤ 0

but since ξ ≤ 0, we have
λ0 ≥ 0.

Similarly, for any (0, η) ∈ C2

〈λ1, η〉Y ∗×Y ≤ 0,

where, by the definition of C2, η ≤ 0. Consequently,

λ1 ≥ 0.

From the first relation of (6.26) and the definition of the set C1 , we obtain

λ0 Df(x0) ◦ (x − x0) + 〈λ1, g(x0) + Dg(x0) ◦ (x − x0)〉Y ∗×Y ≥ 0. (6.27)

for all x ∈ U . For the choice x = x0,

〈λ1, g(x0)〉Y ∗×Y ≥ 0. (6.28)

Relations λ1 ≥ 0 and g(x0) ≤ 0 imply that λ1 ∈ P ∗ and g(x0) ∈ −P . Hence, we
have

−〈λ1, g(x0)〉Y ∗×Y ≥ 0. (6.29)
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From Equations (6.28) and (6.29), we obtain

〈λ1, g(x0)〉Y ∗×Y = 0

and Equation (6.27) becomes

λ0 Df(x0) ◦ (x − x0) + 〈λ1, Dg(x0) ◦ (x − x0)〉Y ∗×Y ≥ 0

〈(Df(x0)
)′ ◦ λ0, (x − x0)〉X∗×X + 〈(Dg(x0)

)′ ◦ λ1, (x − x0)〉X∗×X ≥ 0

for all x ∈ U . Consequently, we have shown that Equations (6.18) and (6.19)
hold. But since (λ0, λ1) �= (0, 0) in construction of the separating hyperplane, the
relations λ0 ≥ 0 implies inequality (6.20) and the proof is complete. �



Chapter 7

Lower Semicontinuous Functionals

Several important results, including the Weierstrass Theorem, may be established
under weaker conditions than functional continuity. One such condition is known
as lower semicontinuity, which has several equivalent definitions.

Definition 7.0.1. Let (X, τ) be topological space and let f : X → R. The functional
f is lower semicontinuous at x0 if the inverse image of every half-open set of the
form (r,∞), with f(x0) ∈ (r,∞) contains an open set U ⊆ X that contains x0.
That is,

f(x0) ∈ (r,∞) =⇒ ∃U ∈ τ : x0 ∈ U ⊆ f−1(r,∞)

As in the case of continuity, a function f is lower semicontinuous on a topological
space X if it is lower semicontinuous at each point in X .

7.1 Characterization of Lower Semicontinuity

The next theorem establishes some alternative characterizations of lower semicon-
tinuity.

Theorem 7.1.1. Let (X, τ) be a topological space and let f : X → R. The following
are equivalent:

(i) The functional f is lower semicontinuous on X,
(ii) the inverse image of every half-open set of the form (r,∞) is an open set in

X, and
(iii) the inverse image of every half-closed set of the form (−∞, r] is a closed set

in X.

As a first step, let us define a version of the definition of lower semicontin-
uous functionals that is more appropriate for applications. Many applications are
formulated in spaces with considerably more structure than a general topological
space. The following proposition, couched in terms of a metric space, will suffice
for a wide class of applications.
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Proposition 7.1.1. Let (X, d) be a metric space. A functional f : X → R is lower
semicontinuous at a point x0 ∈ X if

f(x0) ≤ lim inf
x→x0

f(x).

Proof. Suppose f is lower semicontinuous at x0 ∈ X . By definition, we know that

lim inf
x→x0

f(x) ≡ sup
r>0

inf
x∈B(x0,r)

f(x).

Now, from our earlier definition of lower semicontinuity, for each ε > 0, there exists
r(ε) such that

f(x0) − ε < f(x) for all x ∈ B(x0, r(ε))

or,
f(x0) < ε + inf

x∈B(x0,r(ε))
f(x).

This implies that
f(x0) ≤ sup

r>0
inf

x∈B(x0,r)
f(x).

On the other hand, suppose that

f(x0) ≤ sup
r>0

inf
x∈B(x0,r)

f(x).

Suppose to the contrary that f is not lower semicontinuous at x0. This means that
for every t < f(x0) and for every r > 0, there is a x̃ ∈ B(x0, r) such that

f(x̃) < t.

For every r > 0, we can conclude that

inf
x∈B(x0,r)

f(x) < t.

Hence, we have
t < f(x0) ≤ sup

r>0
inf

x∈B(x0,r)
f(x) < t

which is a contradiction. �

We can obtain a practical result that shows that lower semicontinuity of a
functional on a metric space is in fact equivalent to sequential lower semicontinuity
of the functional. This is not true on a general topological space.

Proposition 7.1.2. Let (X, d) be a metric space. A functional f : X → R is sequen-
tially lower semicontinuous at x0 ∈ X if

f(x0) ≤ lim inf
k

f(xk)

for any sequence {xk}k∈N such that xk → x0 in metric.
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Theorem 7.1.2. Let (X, d) be a metric space. A functional f : X → R is lower semi-
continuous at x0 ∈ X if and only if f is sequentially lower semicontinuous at x0.

Thus, we see that on a metric space, we can characterize lower semicontinuous
functionals by their behavior on convergent sequences. Now we show that a lower
semicontinuous functional has a simple geometric interpretation. A lower semicon-
tinuous function can be visualized in terms of its epigraph.

Theorem 7.1.3. Let (X, d) be a metric space, and suppose that f : X → R. The
functional f is lower semicontinuous if and only if epi(f) is closed.

Figure 7.1: A function that is lower semicontinuous at x0 but not lower semicon-
tinuous at x1.

Proof. Suppose that f is lower semicontinuous. Let {(xk, ξk)}k∈N
⊆ epi(f), and

that (xk, ξk) → (x0, ξ0) ∈ X × R. By the definition of the epigraph, we know that

f(xk) ≤ ξk ∀ k ∈ N.

In particular, because {xk} converges to x0, we can write

f(x0) ≤ lim inf
k

f(xk) ≤ lim inf
k

ξk = lim
k

ξk = ξ0

since f is lower semicontinuous. This just means that f(x0) ≤ ξ0, and that
(x0, ξ0) ∈ epi(f). On the other hand, suppose that the epi(f) is closed. That
is, if {(xk, ξk)}k∈N

⊆ epi(f), then

(xk, ξk) → (x0, ξ0) in X × R

implies that (x0, ξ0) ∈ epi(f). Consider any sequence such that

xj → x0 ∈ X.

Clearly, {(xj , f(xj))}j∈N
is contained in epi(f). Since the epigraph is closed, we

can write
(xj , f(xj)) → (x0, ξ) ∈ epi(f).
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But now we get the required result

f(x0) ≤ ξ = lim
j

f(xj) = lim inf
j

f(xj). �

The graphical interpretation of this theorem is depicted in Figure 7.1. When
the epigraph of f is closed, f makes no “jumps up” in its graph.

7.2 Lower Semicontinuous Functionals and Convexity

7.2.1 Banach Theorem for Lower Semicontinuous Functionals

We will show that convex lower semicontinuous functionals can always be mi-
norized by affine functionals. This result is important for developing an intuition
regarding the global behavior of lower semicontinuous functionals, as well as pro-
viding an important result for set-valued characterizations of differentiability.

Theorem 7.2.1 (Hahn-Banach Theorem for Lower Semicontinuous Functionals).
Let X be a normed vector space and suppose that the functional f : X → R is
proper, convex and lower semicontinuous. Then f is bounded below by an affine
functional.

Recall that a functional is proper if it never takes the value −∞ and there is
at least one point at which the functional is finite. The proof of this theorem relies
on several fundamental results that guarantee the separation of convex sets in
normed vector spaces. The foundation of this proof is the Hahn-Banach theorem,
one of the cornerstones of functional analysis. To prepare for the proof of this
theorem, we will require the definition of hyperplane.

Definition 7.2.1. A hyperplane H contained in a normed vector space X is the
inverse image of a real number α under a given linear functional x∗ ∈ X∗. In
other words,

H = {x ∈ X : < x∗, x >X∗×X= α} .

A hyperplane H is necessarily closed, because the inverse image of a closed set
in the range of a continuous linear mapping is a closed set in the domain. A
hyperplane has many uses, in particular, providing a notion of separation in a
normed vector space.

Definition 7.2.2. If H is a hyperplane defined on the normed vector space X, the
open upper half-space is defined to be

H+ = {x ∈ X : < x∗, x >X∗×X> α} .

The open lower half-space is defined in an analogous manner:

Definition 7.2.3. If H is a hyperplane defined on the normed vector space X, the
open lower half-space is defined to be

H− = {x ∈ X : < x∗, x >X∗×X< α} .
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With the definition of the upper and lower half-spaces, we can define the notion
of separation of sets in a normed vector space.

Definition 7.2.4. A hyperplane H strictly separates two sets A, B ⊆ X if

A ⊆ H+ and B ⊆ H−.

In Chapter 2, we introduced the Hahn-Banach theorem and showed that it
could be used to provide a rich collection of bounded linear functionals on normed
vector spaces. These functionals were obtained via extension of functionals defined
on subspaces. Sometimes, the version of the Hahn-Banach theorem discussed in
Chapter 2 is referred to as the “extension version” of the Hahn-Banach theorem.
It turns out that there are many forms of the Hahn-Banach theorem, and many
of them are expressed in terms of separation of sets. The following theorem is one
of the “separation versions” of the Hahn-Banach theorem.

Theorem 7.2.2. Suppose that A and B are disjoint, convex subsets of a normed
vector space X, where A is compact and B is closed. Then there is a hyperplane
that strictly separates A and B.

Now we can return to the proof of Theorem 7.2.1.

Proof. Choose some value t ∈ R such that

t < f(x0)

for some x0 ∈ X . Since f is proper, we know that some such x0 exists. The set
{x0, t} is a compact, convex subset of X × R, and it is disjoint from the epigraph
of f . Since f is lower semicontinuous and convex, its epigraph epi(f) is closed and
convex. By the Hahn-Banach Theorem 7.2.2, there is a functional g ∈ (X × R)∗

such that

〈g, (x0, t)〉(X×R)∗×(X×R) < α < 〈g, (x, s)〉(X×R)∗×(X×R)

for all (x, s) ∈ epi(f). Because (X × R)∗ = X∗ × R, each g ∈ (X × R)∗ can be
written as

g = (x∗, τ)

where x∗ ∈ X∗ and τ ∈ R. In this case, the statement of separation can be written
as

〈x∗, x0〉X∗×X + τt < α < 〈x∗, x〉X∗×X + τs ∀ (x, s) ∈ epi(f).

Since
(
x0, f(x0)

) ∈ epi(f), the last inequality is reduced to

〈x∗, x0〉X∗×X + τt < α < 〈x∗, x0〉X∗×X + τf(x0)

which implies that
0 < τ (f(x0) − t)︸ ︷︷ ︸

>0

.
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Consequently, we have τ > 0. Finally,

α

τ
− 1

τ
〈x∗, x〉X∗×X < s ∀ (x, s) ∈ epi(f).

But since
(
x, f(x)

) ∈ epi(f), the last inequality means that the convex lower
semicontinuous functional f is minorized by an affine functional

α

τ
− 1

τ
〈x∗, x〉X∗×X < f(x). �

7.2.2 Gateaux Differentiability

In our consideration of the relationship of convexity, differentiability and lower
semicontinuity, we show that Gateaux differentiability is also useful in proving
that a functional is weakly sequentially lower semicontinuous.

Theorem 7.2.3. Suppose X is a separable, reflexive Banach space and that f :
M ⊆ X → R is Gateaux differentiable over the closed, convex set M . Then if f is
convex, f is weakly sequentially lower semicontinuous.

Proof. Consider x, y ∈ M . By the convexity of f , we can write

αf(x) + (1 − α)f(y) ≥ f(αx + (1 − α)y)

f(x) − f(y) ≥ 1
α
{f(y + α(x − y)) − f(y)} ∀x, y ∈ M

f(x) − f(y) ≥ 〈Df(y), x − y〉X∗×X ∀x, y ∈ M.

Now choose any sequence such that xn → x weakly in X . We can write

f(xn) − f(y) ≥ 〈Df(y), xn − y〉X∗×X ∀ y ∈ M ∀n ∈ N

lim inf
n

(f(xn) − f(y)) ≥ lim inf
n

〈Df(y), xn − y〉X∗×X ∀ y ∈ M

= lim
n
〈Df(y), xn − y〉X∗×X ∀ y ∈ M.

If we choose y = x in the above expression, we obtain

lim inf
n

(
f(xn) − f(x)

) ≥ lim
n
〈Df(x), xn − x〉X∗×X = 0.

But this means that
f(x) ≤ lim inf

n
f(xn). �

7.2.3 Lower Semicontinuity in Weak Topologies

If we can show that a functional is convex, we can choose the weak or strong
topology to study lower semicontinuity. In the following theorem, we are able
to state conditions under which lower semicontinuity and lower semicontinuity
in the weak topology are established. Interestingly enough, these two notions of
semicontinuity can both be shown to hold if the functional f is convex.
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Definition 7.2.5. Let (X, τ) be a topological space. A functional f : X → R is
τ-lower semicontinuous on X if and only if epi(f) is τ-closed in the vector space
X × R.

We renew a well-known relationship between weak and strong closures at convex
sets.

Theorem 7.2.4 (Mazur’s Theorem). A convex subset of a Banach space is strongly
closed if and only if it is weakly closed.

Theorem 7.2.5. Suppose that X is a Banach space and f : X → R is convex. Then
f is lower semicontinuous in the strong topology on X if and only if f is lower
semicontinuous in the weak topology on X.

Proof. Recall, that if epi(f) is lower semicontinuous in the strong topology on X ,
epi(f) is strongly closed. Since f is convex, epi(f) is also convex. But a convex
set is strongly closed in a Banach space if and only if it is weakly closed. Hence,
epi(f) is closed in the weak topology in X , and therefore lower semicontinuous in
the weak topology on X . �

Now in many applications, it is not the case that the functional of interest
is defined on the entire space X . Generally, the domain of definition of f will
be subject to constraints. If the constraint set is closed and convex, however, the
conclusions of the preceding theorem still hold true.

Theorem 7.2.6. Suppose that X is a Banach space, f : M ⊆ X → R is convex,
and M is closed and convex. Then f is strongly lower semicontinuous if and only
if f is weakly lower semicontinuous.

Proof. Recall that a function is τ -lower semicontinuous if and only if all of its lower
sections Mr = {x ∈ M : f(x) ≤ r} are τ -closed for all r ∈ R. Consequently, if f is
strongly lower semicontinuous, then Mr is strongly closed in X . Since f is convex,
Mr is convex for each r ∈ R. Indeed, suppose that x, y ∈ Mr. By the convexity of
f and f(x) and f(y) boundedness above by r when x, y ∈ Mr, we have

f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y) ≤ αr + (1 − α)r = r.

Note that αx+(1−α)y ∈ M since M is convex. Hence, Mr is convex and strongly
closed, and therefore, by Mazur’s Theorem 7.2.4, Mr is weakly closed. But this
means that f is weakly lower semicontinuous. �

Now, to summarize the development thus far, we have shown that:
• concise existence results for minimization problems are available for lower

semicontinuous functionals,
• lower semicontinuous functionals have a simple geometric interpretation in

terms of the epigraph, and
• convexity widens the class of topologies for which lower semicontinuity can

be deduced.
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7.3 The Generalized Weierstrass Theorem

The greatest difficulty encountered in applying the conditions of sufficiency stated
in Theorem 5.3.2 is that nth-order Fréchet differentiability is a restrictive assump-
tion indeed. Moreover, the task of verifying that an nth-order Fréchet derivative
is bounded away from zero, or coercive, is a difficult task in itself. In this section,
and the next, we discuss how the assumptions on the functional f can be weak-
ened, so that we still can derive conditions that guarantee a solution of the original
minimization problem.

Now we can state the generalized Weierstrass Theorem, which forms the basis
of nearly all of the sufficiency conditions we employ in the remainder of this volume.
The generalized Weierstrass Theorem weakens the requirement of continuity, to
that of lower semicontinuity.

Theorem 7.3.1 (Generalized Weierstrass Theorem). Let (X, τ) be a compact topo-
logical space, and let f : X → R be a proper, lower semicontinuous functional.
Then there exists x0 ∈ X such that

f(x0) = inf
x∈X

f(x).

The proof of this theorem will closely follow the proof of the Weierstrass
Theorem.

Proof. Suppose that α = inf
x∈X

f(x). Consider the sequence of half-closed sets in the

range of f

Qk =
(
−∞, α +

1
k

]
∀ k ∈ N.

From this sequence of sets, we can construct a sequence of closed sets in the
domain X

Ck = {x ∈ X : f(x) ∈ Qk} ∀ k ∈ N.

By construction, this sequence of sets is nested

Ck+1 ⊆ Ck ∀ k ∈ N

and each Ck is compact, being a closed subset of a compact set. Following identical
reasoning as in the proof of Theorem 5.1.1, we conclude that

∃x0 ∈
∞⋂

k=1

Ck

and, therefore,
f(x0) = α = inf

x∈X
f(x). �
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Now, admittedly, the preceding discussions of continuity and lower semicon-
tinuity are expressed in somewhat abstract form. Checking to see if a functional to
be minimized “maps half-closed sets into half-closed sets” is not a task that would
be embraced enthusiastically by someone interested in a particular applications. In
the remainder of this section, we investigate lower semicontinuity in more detail,
and study its relation to convexity and differentiability.

7.3.1 Compactness in Weak Topologies

Up until this point we have emphasized that there are two key ingredients in The-
orem 7.3.1: the lower semicontinuity of the functional f and the compactness of
the underlying space. We have discussed the role of convexity in establishing lower
semicontinuity in either the strong or weak topologies. Thus, convexity provides
a practical means of establishing lower semicontinuity in many applications. In
this section, we discuss a framework for addressing the second primary hypothesis
of Theorem 7.3.1: compactness. As we recall from Chapter 2, several results are
available that describe conditions that ensure weak compactness in various sce-
narios. Alaouglu’s theorem is perhaps the most general and guarantees the weak∗

compactness of the closed unit ball of the topological dual space of a Banach space.

Theorem 7.3.2. The closed unit ball of the dual space of a Banach space is weakly∗

compact.

From this quite general result, it has been shown in Section 1.5 that alternative,
more applicable theorems may be derived. The following theorem is used frequently
throughout various applications in mechanics and optimal control.

Theorem 7.3.3. A bounded sequence in a reflexive Banach space contains a weakly
convergent subsequence.

This theorem follows from the previous one essentially because the weak and weak∗

topologies on the topological dual space of a Banach space coincide. Carefully note
that this theorem says that a bounded sequence of a reflexive Banach space is al-
most weakly sequentially compact. The weakly convergent subsequence guaranteed
by the theorem need not converge to an element of the bounded subset.

These two theorems allow us to construct what will be the foundation of the
most frequently used technique for employing Theorem 7.3.1 in practical applica-
tions. As a general philosophy, we

(i) seek to establish lower semicontinuity in the weak topology on X , and
(ii) seek to establish compactness in the weak topology on X .

From the foregoing comments, boundedness is nearly sufficient for weak sequential
compactness of a subsequence in a reflexive Banach space. Some care must be
taken as we proceed. In deriving the conditions that follow, it is important to
note that every weakly lower semicontinuous functional is automatically weakly
sequentially lower semicontinuous. This fact follows, for example, from Property
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(IV) in Theorem 7.1.1. It is not true in a general topological space, however,
that a sequentially lower semicontinuous functional is lower semicontinuous. The
equivalence of sequential lower semicontinuity and lower semicontinuity holds if
the topological space is first countable (has a countable base for the neighborhood
system at each point). See [19, Proposition 1.3, p. 9]. Similarly, every set that is
closed in the weak topology is weakly sequentially closed. This fact follows from
Theorem 1.2.8. However, it is not the case that every sequentially closed set is
a closed set in a general topological space. We can now write a version of the
generalized Weierstrass Theorem that is tailored to our approach.

Theorem 7.3.4. Let X be a reflexive Banach space, and let f : M ⊆ X → R be
weakly sequentially lower semicontinuous over the bounded and weakly sequentially
closed subset M . Then, ∃x0 ∈ M such that

f(x0) = inf
x∈M

f(x).

Proof. We first show that f is bounded below. Suppose to the contrary that there
is a sequence {xk}k∈N ⊆ M such that

f(xk) < −k.

Since M is bounded, there is a subsequence {xkj}j∈N such that

xkj → x

weakly in X . Because M is weakly sequentially closed, x ∈ M . By the weak
sequential lower semicontinuity of f

f(x) ≤ lim inf
j

f(xkj ) = −∞.

But this is a contradiction and f is bounded below. Let

α = inf
x∈M

f(x)

and suppose {xk}k∈N is a sequence contained in M such that

α = lim
k

f(xk).

Since M is bounded and weakly sequentially closed, there is a subsequence
{xkj}j∈N ⊆ M such that

xkj → x0 ∈ M

weakly in X . By the weak sequential lower semicontinuity of f , we can write

α ≤ f(x0) ≤ lim inf
j

f(xkj ) = lim
j

f(xkj ) = α

and the theorem is proved. �

To derive more applicable results, we would like to bring to bear all of the
tools we derived in Sections 6.2 and 7.2.2 that employ the relationship among
convexity, differentiability and lower semicontinuity.
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7.3.2 Bounded Constraint Sets

One direct result of Theorem 7.3.4 is the following theorem, that is applicable
when the constraint set is bounded.

Theorem 7.3.5. Let X be a reflexive Banach space and suppose that f : M ⊆ X →
R is weakly sequentially lower semicontinuous over the bounded, convex, closed
subset M . Then, ∃x0 ∈ X such that

f(x0) = inf
x∈M

f(x).

Proof. Since M is closed and convex, it is closed in the weak topology on X . It
is therefore weakly sequentially closed. The conclusion now follows from Theorem
7.3.4. �

If it happens that we can show that f is Gateaux differentiable, the fol-
lowing theorem provides several useful alternatives for directly showing that the
minimization problem has a solution.

Theorem 7.3.6. Let X be a reflexive Banach space and suppose that f : M ⊆ X →
R is Gateaux differentiable on the closed, convex and bounded subset M . If any of
the following three conditions holds true,

(i) f is convex over M ,
(ii) Df is monotone over M ,
(iii) D2f is positive over M ,
all three conditions hold, and ∃x0 ∈ X such that

f(x0) = inf
x∈M

f(x).

Proof. By Theorem 6.2.1 and Theorem 7.2.3, f is weakly sequentially lower semi-
continuous under any of the hypothesis (i) through (iii) above. The proof now
follows from Theorem 7.3.5. �

7.3.3 Unbounded Constraint Sets

In the preceding section, we saw that by considering bounded constraint sets, uti-
lizing convexity and by employing the weak topology on X , the minimization
problem of finding x0 ∈ M such that

f(x0) = inf
x∈M

f(x)

has a solution. For a surprisingly large class of problems, we can “bootstrap” this
argument to treat some unbounded constraint sets. The crucial additional property
we impose when the constraint set is not necessarily bounded is that the functional
f is coercive.
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Definition 7.3.1. Let X be a normed vector space and let

f : M ⊆ X → R.

The functional f is coercive over M if

‖x‖ → ∞ =⇒ |f(x)| → ∞
for all x ∈ M .

How we will exactly use this condition becomes clearer when we note that if f is
coercive and bounded over a set M , then the set M itself is bounded. For example,
if f is coercive, then for two constants c1 and c2, we have

|f(x)| ≤ c1 ∀x ∈ M =⇒ ‖x‖ ≤ c2 ∀x ∈ M.

We derive the following supporting proposition.

Proposition 7.3.1. Let X be a normed vector space, M be a closed subset of X,
and let f : M ⊆ X → R be coercive. Then ∃ z ∈ M and ∃R > 0 such that

inf
x∈M

f(x) = inf
{
f(x) : x ∈ M ∩ BR(z)

}
.

Proof. Pick any z ∈ M . We claim that there is an R > 0 such that the condition

‖x − z‖ > R implies |f(x)| ≥ |f(z)| (7.1)

for all x ∈ M . Suppose to the contrary that this is not the case. Then for every
R > 0 there is an xR ∈ M such that

‖xR − z‖ > R and |f(xR)| < |f(z)|.
But as R → ∞, we have

‖xR‖ + ‖z‖ ≥ ‖xR − z‖ > R

and therefore
‖xR‖ → ∞.

On the other hand,
|f(xR)| < |f(z)|

is a contradiction of the coercivity of f . The claim in Equation (7.1) follows. The
proposition now follows since

inf{f(x) : x ∈ M} = inf
{
f(x) : x ∈ (M ∩ BR(z)

) ∪ (M\BR(z)
)}

.

But since
f(z) ≤ inf{f(x) : x ∈ M\BR(z)}

we conclude that

inf{f(x) : x ∈ M} = inf{f(x) : x ∈ M ∩ BR(z)}. �
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Theorem 7.3.7. Let X be a reflexive Banach space, and let f : M ⊆ X → R be
coercive and weakly sequentially lower semicontinuous over the closed and convex
set M . Then ∃x0 ∈ X such that

f(x0) = inf
x∈M

f(x).

Proof. Based on Proposition 7.3.1, the proof of the theorem is straightforward. By
Proposition 7.3.1, we choose R > 0 and z ∈ M such that

inf
x∈M

f(x) = inf
x∈M∩BR(z)

f(x).

The ball BR(z) is closed, convex and bounded. Its intersection with M is like-
wise closed, convex and bounded in a reflexive Banach space. Thus, we can apply
Theorem 7.3.5. �

We can view this theorem as a prototypical minimization result for un-
bounded constraint sets. We can ensure that the hypotheses of this theorem are
satisfied by bringing to bear all of the tests for convexity, monotonicity of the first
Gateaux differential, and positivity of the second Gateaux differential discussed in
Sections 6.2 and 7.2.2.

Theorem 7.3.8. Let X be a reflexive Banach space and let f : M ⊆ X → R be
Gateaux differentiable and coercive on the nonempty, closed, convex set M . If one
of the following conditions hold,

(i) f is convex,
(ii) Df is monotone, or
(iii) D2f is positive,
then all of the conditions (i) through (iii) hold, and ∃x0 ∈ X such that

f(x0) = inf
x∈M

f(x).

Proof. The proof follows from noting that if f is convex and Gateaux differentiable,
then it is weakly sequentially lower semicontinuous by Theorem 7.2.3. In addition,
Theorem 6.2.1 notes that, under the hypotheses of this theorem, the convexity
of f in condition (i) is equivalent to the monotonicity of the first differential in
(ii) or the positivity of the second differential in (iii). The proof now follows from
Theorem 7.3.7. �

7.3.4 Constraint Sets on Ordered Vector Spaces

In this section we consider problems that have a structure quite similar to that
considered in Section 6.4. Suppose f : U ⊆ X → R and g : U ⊆ X → Y , where
X and Y are normed vector spaces and U is a convex subset of X . We study the
optimization problem in which we seek x0 ∈ U ⊆ X such that

f(x0) = inf{f(x) : g(x) ≤ 0, x ∈ U} (7.2)



218 Chapter 7. Lower Semicontinuous Functionals

and
g(x0) ≤ 0.

The normed vector space Y contains a cone P , that induces an ordering of Y .
Hence, expressions like

g(x) ≤ 0

are understood in the sense discussed in Section 6.4.1. That is, if y1, y2 ∈ Y

y2 ≥ y1 ⇐⇒ y2 − y1 ∈ P.

Section 6.5 has discussed several techniques by which the existence of a so-
lution to this optimization problem can be established. The following theorem is
but a slight generalization of those results to accommodate convex constraints.

Theorem 7.3.9. Suppose that

• Y is a normed vector space with a closed convex cone P ,
• f : X → R is weakly sequentially lower semicontinuous,
• g is weakly sequentially continuous,
• the optimization problem (7.2) is feasible, and
• U is weakly sequentially compact.

Then ∃x0 such that

f(x0) = inf{f(x) : g(x) ≤ 0, x ∈ U ⊆ X}

and
g(x0) ≤ 0.

Proof. The proof of this theorem follows closely the methodology employed in the
derivation of Theorem 7.3.7. The only significant difference is the form of the
constraint in the current theorem. By the definition of the infimum,

∃{xk}k∈N ⊆ U

such that
f(xk) → f(x0)

and
g(xk) ≤ 0 ∀ k ∈ N.

Since U is weakly sequentially compact, there is a subsequence

{xkj}j∈N ⊆ {xk}k∈N ⊆ U

such that
xkj → x0 weakly in X.
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Since U is weakly sequentially compact, it is weakly sequentially closed and x0 ∈ U .
By the weak sequential lower semicontinuity of f , we conclude

f(x0) ≤ lim inf
k

f(xk) = lim
k

f(xk)

and, consequently, obtain

f(x0) = inf{f(x) : g(x) ≤ 0, x ∈ U ⊆ X}.

It only remains to show that g(x0) ≤ 0. However, since g is weakly sequentially
continuous, we have

g(xkj ) → g(x0).

Because g(xkj ) ∈ P , and P is a weakly sequentially closed set, we conclude that
g(x0) ∈ P . �

The reader should note that numerous variants of this theorem are possible.
We can modify the hypotheses to guarantee weak sequential continuity and weak
sequential compactness. For example, the conclusions of the theorem hold if f is
Gateaux differentiable and convex.
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(k, α)-Hölder continuous function, 51

(k, α)-Hölderian domain, 120
BV space, 111

C space, 50, 111
C0 space, 50

Ck space, 51, 154
Ck-diffeomorphic mapping, 119

Ck,α Hölderian coordinate chart, 120
Ck,α class, 120

Hk space, 118, 122, 123
Hk

0 space, 122, 123

L1 norm, 131
L2 convergence, 9

L2 space, 9
Lp space, 111, 112, 117, 122, 131

W k,p space, 111, 118, 122, 133

〈·, ·〉X∗,X , 76
lim inf, 3

lim sup, 3
sup-norm, 90

σ-algebra, 53, 54, 89
lp space, 40, 43, 111

n-tuple, 114
dom(T ), 63

epi(f), 178
graph(f), 177

ker(T ), 76
range(T ), 63

Abelian group, 41

adjoint equations, 171
algebraic structure, 41

annihilator, 76

base for topology, 11, 12

countable, 12
local, 11, 12

bilinear form, 107
Bochner integrability, 130

bounded transformation, 146

boundedness, 27
total, 28

canonical injection, 81, 104
chain, 67
chain rule, 140
closure, 10, 11, 23
co-state equations, 171
coercivity, 106, 107, 216
compactness, 19, 20, 27, 121, 162, 213

relative, 82
weak, 112

sequential, 27
weak, 219

weak, 213
weak∗, 213

completeness, 23
completion, 122
cone, 177, 218

closed, 192, 218
convex, 189, 190
dual, 194
negative, 189
pointed, 189, 190
positive, 189
with vertex at the origin, 189

continuity, 15, 108, 162, 164
uniform, 94, 150
weak sequential, 219

convergence, 13, 15
net, 15
strong, 134
weak, 84, 112, 213

convex analysis, 175
convex hull, 177
convex optimization, 183
convex programming, 183, 193
convexity, 177, 180, 210, 211, 213
coordinate chart, 119

Ck-diffeomorphic, 119
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Ck,α Hölderian, 121
countable additivity, 53
countable union, 53
covering, 19

countable, 12
finite, 19, 31, 32
open, 12

derivative
classical, 116, 133
distributional, 114, 115, 117, 122
Fréchet, 139, 141, 144, 164, 166, 167,

170, 212
Gateaux, 137, 142, 145, 155, 164,

171, 181, 200
generalized, 52, 133
weak, 114, 133

differentiability, 137, 210, 213
Fréchet, 139, 212
Gateaux, 137, 210

differential
Fréchet, 143
Gateaux, 137, 143–146, 154, 155,

157, 158, 200
dilation, 175
direction, 15
distribution, 116
domain, 63

(k, α)-Hölderian, 120, 121
Ck-smooth, 119, 120, 123
Lipschitz, 119, 121

domain of definition, 211
duality, 76
duality pairing, 76, 104, 105, 108, 115,

134

embedding, 25, 121
canonical, 82
continuous, 104, 109, 132, 136

epigraph, 178, 207, 209, 211
closed, 207

convex, 209
strongly, 211

convex, 178
lower semicontinuous, 211

equation
Euler-Lagrange, 156
evolution, 126, 135

equi-integrability, 112

equicontinuity, 30, 32
uniform, 30

equivalence, 14
equivalence classes, 122
equivalence relation, 13, 14
evolution triple, 103
extension

by continuity, 134
canonical, 100
Friedrichs, 100
operator, 64, 65, 67, 78, 101, 105

bounded linear, 65
canonical, 64
linear, 65, 66
maximal, 101

self-adjoint, 100
extremization problem, 190

finite ε-net, 27, 28
Fourier approximant, 9
Fourier series, 8
function

µ-measurable, 53
additive set, 112
Banach space valued, 52, 126, 129,

135
bounded variation, 49
continuous, 5, 15–17, 46, 79, 90

Hölder, 51
Lipschitz, 51, 172
uniformly, 150

differentiable
classically, 51, 144, 145, 157, 164
continuously, 147–149, 151, 153
weakly, 111, 133

distance, 21, 39, 40
finitely-valued, 54, 126–130, 134
Hölder, 120
integrable, 56

Bochner, 129, 131
Lebesgue, 111, 130

linear
bounded, 91

Lipschitz, 120
lower semicontinuous, 211
measurable, 53, 55–58

Lebesgue, 52, 91
strongly, 129
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real-valued set, 89
simple, 54, 55
test, 114–116

functional, 65, 137
affine, 208, 210
coercive, 215–217
continuous, 94
convex, 177, 178, 180, 188, 208, 210,

211, 217, 219
differentiable

Fréchet, 140, 143, 147, 151–153,
171

Gateaux, 141, 143, 180, 199, 200,
215, 217, 219

extended, 177
implicit, 171
integral, 156
Lagrange, 156, 187, 188, 198
linear, 65, 67, 75, 80, 95, 196

bounded, 76, 92, 94, 95, 105
continuous, 115

lower semicontinuous, 205–208, 211,
212, 214
convex, 208–210
sequentially, 206, 214
strongly, 211
weakly, 211, 213
weakly sequentially, 210, 214,

215, 217, 218
positively homogeneous, 65
proper, 177, 208
quadratic, 154, 155
subadditive, 65

functions
equi-integrable, 113
equicontinuous, 30, 31, 33

uniformly, 30, 31, 33
uniformly bounded, 69, 130

Gelfand triple, 103–106, 133, 136
graph, 96, 178

closed, 96

Hölder exponent, 51
half-space

open lower, 208
open upper, 208

hyperplane, 177, 208
separating, 203, 204, 208, 209

inequality
Cauchy-Schwarz, 59, 155
Hölder’s, 35–40
Minkowski’s, 35, 37–41, 47, 48
Poincaré, 123, 124
triangle, 34, 39–41, 46, 48, 49, 108,

130
Young’s, 35

infimum, 3
inner product, 94, 104, 105, 118, 155
integral

Bochner, 126, 127, 129, 131, 133
Lebesgue, 54, 116

interior, 10, 11, 25
inverse image, 16, 126
isometric isomorphism, 90, 104
isometry, 24, 25, 81

linear, 95

Jacobian, 119, 145, 149
Jordan decomposition, 90

kernel, 76

Lagrange multiplier, 166, 167, 170,
187–189, 194, 197
degenerate case, 185, 197
regular, 185, 197

Lagrangian, 167, 170
Leibniz’s rule, 158
lemma

Fatou’s, 130
Zorn’s, 44, 45, 62, 65–67

limit inferior, 3
limit superior, 3
linear variety, 177
linearly independent elements, 44, 45
local extremum, 167, 169, 170
local minimum, 165

strict, 166
lower section, 211
lower semicontinuity, 205, 206, 210–214

sequential, 214
weak sequential, 214

mapping
(k, α)-Hölderian, 120
Ck-diffeomorphic, 119
bilinear, 106
classically differentiable, 119
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closed, 96
continuous, 16, 22, 119

inverse, 119
dual, 104
homeomorphic, 119
injective, 97
isometric, 84
linear and bijective, 97
Lipschitz, 120
open, 71, 97
surjective, 97

maximal element, 44, 62, 66, 67
measure

countably additive, 89
Lebesgue, 122
mutually singular, 90
signed, 88, 89

negative, 89
positive, 89

signed Borel, 90
metric, 45, 47

finite, 41
monotonicity, 217
multi-index, 114–116

neighborhood, 7–9
net, 15, 20, 79

cofinal, 20
convergent, 20

norm, 47, 59, 136
operator, 63
Sobolev, 123
weak, 84, 85

nullspace, 76, 100

operator
adjoint, 97, 98
bilinear, 107

coercive, 106
bounded, 96, 107

uniformly, 107
bounded inverse, 107
boundedly invertible, 106
closed, 95, 96, 99, 108
coercive, 107
continuous, 64

weakly sequentially, 218
densely defined, 96, 98

closed, 96

differentiable, 143
Fréchet, 143, 147, 153, 154, 167,

170, 172
Gateaux, 143, 172

dual, 76, 103
injective, 99, 103
integral, 146
linear, 63, 75, 76, 96, 99, 103

bounded, 64, 65, 69, 71, 75, 76,
95–98, 107, 144

closed, 95
continuous, 96
densely defined, 96

monotone, 101
maximal, 101

positive, 99, 102
self-adjoint, 99, 101

positive, 101
symmetric, 99
trace, 123
transpose, 76, 103, 201

optimal control, 171
optimality system equations, 171
ordering, 14, 189–191, 218

on vector space, 189
partial, 14, 62, 66
total, 14

orthogonal complement, 102
orthonormal collection

countable, 62
complete, 62

dense, 62

pairwise disjoint sets, 53, 89
partition, 48, 93
point

accumulation, 23, 46
cluster, 23
limit, 23
regular, 166–168

positivity, 166

range, 63, 76
reflexivity, 14, 82
relativization of topology, 84
resolvent, 96
restriction of operator, 64
Riesz map, 104
ring, 41
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scalar multiplication, 63
separability, 82
sequence

Cauchy, 23, 24, 29, 33, 46, 128, 130
convergent, 8, 21, 34, 45, 207

uniformly, 32
weak∗, 82
weakly, 84, 213

weakly sequentially compact, 213
set

Borel, 53, 54
bounded

totally, 27, 28, 30
closed, 10, 11, 20

bounded convex, 215

convex, 211, 215, 217
sequentially, 214
strongly, 211
weakly, 211
weakly sequentially, 214, 215

compact, 19, 20, 27, 31, 82, 149, 164
convex, 209
relatively, 29, 30, 33
sequentially, 28
weakly, 95

weakly relatively, 113
weakly sequentially, 112, 218
weakly∗, 213

constraint, 217
bounded, 215

unbounded, 215
convex, 175, 178, 211
countable, 57
countable dense, 11
dense, 10, 23, 32, 57

nowhere, 25, 26
directed, 15, 20
isometrically isomorphic, 90
meager, 26
measurable, 53, 55, 126

Lebesgue, 111, 113
open, 9, 10
ordered

partially, 14, 44, 45, 66
totally, 44, 45, 62, 66

precompact, 28–30, 34
proper, 123

set-valued analysis, xi

Slater condition, 185–187, 197, 198

Sobolev scale, 133

space

abstract, 6

algebraic dual, 75, 76

Banach, 46, 50–52, 65, 69, 88, 90,
96, 97, 103, 104, 113, 117, 127,
128, 131, 133, 211, 213

reflexive, 112, 180, 213–215, 217

separable reflexive, 132, 210

bidual, 80

Bochner differentiable functions, 111

Bochner integrable functions, 111

closed, 97

continuous functions, 154

dual, 75, 79, 82, 90, 213

embedded

continuously, 132

densely, 105

Hilbert, 58, 62, 94–96, 101, 104, 118,
155

inner product, 58

isomorphic, 62

Lebesgue integrable functions, 111

Lebesgue measurable functions, 52,
91

measurable, 53, 58, 89, 90

measure, 53–57, 126, 127, 129

metric, 21–24, 26–28, 30, 39, 40, 45,
46, 58, 206, 207

compact, 32–34, 90, 91

complete, 23–26, 29, 30, 46, 59

incomplete, 24

separable, 58

sequentially compact, 29

totally bounded, 29

metrizable, 115

normed, 45, 46, 64, 82

complete, 46

pivot, 104

real-valued functions, 131

Lebesgue integrable, 131

reflexive, 81, 84, 95

second dual, 80

separable normed linear, 82
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Sobolev, 52, 111, 113, 114, 117, 118,
121, 122, 135, 191

fractional order, 118

integer order, 117

topological, 5, 6, 9–11, 13, 15, 19,
45, 58, 79, 114, 205, 214

compact, 212

dual, 76, 80, 112, 115, 116, 135,
213

first countable, 12, 214

Hausdorff, 18, 19

linear, 141

metrizable, 23

non-metrizable, 23

second countable, 12

separable, 11, 57

vector, 41, 45, 48, 63, 64, 67, 81, 115

complete normed, 97

linear, 65, 177

normed, 45, 46, 48, 58, 64, 65, 76,
79, 81, 84, 95, 155, 208, 216

ordered, 188, 193, 199, 217

reflexive normed, 81, 84

separable normed, 84

spectrum, 96

subadditivity, 68

subnet, 20

supremum, 3, 48, 57

symmetry, 14

Taylor formula, 139

Taylor series, 165

theorem

Alaoglu’s, 82, 95, 213

Arzela-Ascoli, 33

Baire category, 25, 26, 69, 70

Banach-Schauder, 71

Closed Graph, 96

Eidelheit’s separation, 196, 203

Hahn-Banach, 44, 65, 69, 78, 92,
184, 194, 196, 208, 209

Lebesgue’s dominated convergence,
56, 131

Lindelhof’s, 12

Ljusternik’s, 167, 168

Mazur’s, 211

Open Mapping, 71, 97

Riesz’s representation, 91, 92, 94,
95, 98

Trace, 122
Uniform Boundedness, 69
Weierstrass, 161, 163, 164, 205, 212

generalized, 212, 214
theory

approximation, 23
group, 41
integration, 52, 88
measure, 52, 88

topology, 80, 88
Euclidean, 12
metrizable, 84
operator, 76
relative, 11
strict inductive limit, 115
strong, 79, 210, 211
supremum, 17
weak, 17, 79, 112, 210, 211, 213–215
weak norm, 84
weak∗, 80, 82, 84, 95, 112, 213

relative, 84
transitivity, 14

upper bound, 44, 66, 67

variation, 48
total, 48, 90

vector addition, 63
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